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Abstract

In this dissertation, we prove the existence of a metric of definite holomorphic
sectional curvature on certain compact fibrations. The basic idea for these curvature
computations is to use the already available information on the signs of the
holomorphic sectional curvatures along the base and the fibers of the fibration,
and construct an appropriate warped metric on the total space. For a few
specific fibrations, like Hirzebruch surfaces, isotrivial families of curves, and product
manifolds, we shall also comment on the pinching constants of the holomorphic
sectional curvatures. All these results are either in the case of strictly positive
holomorphic sectional curvature, or in the case of strictly negative holomorphic
sectional curvature. At the end of this dissertation, we give a few examples to show
that the sign of the holomorphic sectional curvature of a fibration might not be
what we would expect in the cases where the base or the fibers have semi-definite

holomorphic sectional curvatures.
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Chapter 1

Introduction

The simplest example of a fibration in our context is a trivial fiber bundle f :
X xY — Y, where X and Y are complex manifolds and the mapping f is the
projection onto the second coordinate. In general however, a fibration does not even
possess a local product structure. Nevertheless, we can always talk about the two
“directions” of a fibration: base and fibers. Therefore, in order to address a problem
on the holomorphic sectional curvature of a fibration, i.e., sectional curvature along
holomorphic tangent directions, it might be helpful to consider the behavior of the
holomorphic sectional curvature along (i) the fibers, (ii) the base, and (iii) the skew
directions. If the holomorphic sectional curvatures along the base and the fibers of a
fibration have same signs, then in this dissertation, we would like to find a Hermitian
metric on the total space with the same sign of the holomorphic sectional curvature
as on the base and the fibers.

For the product of two complex manifolds, the product metric is the required
metric, as we shall see in Theorem [3.2] and Theorem [4.2] However, for a more general

fibration, we need to consider the more sophisticated concept of a warped product



CHAPTER 1. INTRODUCTION

metric: g + Ah, where g and h are Hermitian metrics obtained from the base and
the fiber directions, respectively, and A is a constant, called warp factor. The idea of
a warped product metric was first promoted by Bishop-O’Neill in [BO69|] to obtain
metrics of negative curvature. This concept is further seen to be used by Hitchin in
[Hit75] in order to produce a metric of positive holomorphic sectional curvature on
the Hirzebruch surfaces F,, = P(Op,(n) ® Op,), n € {0,1,...}. Cheung also used
a warp factor A in [Che89|] to prove the negative holomorphic sectional curvature of
a compact fibration when the base and the fibers of the fibration carry a metric of
negative holomorphic sectional curvature.

In this dissertation, we shall extend the work of Hitchin and Cheung, and
prove some new results on the holomorphic sectional curvature of a fibration. This
dissertation is organized as follows:

In Chapter [2 we shall recall some elementary definitions which will be required
in the remaining chapters of this dissertation.

Chapter [3]is focused on the Hirzebruch surfaces. The main purpose of this chapter
is to evaluate a pinching constant for the positive holomorphic sectional curvature
of Hitchin’s metric on the Hirzebruch surfaces. We also discuss the pinching of a
product manifold M x N when both M and N carry a Hermitian metric of positive
holomorphic sectional curvature, in order to address the case of the 0-th Hirzebruch
surface. The contents of this chapter have already been published in [ACH15].

Chapter 4 is on the holomorphic sectional curvature of an isotrivial family of
curves over a smooth curve, f : F — C, where the base C, and the fiber F' are
curves of genus greater than or equal to 2. Both C' and F' carry Hermitian metrics
(Poincaré metric) of constant negative holomorphic sectional curvature equal to —1.

The main result of this chapter (Theorem [4.1)) shows that, in this case, there exists

2



CHAPTER 1. INTRODUCTION

a Hermitian metric of —%—pinched holomorphic sectional curvature on F. Theorem
[4.1) on isotrivial families of curves is the negative curvature analog of Theorem on
the Hirzebruch surfaces. However, surprisingly the pinching constant —% in Theorem
is independent of how “twisted” the family is. We shall also prove the (semi-)
negative holomorphic sectional curvature analog of Theorem and an equivalence
between the negative holomorphic sectional curvatures of a complex manifold and
its covering space. These two theorems, in the 1-dimensional case, are crucial in the
proof of Theorem [4.1] However, we observe that these two theorems are valid even
for higher dimensional complex manifolds.

In Chapter 5 we show the existence of a Hermitian metric of positive holomorphic
sectional curvature on a compact fibration when the base and the fibers of the
fibration, both possess metrics of positive holomorphic sectional curvature. This
result could perhaps be considered to be the main theorem of this dissertation. It
is widely believed that the “curvature decreasing property for subbundles” is very
helpful in proving results for negative curvature, but usually not as useful in positive
curvature. As we shall see in this chapter, the same “curvature decreasing” property
helps us prove the existence of a metric of positive holomorphic sectional curvature
on a compact fibration. The results and proofs of this chapter generally follow the
results and proofs in [Che89], but differ in certain key aspects.

In Chapter [6], we give a few examples to show that the results proved in Chapter
and [Che89] for definite holomorphic sectional curvature do not extend to the case of
semi-definite holomorphic sectional curvature. These examples show that the warped
product metric might not be helpful to obtain semi-definite holomorphic sectional
curvature on the total space, even when the warp factor is not constant. However, it

is not known whether there exist other metrics for which we can extend the results
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of Chapter [5] to semi-definite cases.



Chapter 2

Definitions

2.1 Fibrations

In this dissertation, we will call a holomorphic map m : M — N between two
complex manifolds M and N a fibration if 7 has maximal rank everywhere, i.e.; is a
submersion, and is surjective. We refer to a fibration with compact domain M as a
compact fibration.

Loosely speaking, fibrations are generalizations of fiber bundles. Unlike a fiber

bundle, the fibers of a fibration need not be isomorphic to each other.

2.2 Hermitian metric

Let M be an m-dimensional manifold with local coordinates (z1,...,2,). A
Hermitian metric g : TM x TM — C on M is a Hermitian inner product on the
tangent space T,M at each point p € M, varying smoothly with respect to the points

in M. In a neighborhood U of a point p € M, the metric g may be locally represented



2.4 HOLOMORPHIC SECTIONAL CURVATURE

as

g= Z gijdz; ® dzj,

ij=1
where (g;7) is a Hermitian matrix with g;; € C*(U,C) for all 4,5 = 1,...,m. Under
the usual abuse of terminology, we will alternatively refer to the associated (1,1)-form
w = g ZZ}ZI gi7dz; A\ dz; as the metric on M. The metric is called Kdahler if w is

d-closed. It is called Hodge if it is Kahler and the cohomology class of w is rational.

2.3 Components of curvature tensor

The components R;j; of the curvature tensor R associated with the metric

connection are locally given by the formula

9%g;; m ~00ip 09,7
R —— 99 pq ZJW ~ 4] 2.1
ijkl — Z g azk 851 ) ( )

fore,7,k,l=1,....,m.

2.4 Holomorphic sectional curvature

Ife=>5%", &% is a non-zero complex tangent vector at p € M, then the

holomorphic sectional curvature K(§)(p) is given by
K(&)(p) = (2 > Rz-jkz(p)&fj&fl> / ( > gij(p>gkl(p)€i€j§szl>~ (2.2)
ijke,l=1 ijke,d=1

Note that the holomorphic sectional curvature of ¢ is clearly invariant under

multiplication of ¢ with a real non-zero scalar, and it thus suffices to consider unit



2.5 PINCHING

tangent vectors, for which the value of the denominator is 1.
It is a basic fact that the holomorphic sectional curvature of a Kéahler metric
completely determines the curvature tensor Rz ([KN96, Proposition 7.1, p. 166]).
We shall use the abbreviation HSC for “holomorphic sectional curvature” in the

remaining part of the dissertation.

2.5 Pinching

2.5.1 Positive HSC

For a constant ¢ € (0, 1], we say that the positive HSC is ¢"-pinched if

infg K(f) . C+
(12) sup K(6) C

where the infimum and supremum are taken over all non-zero (or unit) tangent vectors

across the entire manifold.

2.5.2 Negative HSC

For a constant ¢~ € [—1,0), we say that the negative HSC is ¢ -pinched if

supe K(§)  _
(-1<) _inf;—K(g):C :

where the infimum and supremum are taken over all non-zero (or unit) tangent vectors
across the entire manifold.
In the case of a compact manifold, the infimum and supremum become a minimum

and maximum, respectively, due to compactness.



2.6 RICCI CURVATURE AND SCALAR CURVATURE

2.6 Ricci curvature and scalar curvature

For a Kéhler metric, the Ricci curvature R;; can be defined as the following trace

of the curvature tensor:
R = Z gkle‘ij'
k,l

Positivity or negativity properties of the HSC of a Kahler metric do not necessarily
transfer to the Ricci curvature of the same metric. Nevertheless, there is a beautiful
integral formula due to Berger (see Lemma which expresses the scalar curvature
7 of a Kéhler metric as an integral of the HSC, while the standard definition is as the

trace of the Ricci curvature:

T=> ¢'Ri =Y 97" Ry
i

i?j7k7l

We would like to cite some of the recent advances here, regarding the following

conjecture on the projective manifolds.

Conjecture 2.1. Let M be a projective manifold with a Kahler metric of negative

HSC. Then its canonical line bundle Ky is ample.

Heier-Lu-Wong proved the above conjecture for a smooth projective threefold
in [HLWI10, Theorem 1.1]. Wu-Yau proved the conjecture for a higher dimensional
projective manifold in [WY16al, Theorem 2]. Later, Tosatti-Yang ([TY16]) proved the
conjecture for a compact Kahler manifold. Diverio-Trapani ([DT16]) and Wu-Yau
([WY16b]) subsequently proved it for a compact Kéhler manifold of quasi-negative
HSC.



Chapter 3

HSC Pinching of Hirzebruch

Surfaces

The main result of this chapter is that, for each n € {1,2,3,...}, there exists a
Hodge metric on the n-th Hirzebruch surface whose positive HSC is m—pmched.
The type of metric under consideration was first studied by Hitchin in this context.
In order to address the case n = 0, we prove a general result on the pinching of the
HSC of the product metric on the product of two Hermitian manifolds M and N of

positive HSC.

3.1 Introduction

It is a well-known fact that the Fubini-Study metric on a complex projective
space of arbitrary dimension has constant HSC equal to 4. However, in general, few
examples are known of compact complex manifolds which carry a Hermitian metric

of positive HSC, let alone a Hermitian metric with positively pinched HSC. A notable
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exception form the irreducible Hermitian symmetric spaces of compact type, whose
pinching constants for the HSC are listed in [Che77, Table I] (see also the references
in that paper). In particular, the geometry and curvature of fibrations and even fiber
bundles are poorly understood in this respect.

In this chapter, we are primarily interested in the Hirzebruch surfaces F, =
P(Opi(n) ® Op1), n € {0,1,2,...}. It was proven by Hitchin in [Hit75] that they
do carry a natural metric of positive HSC, but his proof does not yield any pinching
constants. Even this nonquantitative positivity result may be considered to be
somewhat surprising, as the [, do not carry metrics of positive Ricci curvature,
except when n = 0, or n = 1. Our main result is the following pinching theorem for

the metrics on IF,, considered in [Hit75].

Theorem 3.1. Let F,,, n € {1,2,3,...}, be the n-th Hirzebruch surface. Then there

exists a Hodge metric on IF,, whose positive HSC' is m—pmched.

We also prove that the numerical values of the pinching constants are optimal
in the families of metrics studied by Hitchin. This does however leave open the
question if there are other types of metrics on Hirzebruch surfaces with better
pinching constants. Recall that an upper bound on the possible value of such pinching
constants was given in the paper [BG65|, where it was proven that a complete Kéhler
manifold whose positive HSC is ¢-pinched with ¢ > % is homotopic to a complex
projective space.

The proofs work by way of explicit computations, using in particular the method
of Lagrange multipliers.

Since we could not find a reference for it, we also include the following pinching

theorem for products M x N of Hermitian manifolds endowed with the product metric.

10



3.1 INTRODUCTION

If M = N = P!, then this theorem addresses the case of the 0-th Hirzebruch surface
P! x P!, which was not handled in Theorem [3.1] In this case, cyy = ey = cp1 = 1,

— emen 1
k =4, and S = 2.

Theorem 3.2. Let M and N be Hermitian manifolds whose positive HSCs are cp;-

and cy-pinched respectively and satisfy

]{ZCMSKMSIC and ]CCNSKNSI{Z

for a constant k > 0. Then the HSC, denoted by K, of the product metric on M x N

satisfies
cpc
MEN g
cyp +en

IA

and is MM _pinched.
cypten

Recall that the Hopf Conjecture states that the product of two real two-spheres
does not admit a Riemannian metric of positive sectional curvature, so even the case
of products as in Theorem [3.2] is not trivial with respect to sectional curvatures.

This chapter is organized as follows. In Section (3.2, we will prove Theorem
and also derive a corollary giving lower and upper bounds for the scalar curvature
of the metrics under investigation. In Section [3.3] we will give an interpretation of
the results of our computations in terms of the geometry of Hirzebruch surfaces. In

Section [3.4] we will prove Theorem [3.2]

11



3.2 PROOF OF THEOREM [3.]]

3.2 Proof of Theorem [3.1]

Following Hitchin’s idea from [Hit75], we recall that on the n-th Hirzebruch surface
F,,, there are natural Hermitian metrics defined as follows. Note that these metrics
are clearly Kéahler and, when the value of the parameter s is rational, even Hodge.

If z; is an inhomogeneous coordinate on an open subset of the base space P!, then
a point

w € O[pl (TL) S5, O[pl

can be represented by coordinates (wy,ws) in the fiber direction as
w = <Z1,w1(d2’1)_n/2,w2),

where (dz;)™! is to be understood as a section of TP' = Op(2). After the
projectivization, each fiber carries the inhomogeneous coordinate zy = wy/w;. For a

positive real number s, the metric
J—1 _
Wy = Ta(?(log(l + 212z1) + slog ((1 +212)" + 2222))

is globally well-defined on F,. It is this metric for which we compute the HSC
pinching. We also find the choice of s with the optimal value of the pinching constant

in the family of metrics parametrized by s.

Remark 3.3. In [Hit75], the curvature tensor is expressed in terms of a local unitary

0 0

frame field. In this chapter, we prefer to work in terms of the frame field {8—21, 8—22}

with respect to the coordinates discussed above, as it seems to lend itself better to our

method.

12



3.2 PROOF OF THEOREM [3.]]

3.2.1 The casen > 2

As observed in [Hit75], the fact that SU(2) acts transitively on P! as isometries
of the Fubini-Study metric and that this action lifts to Op1(n) @ Op1, implies that we
can restrict ourselves to computing the curvature along one fiber, say the one given

by z1 = 0. The metric tensor associated to w, along this fiber is

14+20Zo+sn 0
N\ 142222
(gij> =
S
0 (1+22%2)2

From this, we see that an orthonormal basis for T(g ., [, is given by the two vectors

1+2’222 0 d 1—'—2252 0
\|—————— 5 and ——F—— - —.
14 2925 +ns 0z Vs 0729

Therefore, an arbitrary unit tangent vector § € T{g .,)F, can be written as

1+2222 0 1+2222 0
E=ci\|—————— 7 t+teo—F7r— 5,
14 29020 +ns 0z NG 029

where c1,co € C are such that |c;|* + |e2]* = 1. Let & = 14 /% and & =
chszz. Based on the formula (2.1]) in Chapter , the components of the curvature

tensor are

2( - n2522§2 + (1 + 2222)2 + n(s + SZQZQ))

Ricin =
1111 1+ 225)? )
R ns(l+ns — 2573)
122 = (1 + 2222)3(1 +ns + 2222)’
2s
Rosys — —
2222 (1 + 2222>47

13



3.2 PROOF OF THEOREM [3.]]

while the other terms (except those obtained from symmetry) are zero. Substituting
the components and values of £ and &, into the definition ([2.2]) of HSC in the direction

of & gives us

2
K@) =2 ) Rgu&éad

ivjykvl:]-

= 2R 11161616161 + 8R112561&1626s + 2R939562606060

4((1 + 2222)2 + ns(l + 2929 — n2222)) ’ |4
— c
(14 2225 + ns)? '

8n(1 + ns — 2523)

(14 2925 + ns)?

4
le1[*|ea]? + g|€2|4~

Since the above expression only depends on the modulus squared of zy, we let r :=
297%9. Also, we let a := |¢;|* and b := |e|?, satisfying a+b =1 and a,b € [0, 1]. Hence,
for fixed values of r and s, the HSC takes the form of a degree two homogeneous

polynomial in a and b with real coefficients:

A((14+r)+ns(l4+r—nr)) , Sn(l+ns—1?)
a
(1+7+ns)? (1+7+ns)?

4
K, s(a,b) = ab+ -b*. (3.1
s

4((1+7’)2+ns(1+r7m")) 8= 8n(1+ns—r?)
(1+r+ns)? ) T (I4r+ns)? 0

We write o := and vy := ;—l for the coefficients.
In order to find the pinching constant for the metric wy, we need to minimize and

maximize

K, (a,b) = aa® + Bab + b?

for fixed s, subject to the constraint a +b — 1 = 0. To do so, we first also fix r and

14



3.2 PROOF OF THEOREM [3.]]

set up the Lagrange Multiplier equations:

0 0
%Km(a, b) = A, %KT,S(CL, b)=X\ a+b—1=0.

Solving this system of equations for a, b yields a unique stationary solution

o — -8 (14+7)(1+ ns)

T 2(v—B+a) 1+s—(—1+n)ns?+r(l+s+2ns)’
; 200 — 3 s(=1+n—r—nr—ns+n?s)
0= =

20y —B4+a) —1—7—5—1rs—2nrs —ns?+n2s?’

Substituting these values into equation (3.1)) gives us

Kr,s(a())bO)
3r2(1+ns) + 3r(1 +ns)* —r3(=1+ n%s) — (1 + ns)*(=1 — ns + n%s)

=4
(L4+r+ns)?(1+s—(—1+n)ns?+r(1+ s+ 2ns))

We shall now find lower and upper bounds for the HSC in the following three cases:

1. Fora = ag and b = by: For a fixed value of s, define f; : [0,00) — R as

fS(T) = Kr,s<a05 bo)

A computation yields that fI(r) = 0 if and only if r = —1 ¢ (0, 00) (which we

may disregard) or

n—1)(1+ns
7’:7"()::( ]_)_|(_n )7

which is in (0, 00) under the assumption n > 2. Note

4 —s(n—1)>

fs(ro) = 1+ ns

15



3.2 PROOF OF THEOREM [3.]]

At the endpoints of the interval [0, 00), we see that

4(1 —n? 4 — 4n?
= (1+ns—ns) , and lim f,(r) = i L
1+s—(n—1)ns? r—00 1+ s+ 2ns

f5(0)

The latter expression makes it clear that we need to choose s < # in order to

obtain positive HSC. Furthermore, for s < #,

4(1 + ns — n?s) 4—4n?s  4s(3n — s(2n® — 3n?) — *(n? —n?))

_ — > 0,
I+s—(n—1)ns> 1+ s+ 2ns (1—|—3—|—2ns)<1+s(1—s(n2—n))>
and
4—s(n—1)*>  4(1+ns—n’s) __s(n—1)2(3+s(n—1)) -
1+ns l+s—(n—1ns?>  (=1+s(n—1))(1+ns) '
Thus,
4 —s(n—1)> 4(1 + ns — ns) . 4 — 4n?s
1+ ns l+s—(n—1)ns? = 1+s+2ns

2. Fora =0 and b = 1: The HSC value is K, 4(0,1) = %, which is independent of

r.

3. Fora=1 and b =0: The HSC value is

4((1+7)2+ns(1+7r—nr))
(1+7+ns)? '

hs(r) :== K, 4(1,0) =

In the interval (0, 00), we have that Al (r) = 0 if and only if

(n—1)(1+ ns)
1+n

r=ry= (€ (0,00) when n > 2),

16



3.2 PROOF OF THEOREM [3.]]

with
4 —s(n—1)>

fis(ro) = 1+ ns

Note that this is the same ry as above, although we see no clear geometric reason

for this coincidence. At the endpoints, we have

hs(0) = T s’ and rlgg) hs(r) = 4.

Clearly, we have
4 4—s(n—1)>2

4 > >
1+ns 1+ ns

Combining the three cases above, we have for n > 2:

4 4 4—s(n—1)> 4(1 + ns — ns) 4 —4n?s
4 > > > > .
s 1 +ns 1+ns l+s—(n—1)ns? " 1+4+s+2ns

Hence, the smallest and largest values attained by the HSC are

4 — 4n?s
li s =7 | a__ d )
oo Js(r) 14+ s+ 2ns e

respectively.
Finally, in order to find the value of s with the best pinching constant (see

for the definition of pinching constant), we define a function

1 ming K,(6)  tragses  s(1—n)
(0, =) = (0,1 = = —
p ( 7712) ( ) )a p(S maXfKS(€> % 1—}—8—}—27157

where the minimum and maximum are taken over all non-zero (or unit) tangent

vectors across the entire manifold and the index s indicates that the HSC is computed

17



3.2 PROOF OF THEOREM [3.]]

with respect to the metric with the parameter value s. This is the function which

we want to maximize. We see that p/(s) = 0 if and only if s = —1 ¢ (0,-5) or
5 = m € (0, n—12) Elementary calculus tells us that p has a global maximum at
2n21 —.- Hence, with s = ﬁ’ we get the optimal pinching of

1 1
b (2n2 —|—n) -~ (1+42n)%

3.2.2 The casen=1

In the case when n = 1, the functions fs and hs have their stationary points at

the boundary point » = 0. However, our reasoning still goes through almost verbatim

and yields the expected pinching constant % for s = %

3.2.3 A remark on scalar curvature

The following formula due to [Ber66, Lemme 7.4] expresses the scalar curvature

of a Kahler manifold as an integral of the HSC.

Lemma 3.4. Let M be an m-dimensional Kdahler manifold. Then the scalar curvature

T satisfies at every point P € M :

_ m(m+1)
T(P) - 4V01(S]2_-,m_1) /565’1237”_1 K(f)dfa

where Slzgm_l denotes the unit sphere inside the tangent space Tp M with respect to the

metric, and d¢ is the measure on S&"~" induced by the metric.

This lemma yields the following corollary.
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3.3 GEOMETRIC INTERPRETATION OF OUR COMPUTATIONS

Corollary 3.5. Let 7, denote the scalar curvature of F,,, n € {1,2,3,...}, pertaining

to the metric w,. Then

3 3 4—4n’s 3 4 3

- 1 KS = - — < S < —_— e+ = — KS .

2m£1n () 2 1+8+2n5_7_2 S 2m£ax (©)
In particular, for our optimal choice of s = m, we have

6n(n+1) 5
— 7 <7 <12 on.
Ml o S o

Proof. The proof is immediate from Lemma|3.4]and the bounds for the HSC: Replace
the integrand K () by the minimum and maximum, respectively, which we computed,

move the constant in front of the integral, cancel vol(S%" 1), and let m = 2. O

Finally, since the scalar curvature is additive in products equipped with the
product metric, and since the scalar curvature of P! with the Fubini-Study metric
is constant and equal to 2, it is immediately clear that the scalar curvature of

Fy = P' x P! is constant and equal to 4.

3.3 Geometric interpretation of our computations

The Hirzebruch surfaces have a beautiful geometric structure, which is very nicely
explained in [GH94, pp. 517-520]. In particular, on the n-th Hirzebruch surface, there
is a unique non-singular rational curve E “at infinity” which has self-intersection
number —n. In terms of our coordinates (zi, z3), the curve E is given by 2z, = oc.
The fact that

min K,(¢) = lim £,(r)

r—00
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3.4 PROOF OF THEOREM [3.2)

means that the smallest value of the HSC for each wy is attained at a tangent vector
attached to a point of E. Note that because of the transitivity of the SU(2) action,
this is then true for all points of E. Since the largest value % is attained inside every
tangent space of F,,, every point P € E has the property that the tangent space to IF,,
at P contains a vector giving the lowest possible HSC and a vector giving the highest
possible HSC. In other words, for Hirzebruch surfaces, the notion of the “pinching
constant” and the “pointwise pinching constant” are one and the same.

We can still say more about the vectors yielding the extreme values. If we consider

ao and by as functions of r and set s = m, then
. 1+ ns 2n , s(1+n) 1+n
lim ag = = , and lim by = = .
r—00 1+s+2ns 2n+1 r—00 1+s+2ns 1+ 3n+2n?

For large values of n, the first value is a little less than 1, and the second value is
a little larger than 0. This means that the direction of the tangent vector giving
the smallest value of the HSC is close, but not equal, to the direction of the tangent
space of E, which we think of as the “horizontal” direction. Moreover, the direction
of the tangent vector giving the largest value of the HSC is exactly “vertical” and

thus almost, but not exactly, perpendicular to the direction giving the smallest value.

3.4 Proof of Theorem [3.2

The proof of Theorem consists of computing the HSC of the product metric
on the product M™ x N™ m,n € {1,2,3,...}, of two Hermitian manifolds with
local coordinates (21, ..., 2zy) and (Zmi1, - - - Zmen) around points p € M and g € N,

respectively. Let g = > " g;5 dzi®dz;, and h = ZTJJZHH h;; dz; ®dZ; be Hermitian
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3.4 PROOF OF THEOREM [3.2)

metrics on M and N, respectively, with positive HSC. Then

m+n
Z 9i; dz; @ dz; + Z hi; dz; ® dz;
i,7=1 i,7=m+1

gives the product metric in a neighborhood of (p,q) € M x N. Since the g;;'s are

functions of only z1,...,2, and the h;’s are functions of only z,41,..., 2min, We
obtain
(
%97 m 9gia O .
_ ] (lb Obia gb]
8zkail+zab 19 Oz, 0z 1§Z7]7k7l§m

o m-+n oh ..
Rijkl - 8zkazl + Za lj_:erl hdb%];:l 8Zbl] , M 1 S b0 k’l sm+n
0, otherwise.
\
Let £ = > "¢, a be a unit tangent vector in T{, 5 (M x N). Then the HSC on

M x N along £ is

m 829.1 m ag gb
K =2 - Y + abYYia ]) Z
© ',J%l:zl ( 02,02 a%::lg 0z, O Ei&iErE

m+n m+n
th" ah (9hb
2 _ ] hab 1a j
* Z ( 0zkazl . ; . 0z, O

1,5,k l=m~+1

) Ei&i€rEi-

Zl

The two sums on the right hand side above are the numerators of the HSCs on M

and NN with respect to the tangent vectors (&1, ...,&y,) € T,M and (&1, .- -, Eman) €
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3.4 PROOF OF THEOREM [3.2)

Ty N, respectively, both of which are positive. Thus,
K(&) > 0.

In order to find the pinching constant, we need to take into consideration the
(non-zero) norms of (&1,...,&,) € T,M and ({41, - - -, &min) € T,N with respect to

the respective metrics in the two spaces, as follows:

m m—+n
K@= > 2Rjui&&&&+ Y 2Rgs GG4&
idegid=1 ik i—m-1
. Zzlk,j,lzl 2Ri3kl_ 525;51:51 zm: 9 555 g
= —=m == - 9kt §i6i6k&
Zi,j,k,l:l 9ij Ikl é—lfjgkfl ikl=1 ’ ’
ZTkJ,rofl:erl 2Rjur €666 ' mZJrn

m—+n - -
Zi,j,k,l:erl hz’jhkl_ £Z€J£k€l ivjide l=m1

=Ky y* + Ky - (1-y)*,

+ hijhug &€&

where Kj; is the HSC of M along (&,...,&n), Ky the HSC of N along
(Emats -+ Eman) a’ndy:ZZngzj fz’gj'

Since £ is a unit tangent vector in T, (M x N), ie, ZT]‘:I 9ij &+
S hig &€ =1, we have

i, j=m-+1

m+n m
Do hg&=1-) g9;65=1-y.
i,j=m+1 i,j=1

Furthermore, the assumption

]fCMSKMSk and kCNSKNSk‘
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3.4 PROOF OF THEOREM [3.2)

provides the following inequality:
Fy) = keny® + key(1—y)* < Kuy® + Ky(1—y)* <ky® + k(1 —y)* = F(y).
Finally, elementary calculus yields

min F(y) = k-S4

osy<1” ey + ey
and
Jfoax F' (y) = k.
In particular,
—MN < K (€) <k,
Cym +CN

and the pinching constant for the HSC on the product space is obtained as

i infg K(f) i CyMICN
PPN T Sup K () T ew o
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Chapter 4

Pinching for Isotrivial Families of
Curves Over a Curve in Negative

Curvature

A family of smooth curves f: F — C over a smooth curve C' is called isotrivial
if for any two points a, b € C, the fibers F, and F;, are isomorphic to each other, i.e.,
Fo = Fp, =2 F for a smooth curve F'.

The main result of this chapter is on the negative HSC of isotrivial families of
curves over a curve, where the base and the fiber have genus greater than or equal to
2. This result is analogous to Theorem on the Hirzebruch surfaces, but it is even
better in terms of the pinching constant, as it is independent of the geometry of the

family. The precise statement of the theorem is as follows:

Theorem 4.1. Let f : F — C be an isotrivial family of smooth curves over a smooth

curve C', such that all the fibers are isomorphic to a smooth curve F. Let the genus
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CHAPTER 4. PINCHING FOR ISOTRIVIAL FAMILIES OF CURVES OVER A
CURVE IN NEGATIVE CURVATURE

of both F' and C be greater than or equal to 2. Then there exists a Hermitian metric

on F whose HSC' is negative and is —%-pinched.

There are two crucial points in the proof of Theorem [£.1} One of them requires the
existence of a Hermitian metric of negative HSC on the product of two smooth curves
of genus greater than or equal to 2. For the second point, we need the existence of a
metric of negative HSC on a space if its covering space carries a metric of negative
HSC. Both of these requirements are fulfilled, not only in the 1-dimensional case, but
also for the higher dimensional manifolds as shown in Theorem [4.2] and Theorem [4.3]

respectively.

Theorem 4.2. Let M and N be Hermitian manifolds whose negative HSCs are ¢y

and cy-pinched, respectively, and satisfy

—k’SKMSk'CM<O and —k‘SKNSk‘CN<O

for a constant k > 0. Then the HSC, denoted by K, of the product metric on M x N

satisfies
CMCN

k< K<k——
cyp +CN

<0,

and 18 C‘EﬂféVN -pinched. Moreover, the HSC of the product metric on M x N is

semi-negative if the HSC of M or N (or both) is semi-negative.

Clearly, Theorem is the negative curvature analog of Theorem [3.2] Moreover,
we can prove Theorem in the same manner as we proved Theorem [3.2] i.e., by
direct computation.

A curve of genus greater than or equal to 2 has constant negative HSC, i.e., the

pinching constant is equal to —1. Therefore, the pinching constant —% in Theorem
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4.1 COVERING SPACE

4.1] agrees with the formula of the pinching constant in Theorem [4.2

Theorem 4.3. Let M and M be Hermitian manifolds and f : M — M bea finite
covering map of degree d. Then M carries a Hermitian metric of (semi-)negative

HSC if and only if M carries a Hermitian metric of (semi-)negative HSC.

Before proceeding towards the proofs of Theorem [4.3] and Theorem [4.1], we would

like to recall a few concepts as mentioned in the following two sections.

4.1 Covering space

Let M and M be complex manifolds with a holomorphic map 7 : M — M.
Suppose that for every point p € M, there exists an open neighborhood U of p in M,

such that the inverse image of U via 7 is a disjoint union of d open sets in M , l.e.,

= U) = |V,

i=1

where V; are open sets in M such that U is biholomorphic to V; for each i = 1,...,d.
Then M is called a finite covering space of M, and 7 is called the corresponding

covering map of degree d. M is called an infinite covering space of M if

7 YU) = |_|M

In this case, the degree of 7 is infinite.
If M is simply connected, then it is called the universal cover of M. The adjective

“universal” is used to emphasize the fact that if 7’ : M’ — M is another cover of
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4.2 LEVEL STRUCTURES AND FINITE BASE CHANGE FOR AN
ISOTRIVIAL FAMILY OF CURVES

M, then there exists a (essentially unique) holomorphic map f : M — M’ such that

7' o f =m, ie., the following diagram commutes:

M / M

M

4.2 Level structures and finite base change for an
isotrivial family of curves

Let C' be a curve of genus g. A level n structure on C'is defined to be a symplectic
basis {a1,...,a,,B1,...,5,} for the homology group Hy(C,Z/n), where symplectic

means that the intersection pairing on H;(C,Z/n) has the following matrix form:

In other words, there is a symplectic isomorphism: (Z/n)% — H'(C,Z/n).

The moduli space of curves of genus g, with level n structure, is denoted by M,(n).
If g > 2 and n > 3, then My(n) is a fine moduli space, i.e., it is a universal parameter
space for families of curves of genus ¢ with a level n structure.

Let f : F — C be an isotrivial family of smooth curves over a smooth curve C,

such that the base C' and the fiber F' have genus greater than or equal to 2. Also

27



4.3 PROOF OF THEOREM [4.3]

let 7 : C — C be a finite covering of C, such that the local system H'(F,,Z/n)cec
becomes trivial on C. Then, using the facts that F is isotrivial, and M,(n) is fine,
the classifying map C — M,(n) is constant. Therefore, the pull back of f to C is
trivial, i.e., there exists a biholomorphic map ¢ : F' x C > F X o C such that the

following diagram commutes:

1

— ." =
Fxcé}‘xcc 4

9 f

where m; and 7y are the projection maps onto the first and second components,
respectively. In other words, an isotrivial family of smooth curves over a smooth
curve splits by a finite base change, if the base and the fiber have genus greater than
or equal to 2.

One may refer to [HM98, Chapters 1 and 2] for a detailed explanation of the

moduli spaces of curves with level structures.

4.3 Proof of Theorem 4.3

Let U C M be a small open neighborhood of a point p € M. Then, there exist
open sets Vi, V5, ..., Vyin M such that Y U)=ViuVaU...UV,. Suppose ¢; € V;,
i = 1,2,...,d, such that f~'(p) = {q1,42,...,q4}. The mappings f; := f|y are

biholomorphisms between V; and U for all : = 1,2,...,d. Therefore, for a Hermitian
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4.4 PROOF OF THEOREM [4.1]

metric G in M, the pullback metric (f;)*(G) defined by

(F)(@)@)(X.Y) = GO (£ X (£)-Y). XY eT,V;

is a Hermitian metric on V;, i.e., f;’s are isometries with respect to the metrics G and
(f:)*(G). Thus, the HSC at p with respect to G is same as the HSC at ¢; with respect
to (fi)"(G).

For the other direction, we notice that f; ' : U — V; are also biholomorphisms for
all i = 1,2,...,d. If H is a Hermitian metric on M, then using the same argument
as above, we obtain a Hermitian metric (f;!)*(H|y,) on U, such that f; s are also

v, and (f; 1)*(H|y;). Therefore, the HSC at

isometries with respect to the metrics H

q; with respect to H|y, is same as the HSC at p with respect to (f;')*(H

Vi)' We

define a metric H on U by taking the average of all these pullback metrics:

H =

vi)-

oy

SHN

If the HSC at ¢; with respect to H|y, is (semi-) negative, then the HSC at p with
respect to (f; 1)*(H|y,) is also (semi-) negative. Then, the HSC at p with respect to
H is (semi-) negative because of a repetitive application of [Wu73, Theorem 1]. We

may refer to H as the pushforward metric of H via the covering map f.

4.4 Proof of Theorem [4.1]

For the isotrivial family of curves f: F — C, it is given that the base C and the

fiber F' have genus greater than or equal to 2. Section 4.2 implies the existence of a
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4.4 PROOF OF THEOREM [4.1]

finite cover 7 : C — C of C and a biholomorphic map ¢ : F x C— F X o C' such

that the following diagram commutes

1

Fxé%?xca I

D) f

-

where 7, and m, are the projection maps onto the first and second components,
respectively.

Let d be the degree of the covering map 7. If g(C') and ¢g(C') denote the genus of

C and C , respectively, then according to the Riemann-Hurwitz formula,
b
9(C) =5 + d(g(C)—1) +1,

where b is the total branching order of 7 (which in this case is zero, since we are
considering an unramified covering space). It is clear from the Riemann-Hurwitz
formula that the genus of C' being greater than or equal to 2 implies that the genus
of the covering space C is also greater than or equal to 2. Moreover, the fact that
both F and C are curves of genus greater than or equal to 2 implies that there exist
Hermitian metrics (Poincaré metric) on F and C of constant negative HSC. Therefore
using Theorem , F x C has a Hermitian metric (product metric) of negative HSC.
Finally, Theorem provides a metric of negative HSC on F by pushing forward the

product metric on F' X C to F via m o Q.
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4.4 PROOF OF THEOREM [4.1]

4.4.1 Pinching

Let p € F and U be a neighborhood of p such that (m o ¢)"*(p) = {q1,-..,q}
and (m0¢) 1 (U) = |_|§l:1 V;, where ¢; € V; and V;’s are pairwise disjoint open sets in
F x C. The map ¢; := (m o @)y, is a biholomorphism for each i = 1,...,d. Let H
denotes the product metric on F' x C which is obtained from the Poincaré metric on
F and C. Then (¢;1)*(H|Vi) is a Hermitian metric on U for each ¢ = 1,...,d. Since
the isometry group of the Poincare disk acts transitively on it, any two points on

a hyperbolic Riemann surface have isometric neighborhoods. This implies that the

Hermitian metrics (¢; ') (H|v;) and (gbj_l)*(H |v;), defined on U, are isometric for all

1,7 =1,...,d. Therefore, the pushforward metric of H is given by

&I»—‘

(m1o¢)H Z ) (Hlv) = (¢;7") (Hlv,)

for all = 1,...,d. This implies that 7 o ¢ is an isometry, and the HSC of F with
respect to (m o ¢).H is same as the HSC of F' x C with respect to H.

The HSC of F and C with respect to the Poincaré metric is —1 which is same as
the pinching constants for the two curves. Using the formula for the pinching constant
in Theorem the HSC of F x C and hence of F is —%—pinched with respect to H

and (7 o ¢).H, respectively.
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Chapter 5

Hermitian Metrics of Positive HSC

on Fibrations

We saw in Chapter |3| and Chapter |4 that the signs of the HSCs on the base and
fibers of the Hirzebruch surfaces and isotrivial families of curves carry over to the
HSC on the entire manifold. Moreover, Cheung proved in [Che89, Theorem 1] that
negative HSCs on the base and fibers of a compact fibration also carry over to the
HSC on the entire fibration. We shall see in this chapter that the analogous result for
a compact fibration in the case of positive HSC also holds true. The following is the
main result of this chapter, which could perhaps also be considered to be the main

theorem of this dissertation.

Theorem 5.1. Let @ : X — Y be a compact fibration. Assume that Y has a
Hermitian metric of positive HSC, and there exists a smooth family of Hermitian
metrics on the fibers which all have positive HSC. Then there exists a Hermaitian

metric on X with positive HSC' everywhere.
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CHAPTER 5. HERMITTIAN METRICS OF POSITIVE HSC ON FIBRATIONS

Note that the case of projectivized vector bundles was treated in [AHZ16].
We need the following two lemmas for the proof of Theorem[5.1} Overall, we follow
the results and proofs in [Che89], although due to the different natures of positive

and negative HSC, certain key aspects had to be treated differently.

Lemma 5.2. Let M be an n-dimensional Hermitian manifold, and G be a Hermitian
metric on M. Let R be the components of the curvature tensor with respect to
G fori,j,k,l = 1,...,n. Suppose the following is true at a point p € M for some

positive constants Ky, K1, Ko, and a natural number s < n:

1.
Z Ri(p) glg‘]gkgl > Ko Z fzngjg]

1,7,k,l=1 i,j=1

forallé; e C, 1=1,2,...s.

|Ri(p)] < Ky

whenever min(i, j, k, 1) < s.

Z Ragﬂ,g(p) 504555755 > Ky Z fagagﬁgﬁ

a,B,v,0=s+1 a,B=s+1

forany &, € C, a=s+1,s4+2,...,n.

Then there exists a positive constant K depending only on Ky/K; such that if
Ky/Ky > K, then G has positive HSC' at the point p.

Lemma 5.3. Let M be an n-dimensional complex manifold with two Hermitian
metrics G and H defined on it. Suppose that the metric H has positive HSC at a

point p € M. Then G + AH also has positive HSC at p for X large enough.

33



5.1 PROOF OF LEMMA [5.2)

5.1 Proof of Lemma 5.2

Suppose the Hermitian metric G on M is given by

ij=1
Since we are only interested in the sign of the HSC, it suffices to check the

numerator of (2.2) for positive sign at p in the direction of £ = (&,...,§,) with

respect to the Hermitian metric G. Applying the hypothesis of the lemma, we obtain

Z Riza(p) &€;661 > Ko Z £i€,65€; — 4Ky Z Z |Sill€all€al 1€, ]

ij,kl=1 ij=1 a,By=s+1 i=1

—6K1 Y Y l&llglIgallgs]

a,f=s+114,5=1

—4K1 Y Y GGGl + Ky Y Cafaésls

a=s+11,5,k=1 o,f=s+1
(5.1)
for any choice of £ = (&1, ...,&,) € C™. The coefficients 4, 6, 4 in the above expression

are obtained from summing of the indices. For any choice of positive numbers a, b, ¢, d,

we have: )
&llEallEslén] <a?l&l" + gl@l4 + [€51%16, 1%,

lIEslallés) < BIERIER + spléaPlesl 52

1
c2d?

d2
GlIEIRNIal < CIGPIEN + F Il + F 516l
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5.1 PROOF OF LEMMA [5.2)

Substituting the inequalities from (5.2)) in (5.1)), we obtain

Z Rijui(p) 6,6k,

i,7,k,l=1

KoSOlePgP -1k S0 3 (el + Slel + el )

ij=1 a,By=s+1 i=1

Som Y0 S (PlePlel + el ) —am 30 3 (Gl

a,f=s+11,j=1 a=s+114,j,k=1

IV

n

d2
Gl gl + e Y JallP

a,f=s+1
S0 MU CETERD S P RURrD o
4,7=1 a=s+1

n 6 n

+4s(n—s) ) |£a|2\§ﬁ|2+6bz<n—s>22|&|2!£j|2+b—252 > LIl
a,f=s+1 1,7=1 a,f=s+1

() 3G -0 Y6l e 3 el

2,7=1 a=s5+1

n

+ Ko Z |§a|2|§5|2'

a,f=s+1

Using 327, &I < 320,21 161617 and 320_ 4 1€al® < 320 51 [€al?[65[%, we obtain

Z Riur(p) £€;60€ > Ko Z &I2161? — Ky ((4@2(” —5)° +6b*(n — 5)°

0,9,k 0=1 ,7=1
4> - 2 ¢ 12
+ 4¢? s(n — 8) + —S (n - S) Z |fz| ’§j|
ij=1
4 6 4 -
+ (@S(n —5)* +4s(n —s) + ﬁ 2+ 2_(12 3) Z |§a|2|f,3|2>
a,f=s+1

n

+ Ky Z |fa’2‘5/3‘2'

a,f=s+1
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5.2 PROOF OF LEMMA [5.3]

We may choose a, b, ¢, d such that

4> 1 K
4a*(n — 5)® + 6b%(n — 5)* + 4c?s(n — s) + S n—s) < 5%
1

Let K= 4s(n—s)?+4s(n—s) + 2s* + =zs°. Note that since the choice of a, b, ¢, d

is based on Ky/Kj, therefore K too depends only on K,/K;. Then for such a choice
of a,b,c and d,

S Roulp) 66,68 = Ko Y I6PIF - Kl(QK SSRGS lf |£ﬁ|2>

3,9,k 1=1 4,j=1 i,j=1 a,f=s+1
+ Ky Z [€al?1€s]?
a,f=s+1
Ko s n
=0 IGPIGR + (Ko — KiK) > [Pl
ij=1 a,B=s+1

If Ky — KiK > 0, ie,, K < Ky/Ky, then clearly 2370, ) Riu(p ) &€,;6E, s
positive, which is the numerator of the HSC in the direction of a tangent vector
(&,--.,&) as given in (2.2). Since the denominator of is always positive, we
conclude that the HSC at p with respect to G is positive in the direction of (&1, ..., &,),

if the above condition is satisfied (i.e., K< Kz/Kl).

5.2 Proof of Lemma 5.3

For the given point p € M and a unit tangent vector ¢ at p, we choose local
coordinates (z1,...,2,) at p which satisfy the conditions in [Wu73| Lemma 3] with

respect to H, i.e.,

1. z1(p) = ... = z,(p) = 0.
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5.2 PROOF OF LEMMA [5.3]

2. If H =370, hj dz ® dz;, then hi(p) = d;; and
0z, (p) = 0z, () =0,
for 1 <14, 7 <n.
3.t =32(p)
Let M' = {2z = ... = z,_1 = 0} be a 1-dimensional complex submanifold of M

tangent to t. The Gaussian curvature of M’ at p, with respect to the induced metric
H’( = Hlyp = hps dzp, ®d§n), equals the HSC at p with respect to H in the direction
of ¢, denoted by K (H,t)(p) ([WuT73, Lemma 4]). Moreover, if G = > 7., g;; dz;®dz;,
then the induced metric of G on M’ is given by G' = G|y = gnadz, ® dz,. Let us
denote ¢ = gpn, h = hps, and z = z,. Then, G' + AH' = (g + A\h) dz ® dZ is the
induced metric of G+ AH on M’. The HSC at p with respect to G' + AH' is given by

) ) B 2 B 0%g 9%h
K(G'+XH')(p) = 00+ M) ( (9(p) + Ah(p)) (azaz(p) + Aazaz(p))

+ (5200 + 3500 ) (5200 + 3G >))

2 9%g dg, Og
" (9(p) + M)’ < W) 5. gz )

() 2 ) 20 ) 2 ) ani) )

=Ml )+ NG DT ) + AT ) ).

37



5.2 PROOF OF LEMMA [5.3]

which simplifies to

K(G'+ A\H')(p)
1

= SK(G' Nh(p)K(H' 2M — h
Mm+M@fG@)(>@+ (0K (H')(p) + ( )

—9(p) aazghz(p) + %(p)%(p) + %(p) % (M)) :

0%g
9:0:7) (5.3)

Iz

where K(G')(p) and K(H')(p) are the HSCs at p with respect to G’ and H’,
respectively. The choice of M’ was such that K(H')(p) = K(H,t)(p). Moreover,
the decreasing property of HSC on submanifolds implies that K (G + \H, t) (p) >
K(G'+AH')(p), where K (G+AH,t)(p) denotes the HSC at p with respect to G+AH
in the direction of t. Therefore, implies

K(G+ \H,t)(p)
> K(G'+A\H')(p)
1

= 3KG/ )\Qh 3KH,t o[ — 1
(mm+mww<w” (G')(p) + Nh(p)* K (H,t)(p) + ( )

«w@£;w+%@%@+%@%@».

0%g
020z (p)

(5.4)

If A\ is large enough, then the sign of the expression on the right hand side is
determined by the sign of K(H,t)(p), which is positive by assumption. Hence, the
HSC at p with respect to G + AH is positive in the direction of ¢ for a sufficiently

large value of A\, say A, i.e.,

K(G+ \NH, 1)(p) > 0.
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5.3 PROOF OF THEOREM [5.]]

It is clear from that for any A > Ay, K(G + AH,t)(p) is still positive. We want
a A which works for all tangent vectors at p. Any tangent vector at p is a scalar
multiple of some unit tangent vector at p (with respect to H). Therefore, it is enough
to consider N, for t € SY(T,M) = {t € T,M : H(t,t) = 1}. Since S'(T,M) is
compact, we conclude that there exists a A which works for all ¢, i.e., K(G+\H,t)(p)
is positive for any choice of tangent vector ¢ at p. Thus, the HSC at p with respect

to G + AH is positive in all the directions.

Remark 5.4. The right hand side of the inequality (5.4)) is O(A\™'). Thus, the formula
(2.2) of HSC implies that

2 ZZj,k,l:l Rijkz’(p) figjékgl

ST s (50) + M () (a(p) + M) 6568 = 0

which further implies that

> Rga0)&&6E = 00N > &E&E;. (5.5)

2,9,k l=1 i,j=1

5.3 Proof of Theorem [5.1]

Suppose {G} is a smooth family of Hermitian metrics with positive HSC on each
fiber, and ¢, is the Hermitian form associated to the metric G;. Fix a Hermitian
metric G on X. For two vector fields Z, and Z, on X of type (1,0) and (0,1),

respectively, we define a (1,1)-form ® at a point p € n71(t) as follows:

®(Z1, Z5)(p) = w1 (projgZi(p), projgZa(p)),
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5.3 PROOF OF THEOREM [5.]]

where projs is the projection onto the fiber direction with respect to the metric G.
Then clearly @ is a C°°, Hermitian (1,1)-form defined on X, and ® restricted to each
fiber is equal to ¢; which is positive definite.

Suppose wy is the associated (1,1)-form of the Hermitian metric on Y with positive
HSC. Then for a sufficiently large value of p, ® + um*(wy) is a positive definite
Hermitian (1,1)-form defined on X. We fix one such i, and consider the Hermitian
metric on X with the associated (1,1)-form given by ® = &+ jio7* (wy ). As mentioned
in the definition of a Hermitian metric in Section [2.2] we shall refer to the associated
(1,1)-form of a Hermitian metric as the Hermitian metric itself. We want to show
that the Hermitian metric on X defined by ¥, = ® + A1*(wy) has positive HSC on
X if X is chosen large enough.

Let p be a point in X which lies in the fiber X, = 77%(¢), t € Y. Since 7 is of
maximal rank everywhere, locally there is a neighborhood U of p such that U = W xV,
where V' is a neighborhood of 7(p) in Y, and W is a neighborhood of p in the fiber

Xo. We may assume V' and W are coordinate neighborhoods with local coordinates

(Zs41y---,2n) iIn V and (z1,...,2) in W. Then, (21,...,2,) is a coordinate system
around p in U. For computational purpose, we will choose (zs;1,...,2,) such that
%? . % are orthonormal at m(p) with respect to the metric wy. Let

=1 & B
o = 5 Z gij (21, .., 2n) dzy N dZ;,

1,j=1

and

V1 < _ o~
wy =5 Y GaglFasrs- - 2n) dza NdZs,  with og(p) = dap.

a,f=s+1
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5.3 PROOF OF THEOREM [5.]]

Then the Hermitian metric W) is given by

VI §
T Z hl; dZi VAN de

ij=1
B \/__1 i ] d B S n ) B n S )
= — 9ij Zi/\de"‘Z Zgwdzi/\dzlg—i- Z Zgajdza/\dzj
ij=1 i=1 B=s+1 a=s+1 j=1
+ Z (9ap + A+ 10)Gap) d2a A d_ﬁ)
=s+1

Since we are considering large values of A, and A + g is just another large constant,
we can replace A+ o with A in the rest of the proof, i.e., the above expression changes

to

\/_Zh -z A dZ;

7,7=1

:E(igijdzi/\dzjﬂLi En: 9i5 Az N\ dzg + zn: zs:go‘jdza/\dzj

i,j=1 i=1 B=s+1 a=s+1 j=1

+ Z (gag + Xgag) dze N\ diﬁ).

a,f=s+1

Let A be the s x s matrix with coefficients g,;(p) for 1 < a, b < s, and A, be the
(a,b)t cofactor of the matrix A. Then, using the following formula to compute the

determinant of a block matrix:

P Q
det = det(P) det(S — RP'Q),

R S

we obtain the following expressions for inverse elements, with the assumption that
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5.3 PROOF OF THEOREM [5.]]

1<a,b<s,and s+1<y,n<n,

B () — A5 det Agp + O(A571)
Av=sdet A+ O(An—s—1) 7
N5 hdet A+ O(A572) (5.6)
A5 det A+ O(An—s=1)

hXX(p) =

h(p) = PX’(p) = O(X7"),  and  B¥(p)= ON?),  x#n.
Now, we check the conditions of Lemma [5.2}

1. For 1 <i,j,k, I <s, the formula (2.1)) implies that the components of curvature

tensor are given by

o . gzg ab agza agbj
Ri]kl (p) - aZkaZl + Z h aZk 83[ (p)
ud agzu agvi
+ > K" (p) D2 (p) az; (p)
~(u,v<s)

Dependence of the inverse elements on A, as given in (5.6]), reduces the above

expression to

For large A\, we note that lim)_, ., h“b(p) = dt4dw g the inverse element of the

det A

(a,b)t coefficient of metric tensor associated to ¢; (p € 7=1(t)). Therefore,

A—00 A—00 8zkazl 3Zk (9Zl

) 8 'La Og; _
lim Rj;(p) = lim <_ g] p) + Z e g_bj (p) + O(A 1))

%95 det A 09ia , | Ogu;
- D) + P)——P
8zk8§l . det A 8Zk aZl
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5.3 PROOF OF THEOREM [5.]]

The expression

det Aab agza agbj = -
2 Z < azkazl Z det A azk )8_ () fzgjfkfl

i,7,k,l=1

is the numerator of the HSC of ¢, on the fiber 7!(¢) which, by assumption, is
bounded below by a positive constant. Thus, for a sufficiently large choice of

A, the expression

Z Ryjpi fz‘gj §kzgz

,5,k,l=1
- agza 891)
_ ab YIbj
B 74"7;:1 < 8Zkazl + Z h azk azl ( )+ O( ))flé. gkfl

is bounded below by a positive constant. This proves that the first condition of

Lemma [5.2] is satisfied for A sufficiently large.

. If min(4, j, k,1) < s, then the dependence of inverse elements on A, as described
in (5.6), and the fact that g,z’s are functions of z.1,...,2, only, imply that
the formula (2.1 gives |R;;(p)| < O(1) when min(i, j, k,1) < s. Therefore, the

second condition of Lemma is also satisfied when A is large enough.

s+ 1<,k 1 <n:
In this case, we consider a hypersurface M’ around p defined by {z; = ... =
z, = 0}. Let G’ be the induced metric of ® on M’, and G’ be the induced metric

of 7 (wy) on M’ so that

n

G HAG = > (gas + Nap) dza ® dZg

a,f=s+1
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5.3 PROOF OF THEOREM [5.]]

is the induced metric of ¥, on M’. Clearly, G’ has positive HSC at p € M.
Lemma, implies that G" + MG’ also has positive HSC at p for a sufficiently
large choice of A\. Therefore, the numerator of (2.2)) is positive with respect

to G' + \G, ie., if R/ s denote the components of the curvature tensor (for

aBy

a,B,7v,0 =s+1,...,n) with respect to the induced metric G’ + )\é’, then

Z Raﬁy&( )5@555@5 > 0.

a,B,y,0=s+1

The decreasing property of HSC on submanifolds implies that

K(%, (0,0, &1, - ,gn))(p) ZK<‘I/>\|M’; (s, ,€n))(p)

_K(G/ + )\él, (fs+1a . »fn))(p)a

ie.,
2 Za ,Byy,0=s+1 aﬁ'yé (p 504556766

)
DBy smst (905(0) + Aoz (P)) (9:5(p) + A3,5(p)) fagﬁfvg(s
5(p)

5/657&5
+ >\g’y(§ )) fag[jfv567

2204,8"/5 s+1 B’f<

E—
Za,ﬁ,%é:sﬂ (gaﬁ + Mop(p ) (

which implies

> Rapys(p) &abp&ls > Z R ;5(0)&€s&ls (B.7)

a,B,y,0=s+1 a,B,y,0=s+1

The expression on the right hand side of the above inequality is positive for A
sufficiently large. Therefore, the expression on the left hand side is also positive.

This proves the third and last condition of Lemma [5.2] for A sufficiently large.

According to (5.]) in Remark [5.4] the right hand side of the inequality (5.7)),
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5.3 PROOF OF THEOREM [5.]]

and consequently the left hand side of the inequality, satisfy a stronger positivity

statement, namely

Z RaE'yS(p) 50&555756 2 O()\) Z gagafﬂgﬁ'

a,B,y,0=s+1 a,f=s+1

Therefore, the inequality Ky/K; > K in the statement of Lemma is satisfied
for A large enough, and hence, the lemma implies that W, has positive HSC at p for
A sufficiently large.

Let U, x be a neighborhood of p in which the HSC with respect to W, is positive
everywhere, i.e., the HSC at every point ¢ € U, , is positive in all directions. Then
[WuT73, Lemma 4] implies that the HSC at ¢ in a direction ¢ € T, X (with respect to
U, ) is equal to the Gaussian curvature at ¢ with respect to the induced metric of W
on a l-dimensional submanifold tangent to ¢. Dependence of the Gaussian curvature
on A (in (5.4) implies that if K(V,,)(q) > 0, then K(¥y,t)(q) > 0 for any X' > A.

Therefore, using the compactness property of X, we conclude that there exists a
sufficiently large value of A such that the HSC of X with respect to ¥, is positive

everywhere.
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Chapter 6

Counterexamples In The

Semi-Definite HSC Case

This chapter shows, with the help of some examples, that variations of results
proved in Chapter [5|might not be valid in the case of semi-definite HSC. In particular,
the examples mentioned in this chapter are direct counterexamples to Lemma in
the respective semi-definite cases.

For all the examples in this chapter, we define X = D; x D, to be the bi-disk
and Y = Dy. Let (z1,29) be the coordinate system in X. The holomorphic map
7m: X — Y is given by the projection onto the second coordinate, i.e., (21, 22) — 2o.
Clearly, 7 is of maximal rank everywhere. In Chapter [5 the warp factor A (or s in
Chapter |3)) was chosen to be a constant. However, in this chapter, the warp factor A
will depend smoothly on the base space Y, whereby we show that the counterexamples
cannot be ruled out simply by allowing A to be non-constant.

We would like to remark here that the counterexamples given in this chapter

only demonstrate the “non-existence of a warped metric” with semi-negative HSC.
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6.1 NEGATIVE HSC ON THE BASE AND SEMI-NEGATIVE HSC ALONG THE
FIBERS

Whether it is possible to obtain a metric of semi-definite HSC in the given setup,

using some other method, is still an open question.

6.1 Negative HSC on the base and semi-negative

HSC along the fibers

The Hermitian metric wy = (1429Z5) dze®dZs on Y has negative HSC everywhere

on Y, and the following tensor on X
(I) = 6_22222 (1 + (2131)26_4Z222) le & d?l

yields a Hermitian metric of semi-negative HSC when restricted to any of the fibers
7 1(22), 20 € Y. Clearly, ® varies smoothly with respect to the base points in Y. For
an arbitrary smooth real-valued positive function A(z3) on Y, we would like to show

that the Hermitian metric

G=9o + )\W*(uh/)

— p2mE (1 4 (2121)26—42'222) dz1 @ dZ1 + M1 + 29Z5) dzp ® dZs

does not give semi-negative HSC everywhere on X.
The metric tensor associated to G is given by

g1 912 e 227 (1 4 (z171)%e*27) 0

Y

o1 923 0 A1+ 229Z9)

where gi7 = e 2272 (1 + (2121)%e%2%2) | go3 = A(1 4 20%2), g13 = go1 = 0, are smooth
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functions defined on X. The inverse of the above matrix is given by

T 5 _ 622 z
gl 1 912 B glil 0 B W@% 0
21 22 -1 1
9 g 0 95 0 Nit272)

All the derivatives of g5 and g7 are clearly zero. Moreover, since g,3 does not
depend on zq, the derivatives of g,5 with respect to z; and Z; are also zero. Therefore,

following are the only non-zero derivatives of g;5, 4,7 = 1,2:

0911 - 0911 - -
_8gzu = 2775 0272 _ngu = 07, 2% <1 + 3(2171)%e 272 )|
1 2
0911 - 0911 - -
_ain = 2277070272 _aggu = —2zpe 2R (1 + 3(2121)26_422Z2>,
1 2
0911 z
— 4 — —62225
821851 sEe ’
g1 =
- _ 12 =2 —62222
821822 Z121%292€ N
11 -
- —19 2— — _—62222
822821 F1E172e ’
azgli 220% 9 —dzE
822852 = — Qe 2*2 (1 - 22222 + 3(1 - 62222)(2151) e 22Z2>,
8922 8)\ 6922 a)\
I Nz (14 2%0) o, 22 = A+ (1 + 29%) o
822 = + ( + Z2Z2>6227 822 2 + ( + Z2Z2)852’
0?92 oA ) i)
SNt e 4 Byl (14 297 .
82’2052 T2 622 +22 832 + ( + 2222) 622822

Using the formula (2.1), the components of the curvature tensor with respect to
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G are obtained as follows:

Ricis — 42151676Z222
1111 — — 1 _'_ (2121)26_422227
R 82172 zpe 07272
1112 — 1 + (2121)26_422327
R o 82%51526_62222
H2l = (2171 )2e— 42272
2672@,22 (1 + (4 + 3(2’121) 42272 _ 82222) (2121)26742222>
Rtz = 1+ (2121 )2e 427 ’
and
A 9’ 1 O\ OA
Rupos = — 1+ 22)( - Rl
2222 14 2252 * ( * 2222) ( 822822 A 822 82’2)

Using (2.2), the HSC of X at a point (z1, z5) with respect to G in the direction of

a unit tangent vector £ = (&;,&2) is given by

K(§) = Rinit $1&&68& + Rins §16,6& + Ritar 616,66,

+ Ryios §1€,68, + Rogos £6,66,

A2z e %272 82’12’12’26 62272
= - — A7, 515 5151 — 42975 515 £1£2
1+ (z121)% + (z1Z1)%€
82%51226 62222

1+ (2171 )2~ 42222 51515251

Qe 22272 <1 + (44 3(2171)2e 71272 — 82975 (2171) 212222 o
1 + (2121)26742’222 51516262

A _ 9\ 1 0\ OX
_ (1 = — (1 + 2222) ( — m + - N7 a_2>> 52525252

Now, we shall compute K () at the point (0,0) € X. A unit tangent vector (&1, &2)

_|_

at (0,0) satisfies

911(07 O)flgl + 92§(07 0)52%2 =1
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= 66+ 268 =1
= §151 =1- )\5252’

Using the above relation between & &, and &¢&,, we obtain the HSC at the origin

as follows:

oD 1 O\ o\ - =
02207 0) — Wa_@m)%zm)) §289828

- 0\ 1 0x, O\ — _

_ (2 - (3)\(0) + %(0) _ ﬁ%(o)%(@) %) &6,

Koo(§) =2 66,68, — (/\<O) +

For any value of A and its derivatives at zo = 0, there exists a non-zero & with

£,€, small enough such that

PN gy aAOa_A)*l
82’2822 )\(0) 822 822 ’

66, < 2(3)\(0) +

ie.,
0%\ 1 O\ o\ —
2 - (3)\(0) + m(o) — Wa—@(o)a—@(o)) §262 > 0.

Therefore, for any value of A and its derivatives at zo = 0, there exists a unit tangent
vector & = (&1, &) such that the HSC at (0,0) with respect to G in the direction of £

is positive.
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FIBERS

6.2 Positive HSC on the base and semi-positive

HSC along the fibers

The Hermitian metric wy = @ dzs ® dZo on Y has positive HSC everywhere

on Y, and the following tensor on X

62,2222

b = le &® dEl

1+ (2151)264'3252

yields a Hermitian metric of semi-positive HSC when restricted to any of the fibers
7 1(29), 22 € Y. Clearly, ® varies smoothly with respect to the base points in Y. For
an arbitrary smooth real-valued positive function A(z3) on Y, we would like to show

that the Hermitian metric

G =+ M (wy)

622222 )\
= _ A @ dn+ —— dn ®d
T B N

does not give semi-positive HSC everywhere on X.

The metric tensor associated to G is given by

B B 622222 O
gi1 912 11 (7121 2% 22

622232

D I :
THma et 922 = 15,5, 912 = 921 = 0, are smooth functions defined

where g7 =
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on X. The inverse of the above matrix is given by

11 12 -1 14 (2171 )2et?2%2
9 g 9; O — s — 0
21 22 —1 142222
9 g 0 9y 0 2

As in the previous section, the following are the only non-zero derivatives of

9i5, 4,5 = 1,2
Ogi1 22, 73¢5%2%2
0n (1+ (Zlgl)264zQ32)2’
Ogir 2227, e%%2%2
oz (1+ (2151)264,2252)2’
Ogir 2726727 (1 — (2171)%e"*?)
0z (14 (27))2%et=%)"
o1 22 2272 (1 — (z17))2%e*7)
0z, (1+ (2121)26422z2) ’
82911 B 4212166@,22 (1 _ (2121)264zz22)
0210z, (1+ (2151)264@22)3 ’
Poir  AnZiznete (3 = (z171)%e*™2)
02,075 (1 + (2171) 642222)3 ’
gt 4212122€6Z222 (3 = (2171)%e*272)
02071 (14 (2171)? €4z222)3 ’
Drgy 267 (1 + 22975 (1 — 6(z171)%e*72) — (1 — 22975) (z121)4682252>
0207, (1+ (2151)264@22)3 ’
0923 AZy 1 oA
029 (14 2929)%2 1+ 2929 02y
092 _ A2y n 1 @
0% (14 2072)% 1+ 2972 0%
Pon _ _(A=zZ)\ 2z O ZH O 1 P
029074 (14 2072)% (14 2222)2020 (14 2072)20%Z0 1+ 2922 0220%
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The components of the curvature tensor with respect to G are obtained as follows:

4212166Z222
Ri1i1 = —
(1 + (2121)2647’2”)
82173 207272
Ri113 = —
(14 (2121)%et272)
8227705272
Ri101 = —,
(1 + (2121)264@'22)
227272 (1 — (82222 + (2131)264”52) (z1§1)2e4z252>
Rii0s = — ;

(1 4 <2131)264z222)3
h AL (@ a0
2222 (]_ + 2272)3 1+ 2252 622852 A 822 322 .

The HSC of X at a point (21, 22) with respect to G in the direction of a unit

tangent vector £ = (£, &) is given by

K(¢) = Ryt &6&6E + Rina §16,61&, + Rinar 16,66,

+ Ryios §1€168, + Rogs £6,6E,

42,7, e5%2%2 _ - 821722 zy€5%2%2 N
= — — &880 + = — &16:618,
(1 + (2121)2€4Z222) (1 + (2121)2642222)
82’22132662252 - =
— — §16168
(1+ (2171)2e*272)
Qe2#272 (1 — (82232 + (2131)2642252) (2171)%et%2%2 o
- §1§18289

(1 + (2131)2642232)3
A 1 oD 1 90X O -
* ((1 25 TE a5 ( T 005 XTF)) Sabatats

A unit tangent vector (&1, &) at (0,0) satisfies

5151 =1- )‘62527
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6.3 ZERO HSC ON THE BASE AND FIBERS

just like in Section [6.1}] Then the HSC at the origin is given by

2
7 L0, a—%)) 68,6

- 9\ 1 o\ o\ _ _
= — (2 §16§1 — (A(O) T 9% (0) + Wa—%(o)a—zz(o)) 5252) £26,

S (2 - (3)\(0) - %(0) + ﬁg—;(o)g—%(o)) 6252) 33

Koo (&) = —2 6668 + (A(O)

A similar argument as in Section [6.1] implies that for any value of A and its
derivatives at zo = 0, we can find a unit tangent vector £ = (£, &) at the origin such

that K 0) (&) is negative.

6.3 Zero HSC on the base and fibers

The base space Y has the flat metric wy = dzs ® dZ,, and the following tensor on
X
b = €2Z2E2 le X le

yields a Hermitian metric of zero HSC when restricted to any of the fibers
7 1(22), 22 € Y. Clearly, ® varies smoothly with respect to the base points in Y. For
an arbitrary smooth real-valued positive function A(z3) on Y, we would like to show

that the Hermitian metric

G =+ M (wy)

= 6222}2 le X dzl —+ A dZQ & d?g

does not give zero HSC everywhere on X.
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6.3 ZERO HSC ON THE BASE AND FIBERS

The metric tensor associated to G is given by

911 912 e*2%2 ()

g21 923 0 A

where g1 = €272, g5 = \, g13 = go1 = 0, are smooth functions defined on X. The

inverse of the above matrix is given by

<.\3|
o]
™
)
|
)

o

>

The only non-zero derivatives in this case are the derivatives of g;7 and gy5 with

respect to 2o and Z,, because both ¢;7 and g,5 depend only on z,. These derivatives

are given as follows:

dg11 229% Ogi1 2297 32911 259% 220%

— 2— 2222 — 2 2222 — 2 2222 4 - 22729

92 Zs€e , _832 29€ , 02,07 € + 4z929€ ,
0go3 _ 2 0go3 _ 2 9?93 )

0z, 0z 0z 0z 0%07 0207
The following are the only non-zero components of curvature tensor with respect

to G
Ritos = —2 22972
1122 = € )

[0 1 OX OX

_822852 + A 822 622 .

Ros95 =

The HSC of X at a point (21, 22) with respect to G in the direction of a unit
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6.3 ZERO HSC ON THE BASE AND FIBERS

tangent vector £ = (£, &) is given by

K (&) = Ritos £16,68, + Rosos £6,68,

_ 9\ 10X OA
= — 26" €68, + ( -

@@gA%w)@@@~

As in previous sections, a unit tangent vector (&1, &) at (0,0) satisfies

5151 =1- )\5252-

Therefore, the HSC at the origin is given by

_ 9\ 1 90X O\
Ko)(§) = —2 868686+ <— m X% 822) 26566,

9\ 1 OXN O\ _
= (—2—1- (QA—m+ )\022(9_ ) §2fz> §26o,

which is clearly not zero for all possible values of &. In particular, any value of &
such that

92\ 10X m)*

5@<4”—%&2x&ﬁg

implies that Ko )(§) is negative.
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