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Abstract

In this thesis, we focus on the operator system .7, generated by n (2 < n < o) Cuntz
isometries, i.e. .7, = span{/,S;,S7 : 1 <i <n}.

We first study the properties of .#;,, such as the uniqueness, universal property, embed-
ding property, etc. Then we construct an operator subsystem &, in M,—the n by n matrix
algebra and prove that .7, is completely order isomorphic to an operator system quotient
of &,. This result also leads to a characterization of positive elements in .7,.

Next, we study the tensor products and related properties of .#,, which is motivated by
the nuclearity of the Cuntz algebra &),. In contrast with &,,, ., is not nuclear in the operator
system category. However, we can show that it is C*-nuclear by using the nuclearity of 0,
and some dilation theoerems. This implies an Ando-type theorem for dual row contractions.
With the help of shorted operator techniques, we are able to show that .}, is C*-nuclear
without using the nuclearity of &,. And this provides us with a new proof of the nuclearity
of the 0,

Finally, we turn our attention to the dual operator system . of .#,. By considering
Ynd , we are able to derive an alternative characterization of the dual row contractions as
well as an equivalent condition for unital completely positive maps on .. Moreover,
it is a little surprising to see that ynd is completely order isomorphic to &, an operator
subsystem in M, ;. The last result is a lifting theorem about the joint numerical radius,

which is implied by the C*-nuclearity of .#¢.
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Chapter 1

Overview and Preliminaries

1.1 Overview

In the field of operator algebras, operator systems play a very important role and their the-
ory has seen a great deal of development since the 1970s. On the other hand, although
operator systems are a very important tool that has been used a lot in the study of C*-
algebras and operator spaces, the theory of tensor products of operator systems was not
systematically studied until [12], where the foundations of the theory of operator system
tensor products was laid, together with discussions of various types of tensor products.
Since then, lots of research on the tensor products of operator systems was done. In partic-
ular, the operator system quotient was rigorously defined and studied, which led to various
characterizations of some important classes of C*-algebras using the operator system ten-

sor products. To be concrete, Farenick and Paulsen [9] studied the operator system &,



1.1 OVERVIEW

generated by n universal unitaries in C*(F,), where F;, is the discrete free group on n gener-
ators, and they showed that G,, is completely order isomorphic to a quotient of the operator
system ‘T, of tri-diagonal matrices [9, Theorem 4.2]. By using this isomorphism, they
gave a new equivalent condition for a C*-algebra to have WEP (weak expectation prop-
erty), which they called property & [9, Theorem 6.2]. Moreover, they defined an operator
system 20, C C*(F;,) and proved that 20, is completely order isomorphic to a quotient of
the matrix algebra M, and this leads to a new proof of Kirchberg’s theorem [9, Corollary
3.2]. In their proofs, the universality is one of the key elements to the construction of the

isomorphism.

This is the motivation for this thesis. The Cuntz algebra &, is the universal C*-algebra
generated by n (2 < n < o) isometries Sj,...,S, with relation Y | S;S7 = I, where I is
the identity operator (see [6] for details). We call such S;’s Cuntz isometries throughout
the paper. Moreover, ¢, enjoys many nice properties (such as nuclearity, universality, etc)
and plays a very important role in the study of C*-algebras (such as every separable and
exact C* algebra can be embedded in ©5). Thus, one may hope that the universal property
of these isometries can give us some analogous results as mentioned in the last paragraph.
So we begin studying the operator system generated by Cuntz isometries, which will be
denoted by .}, (2 < n < o) throughout, and utilize the universal property of the isometries

to derive some properties of .7,.

In Chapter 2, we first define the operator system .7, generated by n Cuntz isometries
as:

S =span{l,S;,S7 : 1 <i<n}.
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We can show that ., does not depend on the choice of the set of isometries, i.e., if isome-
tries {7;}"_, with Y | T;T; = I span the operator system .7,, then .}, = 7, completely

order isomorphically.

A subsequent result is the universality of .7}

Theorem 1.1.1. Let (Ay,---,A,) be a row contraction on some Hilbert space 7 and de-
note

Ip = span{lp,A;, A7 1 1 <i<n}

so that J, is an operator system, then there exists a unital completely positive map ¢ :

In — T such that §(S;) = A;.

The main result in Chapter 2 is that ., is completely order isomorphic to an operator
system quotient of an operator subsystem in the matrix algebra M,,, ;. We define an operator

system &, C M,y := M, 1(C) as follows:

n
& = span{Eqo, Eoi, Eio, ) Eii : 1 < i <n}.
i=1

Next, we define a map ¢ : &, — ., by ¢ (Eo;) = %Si, 1<i<n, ¢§(Epo) =9 (L Ei) = %I.
We can check that ker ¢ = span{Eoy — Y7 | E;;} and therefore we can form the quotient

operator system &, / ker ¢ and we prove:

Theorem 1.1.2. [18] We have that &,/ker is completely order isomorphic to ., and

hence ¢ is a complete quotient map,.

Theorem 2.3.1 plays an important role in my subsequent paper with Paulsen [15] and it
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also implies the following corollary which gives a characterization of positive elements in

Mp ().

Corollary 1.1.3. [18] We have that Ag @1+ YY" |A;®@Si+ Y (AT @SF € M, ()" ifand

only if there exists B € M, such that

Ao 2A>i< e 247 B

2A1 Ay —B N
+ €M, (Mp) .

2A, Ao —B

Next, in Chapter 3 we turn our attention to tensor products and nuclearity-related prop-
erties of ., which is motivated by the well-known fact that &), (2 < n < ) is nuclear in

the sense that for every unital C*-algebra <7,

ﬁn ®min=‘2{ = ﬁn Qmax o .

Since ., contains all the generators of &, and its C*-envelope coincides with ), it is

natural to study tensor properties of .%;, (2 < n < o) in the operator system category.

Of course, we expect that .#, is nuclear in the operator system category. Unfortunately,
we can show that .7, is not (min, max)-nuclear by constructing a counter-example. How-
ever, (min, max)-nuclearity is quite a strong condition for an operator system, as it has
been shown that a finite-dimensional operator system is (min, max)-nuclear if and only if
it is completely order isomorphic to a C*-algebra if and only if it is injective [13, Theorem

6.11]. So we make a concession and ask whether .7}, is C*-nuclear. Fortunately, the answer

4



1.1 OVERVIEW

is affirmative for this case. This fact follows from a refined version of Bunce’s dilation
theorem for row-contractions [3, Proposition 1] and the fact that &), is nuclear. Thus, the
operator system .7, enjoys many nice properties such as WEP, OSLLP, DCEP, exactness,

etc (See [13)).

On the other hand, it is tempting to show directly that .#, is C*-nuclear, that is, without
using the nuclearity of &),. This is motivated by our result that &), is nuclear if and only
if ., is C*-nuclear. We are able to show the latter directly by using operator system tech-
niques together with the theory of shorted operators. This provides us with a new proof of
the nuclearity of the Cuntz algebras. Moreover, it motivates us to approach some important

properties of the Cuntz algebra via operator system techniques.

This direct proof of the C*-nuclearity of ., also yields a dual row contraction version

of Ando’s theorem characterizing operators of numerical radius 1.

Theorem 1.1.4. Let </ be a unital C*-algebra and (ay,...,a,) € & be a strict dual row

contraction, then there exists a,b € Jaff] with a+ b = 1 such that

a ay -+ ap
*
a b
a b
is in M1 (/)" |. Moreover, if # is a von Neumann algebra and (ay,...,a,) € M is a
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dual row contraction, then there exists a,b € .# " with a+ b = 1 such that

a aj <o dy
*

a b

*

a, b

isin My 1 ().

Moreover, Kavruk showed in [11] that for a finite-dimensional operator system, C*-
nuclearity passes to its dual operator system, and vice versa. This motivates us to study
the dual operator system of .#,,, which we denote by .#“. We show that ./¢ is completely
order isomorphic to an operator subsystem of M, . By Kavruk’s result, we know that this
operator system is also C*-nuclear. However, we were unable to give a direct proof that
this operator subsystem is C*-nuclear, although an operator system in the matrix algebras

seems easier to deal with.

Finally, from the general theory of operator system tensor products, we know that C*-
nuclearity is stronger than a lifting property, the OSLLP. Since .7 is C*-nuclear, it has the
OSLLP and we use this fact to prove a lifting property for Popescu’s joint numerical radius

for n-tuples of operators.

Theorem 1.1.5. Let </ be a unital C*-algebra and J <1 </ be an ideal. Suppose Ty +
J,...,T,+J € o/ /], then there exist Wy, ..., W, € of withW;+J =T;+J foreach 1 <i<n,

such that w(Wy,...,.W,) =w(Ty +J,..., T, +J).



1.2 PRELIMINARIES

1.2 Preliminaries

In this section, we provide some basics of operator systems, operator system quotients and
operator system tensor products that will be constantly used in this paper. We suggest the

the reader refer to [14] or [10] for more details.

1.2.1 Operator Systems

Definition 1.2.1 (Concrete Operator System). A concrete operator system . is a unital
x-closed subspace of some unital C*-algebra .7, that is, . C &7 is a subspace of .o/ such

thata € .¥ = a* € . and 1 € ., where 1 denotes the unit of 7.

Definition 1.2.2 (Abstract Operator System). An abstract operator system .7 is a matrix-

ordered *-vector space with an Archimedean matrix order unit.

We write M, ()", n € N for the positive cones of . and (a;;) > 01if (a;j) € M,,(-)"
and such elements will be called positive.
Definition 1.2.3 (Completely Positive Maps). Let . and .7 be operator systems. A linear
map ¢ : . — 7 is called completely positive if

0" ((a;})) == (¢(a;;)) >0, foreach (a;;) € My(.#)" and for all n € N.

Definition 1.2.4 (Complete Order Isomorphism, Complete Order Injection). Let . and .7
be operators systems. A map ¢ : . — .7 is called a complete order isomorphism if ¢ is

a unital linear isomorphism and both ¢ and ¢! are completely positive, and we say that
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. is completely order isomorphic to .7 if such ¢ exists. A map ¢ is called a complete
order injection if it is a complete order isomorphism onto its range with ¢ (1 o) being an

Archimedean order unit. We shall denote this by . C.,; 7.

Theorem 1.2.5. Let .7 be an abstract operator system, then there exists a Hilbert space
J, a concrete operator system ./ C B(), and a unital complete order isomorphism

¢ : S — S. Conversely, a concrete operator system is also an abstract operator system.

Due to this theorem, we can always identify an abstract operator system with a concrete

one.

Definition 1.2.6 (Dual Operator System). Let . be an operator system and .7“ be the

space of all bounded linear functionals on it. We define an order structure on .#? by

(fij) € M(FHT <= (fij) : S — M, is completely positive .

We call .7 with the above operator system structure the dual operator system of ..

Remark 1.2.7. It is a well-known result by Choi and Effros [5, Theorem 4.4] that with
the order structure defined above, the dual space of a finite-dimensional operator system is
again an operator system with an Archimedean order unit, and indeed, any strictly positive

linear functional is an Archimedean order unit.

1.2.2 Operator System Quotients

Definition 1.2.8 (Kernel in an Operator System). Given an operator system .7, we call

J C . a kernel, if J = ker¢ for an operator system .7 and some (unital) completely

8
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positive map ¢ : . — 7.

Proposition 1.2.9. [13, Proposition3.4] Let ./ be an operator system and J C . be a

kernel. If we define a family of matrix cones on .# |J by setting

Co={(xjj+J) e M,,(-7/J) : for each € > 0, there exists (k;;) € M,(J)

such that € @ I, + (x;; + kij) € My (7)1},

then (& |J,{C,}7_,) is a matrix ordered x-vector space with an Archimedean matrix unit

1 +J, and the quotient map q : . — . /J is completely positive.

Definition 1.2.10 (Operator System Quotient). Let .” be an operator system and J C .% be

kernel. We call the operator system (. /J,{C,}>>_,,1+J) the quotient operator system.

n=1°

Definition 1.2.11 (Complete Quotient Map). Let ., .7 be operator systems and ¢ : . —
7 be a completely positive map, then ¢ is called a complete quotient map if ./ ker ¢ is

complete order isomorphic to 7.

Definition 1.2.12 (Completely Order Proximinal). Let J be a kernel and define

D, ={(x;j+J) € M,(-”/J) : there exists y;; € J

such that (x;; +y;;) € M, ()"}

Then J is completely order proximinal if C, = D, for all n € N.

Remark 1.2.13. This means that if a kernel J is complete order proximinal, then

My (7N =My () + M, ().

9



1.2 PRELIMINARIES

1.2.3 Operator System Tensor Products

Definition 1.2.14. Given a pair of operator systems (7, {P,}>_,,e1), (7,{Qn};r_,€2), by
an operator system structure on the algebraic tensor product . ® .7, we mean a family

of cones T = {Cy};7_; C M, (¥ ® .7), such that:

l. (¥®7,Cy,e1®ey) is an operator system denoted by . ®. .7, and
2. P,® 0, C Cyp, for all n,m € N, and

3.If¢:.Y - M, and y :  — M, are unital completely positive maps, then ¢ @ y :

S Q¢ T — My, is a unital completely positive map.

Definition 1.2.15 (Operator System Tensor Product). By an operator system tensor prod-
uct, we mean a mapping 7: &0 X 0 — O, where O denotes the the category of operator
systems, such that for every pair of operator systems .’ and .7, 7(.%,.7) is an operator

system structure on .’ ® .7, denoted . ®; 7.

1. Wecall 7y < 1 if My (. ®4, )T CMy(S Q¢ T )T forevery n € N.

2. We call 7 functorial if for any four operator system .¥}, .%2, 71, 7, we have that if
O : S — S, v T — T are unital completely positive, then ¢ Q ¥ : ] ®¢ 7] —

> ®¢ 7 is unital completely positive.

3. We call 7 symmetric if 6 : x® y — y ® x extends to a complete order isomorphism

between . ®; 7 and T ®;.7.

10



1.2 PRELIMINARIES

4. We call T associative if for any three operator systems .7, .7, #, the natural Iso-
morphism from (#Z ®;.7) ®; 7 onto Z ® (- ®¢ .7 ) is indeed a complete order

isomorphism.

5. Let a and 3 be two operator system tensor products. An operator system . is called
(o, B)-nuclear if the identity map between .’ @ 7 and ¥’ ®g 7 is complete order

isomorphic for every operator system .7 .

There are several different types of tensor products introduced in [12], but we will

mainly use the following three:

Definition 1.2.16 (The Min Tensor Product). The minimal operator system structure on

< ® 7 is defined as

Y _{(pis) € M(.F® T) (<¢ 8 w><p,~,->) e M,

forall ¢ € Si (), v € Sy (7), forall k,m € N},

where Si(.) denotes the set of all completely positive maps from . to M. We call the
operator system (. ® .7, (C™")*_, 1® 1) the minimal tensor product of .7 and .7 and

n=1

denote it by . @min 7 .

It can be shown that the min-tensor product is injective, associative, symmetric and
functorial. Moreover, it coincide with the operator system arising from the embedding

y®9 gc,o,iB(%@)f%/)'
Definition 1.2.17 (The Max Tensor Product). The maximal operator system structure

11
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on . ® .7 is defined as the Archimedeanization of the following cones:
D ={a(P®Q)a* : P e My(.L)",0 € Mu(T)",a € My gy, k,m € N}.

We denote the Archimedeanization of D)** as C;)**, then the maximal tensor product of

& and .7, denoted by .7’ ®max 7, is the operator system (- ® .7, (C;"™)>_,1®1).

The max-tensor product is symmetric, associative and functorial. We will also see later

that it is projective.

Definition 1.2.18 (The Commuting Tensor Product). Let {.#, .7 } be operator systems. We

set

CP(,.7)={(¢,v¥): ¢ is CP from .7 to B(.5¢),

y is CP from .7 to B(.%), and ¢ (') commutes with ¢(.7)}

Wedefine ¢ y: .07 — B(A)as - y(x®y) = o(x)y(y).

The commuting operator system structure on . ® .7 is defined as:

Co={uecM,(S2T):(¢-v)"(u) >0, forall (¢, y) € CP(.L, 7).

We call the operator system (. ® .7, (Cy)5_;,1 ® 1) the commuting tensor product

of . and .7 and denote it by .’ ® 7.
The commuting tensor product is symmetric and functorial.

12



1.2 PRELIMINARIES

Given operator systems .’ and .7 and two possibly different operator system structures
S ®q J and ¥ ®g  on their tensor product, we shall write . ® 7 = .’ ®g 7 to mean

that the identity map is a complete order isomorphism.

The tensor products of operator systems we will use in this paper are: min, max, c (See
[12] for their definitions). The relationship between these tensor products is min < ¢ <
max, that is, the identity maps id : . Qmax 7 — ¥ Q¢ 7, 1id : . R¢ T — . Qmin 7 are

99__99

completely positive. Also, please note that the signs in the following propositions and

definitions all mean completely order isomorphic.

Definition 1.2.19. An operator system . is called (min, max)-nuclear if .% ®i, 7 =

Y Qmax 7 , for every operator system .7 .

Definition 1.2.20. An operator system .¥ is called C*-nuclear if . ®@pin & = . Qmax &

for every unital C*-algebra 7.

Proposition 1.2.21. [10, Proposition 4.11] An operator system . is C*-nuclear if and

only if & Qmin T = .S QT for every operator system 7 .

Proposition 1.2.22. [12, Corollary 4.10 and Theorem 5.12] Let </ and A be unital C*-
algebras, then of @min B Ce.oi A Q¢+ —min B and F Qmax B Ce.o0.i F Q¢+ —max B, where

the ®¢+ _min, ®c*_max denote the the tensor products in the C*-algebra category.

Proposition 1.2.23. [12, Theorem 6.7] Let </ be a unital C*-algebra and . be an operator

system, then . Q¢ A = . Qmax L .

Proposition 1.2.24. [12, Theorem 4.6 ][Injectivity of the min tensor product] The min ten-

sor product is injective in the sense that for every choices of four operator systems . and

13
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T, A, A with inclusions . Ceo;i 1 and T Ceoi D, we have that

S Qmin T gc.o.i 5/1 min <71

Proposition 1.2.25. [9, Proposition 1.6 ][Projectivity of the max tensor product] The max
tensor product is projective in the following sense: Let ., 7, % be operator systems and
suppose Y : . — X is a complete quotient map, then the map Y R idz : . Qmax T —

X Rmax 7 is also a complete quotient map.

14



Chapter 2

The Operator System Generated by

Cuntz Isometries

This chapter is based on [18].

2.1 Properties of the Generated by Cuntz Isometries

The readers can refer to [6] for the properties of the Cuntz algebra . In this paper, we will

mainly use its universal property.

Let Si,...,S, be n (2 < n < +o0) Cuntz isometries that generate &, I be the identity,

and we define the operator system .7, as:

S =span{l,S;,S; : 1 <i<n}.

15



2.1 PROPERTIES OF THE OPERATOR SYSTEM .y

Similarly, we denote .. as the operator system generated by the isometries that generate
Uw. Also, for n = 1, we let .77 be the three-dimensional operator system generated by the

a universal unitary (for example, z € C(T)).

Also, let 3’1,--- ,Sn be n (1 < n < +o0) Toeplitz-Cuntz isometries (that is, S’fﬁ i =0if

i# jand YL, S:S¥ < I), and we set

S =span{l,8,...,5,,8%,...,8}.

Remark 2.1.1. By the uniqueness of the Cuntz algebra, we know that if .#}, and .7}, are
two operator systems generated by n Cuntz isometries, then .#, is unitally completely or-
der isomorphic to .7}, that is, any n isometries satisfying the Cuntz relation give rise to the
same .7,. Similarly, the universal property of Toeplitz-Cuntz algebra also implies that any
n isometries satisfying the Toeplitz-Cuntz relation give rise to the same Fn. Conversely, it
is not hard to show by using Choi’s multiplicative domain techniques that if .7, is unitally
completely order isomorphic to .7,, then C*(.%,) = C*(.7},), which would lead to a new
proof of the uniqueness of the Cuntz algebra. This reveals that we may prove some proper-
ties of the Cuntz algebra via .#,. It is also interesting to explore how many nice properties

., can inherit from ©,,.

Lemma 2.1.2. Suppose Ti,...,T, are n (2 < n < +o0) isometries on a Hilbert space 7€
with Y | TT* < L, then they can be dilated to n isometries Ti,...,T, on some Hilbert

space K with Y| TTF =14.

Proof. Let M = Ran(Y?_, T;T;*) and hence M+ = Ran(I,» — Y, T;T;*). Note that since

T;’s are isometries, dimM~+ < dimM. Let Py, be the projection onto M L and we define

16



2.1 PROPERTIES OF THE OPERATOR SYSTEM .y

operators X; : 7 —  as the following:
PMJ_, i = 1
0, 2<i<n

Correspondingly, we choose n operators Y; : 77 — 7 where Y] is a partial isometry with

initial space M and Y; (2 <i < n) are isometries such that }.!' | Y;Y* = L.

Next, let # = € ® ', we define T; : & — H by

. I X
i— )
i
and it is easy to check that
s T'T; T X; Ly O
X,‘*Ti Xl'*Xi + Yl*Yz 0 I,y"i”
noo n [ TT*+X;X* XY~ Ly O
Z iTi* _ Z Lt} Lty 15 _
i=1 i=1 Y.X; Y,Y* 0 Ly
Hence, Ti,..., T, are the desired dilations. O

Corollary 2.1.3. The operator system S is unitally completely isomorphic to ., in the

canonical way, that is, there exists a unital complete order isomorphism ¢ : S — Sy such

that ¢(S;) = S..
Proof. Let S;’s (1 < i < n) be Cuntz isometries and S;’s (1 < i < n) both in B(A), then it

17



2.1 PROPERTIES OF THE OPERATOR SYSTEM .y

is easy to see that S; & S’i’s on 77 @  are Toeplitz-Cuntz isometries which dilate S;’s. So

the corollary follows by the fact that compressions are completely positive. [

Corollary 2.1.4. We have that ., C. oi -m via the natural embedding, for 1 <n <m <

oo,

Corollary 2.1.5. Let 1 <n < +oo, 1 <i<n, and define p; : S, — S, X — S;XS,, then we
have that p; is a completely positive projection whose range is completely order isomorphic

to A.

Proof. Clearly p; is completely positive. Due to the Cuntz relation, it is easily seen that p; o
pi = pi, and Ranp; = span{/, S;,S;}. However, S; is a single Toeplitz-Cuntz isometry and

hence span{/,S;,S}} = .71 completely order isomorphically by the above corollary. [
Definition 2.1.6. The n-tuple of operators (Aj,...,A,) is called a row contraction if

Y AiAT <1 ,where I is the identity operator.

Bunce proved in [3] that any family of n operators {A;}! | with }.!' | A7A; < I can be
dilated to n coisometries with orthogonal initial spaces. Here, we rephrase that proposition

for isometric dilation of row contractions.

Proposition 2.1.7. Let (Ay,...,A,) be a row contraction on some Hilbert space F, then

there exists isometries Wy,..., W, with WW; = 0 if i # j, such that P,y W;| » = A;.

The above proposition implies the following universal property of .7;:

Theorem 2.1.8. The operator system ., has the following universal property:
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2.2 THE OPERATOR SYSTEM &y AND ITS QUOTIENT

Let (Ay,---,Ay) be a row contraction on some Hilbert space 7 and denote
Iy = span{ly,A;,A; : 1 <i<n}

so that F, is an operator system, then there exists a unital completely positive map

O : Sy — T, such that §(S;) = A;.

Proof. By Proposition 2.1.7, we can dilate Ay, --- ,A, to Wy, ..., W, with orthogonal ranges,
which implies Y7 | W;W;* < I. Let W, = span{/,W;,W;* : 1 <i < n}, then the universal
property of the Teoplitz-Cuntz algebra implies that there exists a unital completely positive
map from 7, to W, which sends S to W;. As compressions are always completely positive,
we have a unital completely positive map from Fp 1o T, mapping S; to A;. Now the

conclusion follows from Remark 2.1.3. O]

2.2 The Operator System &, and its Quotient

We define an operator system &, C M, := M, 1(C) as the following,

n
& = span{Eoo, Eoi, Eio, y_ Eii: 1 <i<n},
i=1
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2.2 THE OPERATOR SYSTEM &y AND ITS QUOTIENT

where E;;’s are matrix units in M, 1. So every element in &, is of the form,

apo 4aopr - don
alo b
By representing the Cuntz isometries Sy,...,S, on some Hilbert space .7, we define an

operator R : ") — # by R := (41, 45*{,...,@5;). So we know that

7N A TR

1

_Sl

RR=|" :
: 1 *

(ESiSj>

1
25n

is positive in M, | (B(.7%7)) .

Now, we can define a map y : M, — B() by

V(E;j) = (R*R);j,

where (R*R);; denotes the i, j-th entry of R*R, and extend it linearly to M, . It is straight-
forward that ¢ is unital. Then we know that y is unitally completely positive by a theorem

of Choi (see [14, Theorem 3.14]).

Next, we can easily calculate that ker y = span{Ey — Y, E;; }, which will be denoted

as J throughout the rest of the paper.
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2.3 A CHARACTERIZATION OF POSITIVE ELEMENTS IN Mp (%)

Proposition 2.2.1. [10] Let J be a finite-dimensional x-subspace in a operator system .
which contains no positive elements other than 0, then it is a completely order proximinal

kernel.

Lemma 2.2.2. The kernel J is completely order proximinal.

Proof. According to Proposition 2.2.1, we just need to show that J contains no positive
elements other than 0. This is clear by considering the first and second diagonal entries of

any nonzero element in J. Hence, J is completely order proximinal. [

Now, let ¢ = y|5, then @ : &, — .7}, is unitally completely positive whose kernel is also
J. By Proposition 1.2.9 we can form the operator system quotient &, /J, and the induced
map

O:E)] = Sy x+J > ¢(x)

is unitally completely positive and bijective.

2.3 A Characterization of Positive Elements in M ,(.7),)

We now state the main result of this section:

Theorem 2.3.1. We have that &,/J is completely order isomorphic to ., and hence ¢ is
a complete quotient map, where .4, is the operator system generated by Cuntz isometries

and J = span{Epy — Y.I"_, Ej; }.

To prove the theorem, we need to show that ¢ ~! is also completely positive, which will

imply that ¢ is a complete order isomorphism.
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2.3 A CHARACTERIZATION OF POSITIVE ELEMENTS IN Mp (%)

To this end, we first notice the following from the definition :

¢1(S) =2Ein+J,

n
¢~ (I) =Iy1 +J =2E0+J =2 E;i+J.
i=1

We can embed &,,/J in B(.#") completely order isomorphically. Let the embedding be 7,

and denote

T, :=Y(2Ein+J), Ly :=Yl+1+J),

it is equivalent to show that the map
¢: S —B(K), Si—T, ST I—ly

is completely positive.

The proof of the following lemma is quite similar to that of Lemma 3.1 in [14], so we

omit the proof.

Lemma 2.3.2. Let 57, % be Hilbert spaces and T € B(7, . %"). Also, denote | 5 and I

as the identity operators on € and K respectively. Then we have ||T || < 1 if and only if

Ly T*

T Iy
is positive in B(7€ & ).
Using this lemma, we can prove the following.
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2.3 A CHARACTERIZATION OF POSITIVE ELEMENTS IN Mp (%)

Proposition 2.3.3. We have that (T1,...,T,) is a row contraction, i.e., Y.i | T;T;* <Iy.

Proof. We represent T;’s on a Hilbert space .7 via some unital injective *x-homomorphism,

so (T1,...,T,) € B(#") 7). By the above lemma, equivalently, we show the following,

" Iy
1 >0
T; Iy

Notice that Eoo + Y.\ ; Eii = I,+1 and Eoo+J =Y.' | Eji +J, so

1 1
Ep+J = ZEii+J: T +J.
i=1

Since the quotient map g : M,y — M,,1/J is completely positive, we just need to show

21 Ei 2E10 -+ 2Ey
2Ey  2En
>0
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2.3 A CHARACTERIZATION OF POSITIVE ELEMENTS IN Mp (%)

To this end, we write this matrix as a sum of » matrices

Ey O 0 Eno
Y Ei Ep Eno
0 0
Eor  Eoo
0 0
Eon Eoo
Eyin1 O 0 E, 0 O
0 0 -0 ... 0 0
+ ' +
0 0 0
EO,nfl 0 0 Eoo 0
0 o - 0 0
Eyy Epp O 0
EO] EOO () o O
+1 0 0 0 0
0 0 0

From the equation above, we can see that each summand on the right is positive, so the

block matrix on the left is positive and the conclusion follows. [

Proof of Theorem 2.3.1. By Proposition 2.3.3 and Theorem 2.1.8, we know that there ex-

ists a unital completely positive map which sends S; to 7;. However, this map is necessarily
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2.3 A CHARACTERIZATION OF POSITIVE ELEMENTS IN Mp (%)

Theorem 2.3.1 implies the following corollary which gives a characterization for posi-

tive elements in M,(.#;,).

Corollary 2.3.4. We have that Ag @1+ Y " |A;@Si+ Y1 (AT QS € M, (#,)" if and only

if there exists B € M, such that

Ag 24T .. 24 B
241 Ao -B .

+ 6Mn+1(Mp)
24, A -B

Proof. By Theorem 2.3.1, equivalently, we consider

n
M=Ay®(L,+J)+ ) Ai®(2En+J)+ Y Af @ (2Eoi+J) € My(&,/J)".
1

n
=1 =

If Ay = (afj)szl for 0 < k <n, then

n p

n o ___
M= (a?j(ln—o—l —I—J) + Z a;‘j(ZEkO +J) +kZ: a];i(onk+J)>
=1

k=1 i,j=1

Lemma 2.2.2 together with definition of positivity in a quotient operator system imply

that there exists (J;;) € M,(J) such that
n X n JR—
M = (a?jln—i-l + Z 2aijEk0 + Z 2a];iE0k) + (J,'j) S Mp(gn)Jr.
k=1 k=1
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2.3 A CHARACTERIZATION OF POSITIVE ELEMENTS IN Mp (%)

Now we let J;; = b;j(Eoo — X} Exk) and M corresponds to

n n - n
(@) @1+ Y, 2(a;) ®E+ Y 2(ak,) © Eor + (bij) ® (Eoo — Y Exx) € Mp(&,)7
k=1 k=1 k=1

~Y

Finally, using the isomorphism M,(&,) = &,(M,,), we know that M corresponds to the

following positive block matrix in M, (M,),

Ap 24% ... 2AF B
2A1 A() —B

+ ;
24, Ao B

where B = (b;;). Since isomorphism is used in each step, we know that our conclusion is

in fact an “if and only if”” statement. 0

26



Chapter 3

Tensor Products of the Operator System

Generated by Cuntz Isometries

This chapter is based on [15].

3.1 Tensor Products and C*-nuclearity of .7,

We begin this section with the following proposition which shows that .7, (2 < n < o) is

not (min, max)-nuclear.

Proposition 3.1.1. The operator system ., is not (min, max)-nuclear, for 2 < n < oo,

Proof. 1t is known in that the operator system & generated by a universal unitary is not
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3.1 TENSOR PRODUCTS AND C*-NUCLEARITY OF .

(min, max)-nuclear because of the following [8, Theorem 3.7]:

S1 Omin 61 7# &1 Omax S1.

On the other hand, we have that .} = G [18, Corollary 3.3], so we know that

A1 Omin 1 7 71 Omax L1

Now, for n > 2, if .7}, @min % = <5 @max -7n» then [18, Corollary 3.4 and 3.5] imply that

5/1 ®mint§ﬂl :yl ®maxyla

which is a contradiction. Thus, .¥, is not (min, max)-nuclear. ]
Lemma 3.1.2. For 2 < n < oo, we assume that ¥ C O, is an operator system containing
Sy and f is a C*-algebra. If we have that

j®mind:j®max%»

then

ﬁn®mind: ﬁn ®max=Q7-

Proof. We first represent 0,, ®max </ on some Hilbert space .7#°. By the definition of the
max tensor product of operator systems, the canonical embedding map from P Omax

into 0,, ®max -/ is completely positive. Thus we have a completely positive map p :  Omin

o/ — B(A), such that p(a®b) =a®b foreacha € ¥ and b € 7.
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3.1 TENSOR PRODUCTS AND C*-NUCLEARITY OF .

The injectivity of the min tensor product of operator systems implies that  Omin
A Ceoi Opn@min &, and we can extend p to a completely positive map P : ), Quin o —

B(.7) by the Arveson’s extension theorem.

Next, we use the Stinespring’s dilation and obtain a unital x-homomorphism ¥ : &, @in

o/ — B( ) and V : 7 — ¢ for some Hilbert space .# such that

p(a) =V*y(a)V, foreach a € 0, Quin & .

The map p being unital implies that p is unital and hence V*V =1, i.e. V is an isometry.

By identifying .7 with V¢, we can assume that 77 C ¢ .

Now, if we decompose % = 7 + 7 L then p is the 1 — 1 corner of y. Further, we

have that

p(Si®ly) G
Y(Si®1y) = p(S: ) G , foreveryie {l,...,n}
Bi D;

Here, B; € B(J#, %), C; € B(A+, ), D; € B(A+, 1%). Since S; ® 1, is an isome-
try, it follows that y(S; ® 1 /) and p(S; ® 1 ./) are isometries, and we immediately have that

B;=0.

Moreover, the condition that Y/ | S;S} = I (n finite) or ):f;l S;S7 < Iy for every

1 < k < oo (n infinite) implies that

-

Y(Si®@ 1) Y(Si® 1) =y(). SiSi @ 1) =14,
1 =1
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3.1 TENSOR PRODUCTS AND C*-NUCLEARITY OF .

or

1

k k
Y(Si® 1) Y(Si® 1) =y(Y SiS; @ 1y) <1y, forevery 1 <k <o,
=1 =1

1

which means that

YL PSi®ly)pSi®ly) +CCF Y CiDf

n * n *
ileiCi i=1 DlDi

or

YK P(Sil )p(Si®ly ) +CC: Y C:D:
1P PS: ) o = <1y, foreveryl <k < oco.

L1 GG Lioi DiD;

Thus, we have that C; = 0 for every i € {1,...,n} and hence,

pSi®ly) O
0 D;

Y Si®ly)=

On the other hand, for each unitary u € o7, similarly, we have that

p(Ly @u) 0
Y @u) = ,
0 v

where v is a unitary in B(JZ1).

Because 7 is spanned by its unitaries, and every X ® z € 0,, ®min </ can be written as

X®z=(X®1y)(1,,®z), we see that y is diagonal on all elementary tensors. Then by
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3.1 TENSOR PRODUCTS AND C*-NUCLEARITY OF .

continuity of ¥, we know it is diagonal on &), ®pin &7 .

We now have that the compression of ¥ onto the 1,1 corner is a x-homomorphism
from 0, @min & to B(#), and this compression is exactly p. Moreover, ﬁ(&’? ®min ) C
On @max /. Then, p being a x-homomorphism implies that p (&, Omin &) C 0, Qmax &,
where ®p;, denotes the algebraic tensor product of &,, with &7 endowed with the minimal
tensor norm. The continuity of p implies further that p (0, ®min &) C O Q@max &7. Form
this, we can conclude that p (0, Qumin &) = 0, Qmax <, because by the way p is defined,

Ranp is dense in &), ®max < .

Finally, p(X ®z) = X ®z for every X ® z € 0, ®min </ forces that the identity map from
Oy Omin & t0 Oy Qmax &7 extends to a x-homomorphism from &), @i, &7 onto 0, @max & .
Thus, ﬁn ®m1n % - ﬁ}’l ®max d. D

Let T1,...,T, be the generators of the Toeplitz-Cuntz algebra .7 &, and .7}, be the op-
erator system generated by 7;’s. By Corollary 3.3 in [18], we know that .7, = .¥,, via the

natural isomorphism.

Theorem 3.1.3. Let <7 be a unital C*-algebra, then we have that

yn Qmax o gc.o.i cyﬁn Qmax *va

where T O, is the Toeplitz-Cuntz algebra.

Before proving this theorem, we need the following refined version of Bunce’s result

[3, Proposition 1.].
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3.1 TENSOR PRODUCTS AND C*-NUCLEARITY OF .

Lemma 3.1.4. Let (Ay,...,A,) € B(7) be a row contraction, then there exist isometric
dilations Wy,...,.W, € B(X') of Ay,...,A, such that WfW; =0 for i # j, where & =

ISPy H (). Moreover, W; can be chosen as the following form,

A; O
VVi - ’
X, YZ;

where the entries of X;, Y and Z; are all from C*(I,Ay,...,A,).

Proof. The fact that the entries of X; and Y are from C*(I,Ay,...,A,) is directly from
Bunce’s construction. On the other hand, by his construction, Z;’s can be any set of Cuntz

isometries on @y, (") s0 we can choose a particular one as:

1w ifi=(j—Dn+k

0 otherwise,
where I denotes the identity operator on &, 57 (), [

Proof of Theorem 3.1.3. By Proposition 1.2.23, we can show instead that .7, satisfies that

<7n®c$27 gc.o.i <?631 ®cv52{-

To this end, it is enough to show that for any pair of unital completely positive maps ¢ :
Iy — B(H) and y : o/ — B(.#) with commuting ranges, there always exists an extension

¢ : T 0, of ¢ such that the range of ¢ and y commute.
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3.1 TENSOR PRODUCTS AND C*-NUCLEARITY OF .

Since ¢ is unitally completely positive, (¢(71),...,¢(T,)) is a row contraction and
hence can be dilated to isometries Wy,...,W, with orthogonal ranges, by Lemma 3.1.4.
Then, there is a *-homomorphism 7 : .70, — B(.%") such that ©(7;) = W;. Meanwhile,
weset : Z — B(X) as = y D (D, v(™), where w(") denotes the direct sum of n
copies of y.

It is easy to see that { and 7 have commuting ranges. Clearly, y = P, 5. Now, let
@ = P,y7| ,p, then it follows that @ is a unital completely positive extension of ¢ and y

and @ has commuting ranges. Thus, we have shown that .7, @, & C.; 7O, Q.. [

Corollary 3.1.5. Let </ be a unital C*-algebra. If T 0, Quin & = T O, Qmax <, then
yn®min42{ :yn®max37-

Proof. By the assumption and the injectivity of the min-tensor product, we have the fol-

lowing relations:

% min o gc.o.i cyﬁn Qmin o
I

% X e=max o gc.o.i gﬁn ®c=max .

This implies that .7, @min & = T Qmax &, S0, equivalently, we know that ., Quin & =
Zn Qmax A .

]

Corollary 3.1.6. Let o7 be a unital C*-algebra. If O, Quin F = Oy Qmax A, then %} @min
M = yn ®max %.
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3.1 TENSOR PRODUCTS AND C*-NUCLEARITY OF .

Proof. Since 0, = 7 0, /K [6, Proposition 3.1] (K denotes the algebra of compact opera-

tors), we have the following commuting diagram:

K®maxﬂ_>gﬁn®maxd_>ﬁn®max%

| | |

K®min%ﬁyﬁn®min%ﬁﬁn®mind~

By assumption, we have that &), ®@in & = 0, Qmax . Also, we know that K is nuclear,
80 K ®min &/ = K ®max 7. This implies that the first and third vertical map in the above
diagram are indeed isomorphisms. Hence, the second vertical map is also an isomorphism,
that is, 70y Qmin &/ = T 0 Qmax /. Now the conclusion follows from the Corollary
3.1.6. [

Combining Corollary 3.1.6 with Lemma 3.1.2, we have

Theorem 3.1.7. Let <7 be a unital C*-algebra. Then O, Quin ' = Oy, @max < if and only
ifyn@)min%:yn@maxﬂ-

Since 0, is nuclear, we immediately have the following corollary.

Corollary 3.1.8. We have that ., is C*-nuclear.
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3.2 EQUIVALENT CONDITIONS AND DUAL ROW CONTRACTIONS

3.2 Equivalent Conditions of the C*-Nuclearity of .7, and

the Dual Row Contraction Version of Ando’s Theorem

In this section, we prove some necessary and sufficient conditions for &), ®in & = 0, max
</ . We first recall that we denote &, = span{Eo, Y.i| Eii, Eio, Eo;i : 1 <i <n}, where Ej;’s

are the matrix units in M,,; 1, and we have proved in Section 2.3.1 that

Theorem 3.2.1. The map ¢ : &, — ., defined by the following:

N

1 . 1 1 _
O (Eio) = =Si, 9(Eoi) = =S;, 0(Eoo) = =1, ¢() Ei)==1, 1<i<n
2 2 2 Wi =g

i
is a complete quotient map, that is, &,/J = ., completely order isomorphically, where

J :=Ker¢ = span{Eo — Y, Eii}.

The next proposition shows that the operators system &, is C*-nuclear. Before proving

it, let us recall a useful result [8, Lemma 1.7].

Lemma 3.2.2. Let . and 7 be operator systems, then u € (¥ @max 7 )" if and only if

for each € > 0, there exist (Pf;) € My, ()T, (0F;) € My (7)*, such that

k
ely @1y +u= 'Zlﬂ’j@ij.
L=

Proposition 3.2.3. We have that &, Qumin &/ = &, Qmax & for every unital C*-algebra <7 .

Proof. What we need to show is that M, (&, @min &)™ C M, (&, Qmax ), for each p € N.

By the symmetry and associativity of the min and max tensor products of operator systems,
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3.2 EQUIVALENT CONDITIONS AND DUAL ROW CONTRACTIONS

and the nuclearity of M), we have that

Mp(tgon S min le) =&y ®minMp(fQ{>

Mp<@(0n S max 52{) — édn Qmax MP(”Q{)

Notice that M,(<7) is also a C*-algebra, so it suffices to show that for each A € (&}, @min

/)*, we have that A € (&, Omax ).

Since the min tensor product is injective, we have that &), ®min &/ C My1 | Qmin & =

M, 1(). So for A € (& Qmin )T, we know that it has the form

ap ai e ay
aj b

A=
at b

Without loss of generality, by considering €/, 1 ® 1,/ + A, we can assume that ag and b are

invertible. According to Cholesky’s lemma, we have

ap ay -+ ay ao—ﬂl:]a,-b_la;k 0O --- 0 Zlea,-b_la;-k a - ay
aj b 0 0 aj b

= +
a b 0 0 a, b

The first matrix on the right side is positive in M), |(.27) and is easily seen to be in (&, @max

/) T. What we need is to show that the second matrix also lies in (&, @max ).
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3.2 EQUIVALENT CONDITIONS AND DUAL ROW CONTRACTIONS

To this end, we use Proposition 3.2.2 and construct the following two matrices,

00 0 00 - 0 00 0
01 10 00
0 1 0 0 1 0
01 0 10 0
00 00
0 0 0 0
00 1 10 0
00 00
0 0 0 0
b aj a
ag
0=(Qij)=| ,
: B
an

where B = (B;j) = (aib_lajf).

Then it is not hard to check that P € M, ,1(&,)" and Q € M,.1(</)". Also, we have
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3.2 EQUIVALENT CONDITIONS AND DUAL ROW CONTRACTIONS

that
?:laib_la ay a
ay b ntl
1
= ) P;j®0i
ij=1
a’ b

This shows that the matrix on the left side is in (&, ®max <7) T, and the lemma is proved. [

Lemma 3.2.4. Let of be a unital C*-algebra, then we have that id : .7}, Quin ' — 75 Qmax
o is completely positive if and only if ¢ Qidy @ &, Qmin F — S5 Qmin & is a complete

quotient map.

Proof. We have the following diagram:

gn Qmin o i" @@n Qmax o .
j¢®id£¢ L¢®id9{
yn®mind$‘yn®max%

By Proposition 1.2.25, we have that ¢ ®id,, : &, Qmax F — - Omax & 1S a complete
quotient map, and hence if ¢ ®id : & Rmin F — -7, Qmin & is a complete quotient map,
then every positive element A in M, (.7}, @min &7 ) has a positive pre-image in M, (&}, @min
27), and therefore A is in My, (%) ®max ). Soid : .75 @min & — 7 Dmax & is completely
positive. Conversely, if id : ., ®min & — 75 Omax & is completely positive, then ., @min
A = .Sy Omax . Also, we have &, Qmin & = & Omax /. Thus, ¢ ®idy : &), Qmax F —
S Pmax &/ being a complete quotient map means that ¢ ®id : &), Qmin & — S Qmin &

is a complete quotient map. [
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The next theorem is now immediate:

Theorem 3.2.5. We have that 0, Quin & = O, Qmax & if and only if ¢ Qid : & Qmin ' —

S Qmin & s a complete quotient map, where < is any unital C*-algebra.

We now prove a concrete condition on a unital C*-algebra that is equivalent to Theorem
3.2.5. Given an operator system . we will write p >> 0 provided that there exists € > 0

such that p—el € T, and we set /' = {p €. : p >> 0}.

The reason for this notation is that if <7 is a unital C*-algebra and y : ./ — &/ is a
unital completely positive map, then p € Yfl implies y(p) is positive and invertible in
/. Moreover, .7 is exactly the set of elements of . for which this is true for every
unital completely positive map into a C*-algebra. Moreover, if y : 7 — . is a quotient
map, then p € Yfl if and only if it has a pre-image, i.e., y(r) = p with r € 9:“1 (see [7,

Proposition 3.2]).

Theorem 3.2.6. Let o be a unital C*-algebra, then O, @uin & = Oy Qmax & if and only
if for all p € N, whenever I® 1+ Y"_,S;®@a;+ Y S;®a; >>0in O, Qmin M (),

there exists a,b € M,(</) ", witha+b =1, such that

a aj - a,
al b
a, b

is in My (M, (7)) 7",
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3.2 EQUIVALENT CONDITIONS AND DUAL ROW CONTRACTIONS

Proof. It O, @min & = O Qmax & then q®id : & Qmin Mp(H) = 5 OminMp(7) is a
quotient map. Hence, I® 1+ ,S;®a;j+ Y| S ®adj € q @ id (6 Omin Mp())T).

Choosing any strictly positive element in the pre-image yields the conclusion.

Conversely, the lifting formula shows that every element of the form / ® 1 + 27:1 S;®

aj+Yi_1S;®a; >> 0 has a positive pre-image in &, @min My().

LetR=I®r+}Sj®a;j+Y’_|S;®aj be an arbitrary element in . Qmin M, ()

and let € > 0.

Then T =I1®1+Y",S;@(r+el) " 2a;(r+&) "2+ X" S @ (r+el) " 2a(r+
81)_1/ 2 >> 0, and so by the hypothesis has a lifting. Pre- and post-multiplying the entries
of that lifting by (r+ €)'/? gives a lifting of R+ &(I ® 1). This proves that the mapping
q®id : & Qmin My () — S, Omin Mp(27) is a quotient map, and since p was arbitrary,

this map is a complete quotient map. [

Corollary 3.2.7. The C*-algebra 0, is nuclear if and only if whenever <7 is a unital C*-
algebraand I 1+Y_ | Sj®a;j+3Y) | S;®@a; >>0in O, @min o there exists a,b € A

with a+b = 1 such that

a aj a,
a, b

(3.2.1)
a b

is in Myy1 ()7 .

Definition 3.2.8. Let </ be a unital C*-algebra, then an n-tuple (ay,...,a,) in < is called
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3.2 EQUIVALENT CONDITIONS AND DUAL ROW CONTRACTIONS

a dual row contraction if

n n
I91+) S;@ai+ Y, S;©a; >0,
j=1 j=1

where the §;’s are Cuntz isometries. Moreover, it is called a strict dual row contraction if

n

n
I914) S;0di+ Y S;©a;>>0.
j=1 j=1

Remark 3.2.9. Note that a dual row contraction is a row contraction, since

n n

I914+) S;0di+ ) Si®a; >0
j=1 j=1

implies that

n n

I®1+z) S;®ai+z) Si®a; >0, forallzeT,
j=1 j=1

which is equivalent to
n
1
Si®ad;) <=,

where w means the numerical radius. So, we have that

But not every row contraction is a dual row contraction. A counterexample can be easily

n
Y aaf
i=1

=

n * n n
(ZSi®mina;‘) ( S,-@mina;*)H <(@w() S;®d))* <1
i=1 i=1 j=1

constructed. In particular, n (2 < n < o) Cuntz isometries form a row contraction but not

dual row contraction, since } ;' | S; ®S7 is a unitary whose spectrum is the whole unit circle.
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3.2 EQUIVALENT CONDITIONS AND DUAL ROW CONTRACTIONS

Again, since 0, is nuclear, Corollary 3.2.7 is indeed a (strict) dual row contraction ver-
sion of Ando’s theorem (See [2] for the original version). Moreover, when .Z is a von
Neumann algebra, we can replace “strict dual row contraction” by “dual row contraction”
and “strictly positive” by “positive” by taking weak*-limits. We summarize these state-
ments below. This result is a dual row contraction version of Ando’s theorem on numerical

radius.

Theorem 3.2.10. Let o/ be a unital C*-algebra and (ay,...,a,) € & be a strict dual row

contraction, then there exists a,b € szfl with a+ b = 1 such that

a aj ay
*
a b
a b
is in M1 (<2) ", . Moreover, if # is a von Neumann algebra and (ay,...,a,) € # is a
+ 1 8 ) )

dual row contraction, then there exists a,b € .# " with a+ b = 1 such that

a ap a
*

a b
*

a, b

isin My 1 ().
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3.3 AN ALTERNATIVE PROOF OF THE NUCLEARITY OF Oy

3.3 An Alternative Proof of the Nuclearity of &,

We now give a new proof of the nuclearity of &,, by showing directly the existence of

operators a,b mentioned in Corollary 3.2.7, which will prove that &), is nuclear.

To this end, we shall need the notion of “shorted operators”, which was introduced in

[1]. Here, we briefly quote some results we will need in our proof.

Definition 3.3.1. [1] Let .7# be a Hilbert space and A € B(¢) be positive. Assume S C .77
is a closed subspace, then the shorted operator of A with respect to S, denoted as S(A) is

defined as the maximum of the following set:
{T €B(#):0<T <A,RanT C S}.

Also, we denote Sp(A) = S(A)|s.

The shorted operator always exists [1, Theorem 1]. Moreover, we have that

Proposition 3.3.2. [1] For each x € S, we have that

(SO(A)x,x>:inf{<A * : * >:y€SL}.

y y

We now prove that the condition of Corollary 3.2.7 is met for n = 2 without using the

nuclearity of 0.

A proof of the nuclearity of 0,. Let o7 C B(J¢) be a unital C*-algebra and (ay,...,a,) be
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3.3 AN ALTERNATIVE PROOF OF THE NUCLEARITY OF Oy

a strict dual row contraction in <7, that is,
2 2
A=I®1+) S;0di+ ) S;®a;>>0, in 02 Onin .
j=1 j=1

By Corollary 3.3 in [18] the operator system spanned by the Toeplitz-Cuntz isometries is
completely order isomorphic to the operator system spanned by the Cuntz isometries. Thus,
we can take the S;’s to be Toeplitz-Cuntz isometries. Moreover, it suffices to consider the

following specific choice of Toeplitz-Cuntz isometries:
S; € B(I?), Si(er) = ey, k=0,1,2,...., i=172,

where {¢;:i=0,1,2,...} is the orthonormal basis of °.

We write [2 ® S = 69;;"8%, where 7 = ¢ for all i. Thus, A corresponds to the
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3.3 AN ALTERNATIVE PROOF OF THE NUCLEARITY OF Oy

following operator in B(I*> ® ),

1 agp aa 0 0 0 O O O

ap 1 0 a aa 0 0 0 O

ays 01 0 0 a a 0 O

00 af 01 0 0 0 a a

A 0O a5 0 01 0 0 0 O
0 0 af O 01 0 0 O

0 0ag3 00 0 1 0 O

0 0 0 af O O O 1 O

0 0 0 a5 O 0 0 O 1

Set %y = ;7.7 We then write A as the following block form:

Al A
A= :

Ayl Ax

where Ay € B(%),Alz S B(%l,%),Azl S B(%,%O,Azz S B(%l).

Now, let B = 7(A), then by Proposition 3.3.2, we have that

ho ho
<Bho,ho> = inf { A s }
gEX

8 8
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3.3 AN ALTERNATIVE PROOF OF THE NUCLEARITY OF Oy

ho ho
hy hy
= inf inf inf{ A , }
h e hyeH 1€%5 ]’l2 hz
Z Z

h]lg%hzlgjleer}%3{< 0 +aih +azhy, 0>+<al 0> 1>+<612 0, 2>

hy hy
+ <A22 hz ) h2 >}
Z Z
We claim that
h hy
inf {<A22 || h >} = (Bhy,h1) + (Bhy, ho).
ZERA
Z Z

Assuming this claim for the moment, we have

(Bhg,ho) = inf inf {(ho,ho)+ (a1 f,ho) + (azha, ho) + (aiho,h1) + (a>ho, h2)
h\ €S hyeH
+ <Bh1,h1> + <B/’l2,/’l2>}

1 ay ap /’l() ho

~ inf inf . .
hllgﬂ”hzlgﬁé”{< a B 0 hy || >}

a 0 B) \h) \n
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3.3 AN ALTERNATIVE PROOF OF THE NUCLEARITY OF Oy

So we have that

1-B a1 a
ai B 0]=0.

as 0 B

To justify the claim, we write N as the disjoint union of Ny = {1 +2(2¢—1),1+3(2% -
1):k >0} and Ny = {2+3(2K—1).2+ 42k~ 1) : k > 0}. Set A} = Bjen, S so that
X = M D A. Observe that both of these subspaces are reducing for A, and that with

respect to the obvious identification of .4, ~ &% .7 we have that Ay, ~ A B A.
P i=0

Hence,
h h hy h
inf ( A , = inf A ,
26«9?3< 22 h2 h2 > Z1€</V19<%”1< 22 0 0 >
Z Z 21 71
0 0
+ inf A ,
126%@%< 22 h2 /’l2 >
22 22

h h hy hy
— inf (A , T inf (A :
ZG@] ZEFZ]
Z 4 Z 4

=<Bh1,h1> + <Bh2,h2>.
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3.3 AN ALTERNATIVE PROOF OF THE NUCLEARITY OF Oy

It remains to show that B € .o7. Since —S;’s are also Cuntz isometries, we have that
2 2
* k
21— lej®aj - lej@mj >> 0.
Jj= Jj=

It follows that || Z?:l Sj®a;— Z?:l Si®aj|l <1, and therefore ||1 —An || < 1. According
to the proof of [1, Theorem 1], the shorted operator B has an explicit formula: B =A| —
A12A521A21. So what left for us to show is that all the entries of A;zl are in /. To see
this, we first use the Neumann series to write Ay, = ¥ (1 —A)". Since each row and
column of 1 — Aj; only has finitely many nonzero entries, we must have that the entries of
(1 —Ap)" are in o for each n € N. Since the Neumann series is norm convergent, we have
that each entry of Az_zl is in 7 and since A, and Aj; are only non-zero in finitely many

entries, B € <7

Finally, we can repeat the above process for A —€1® 1 >> 0 and see that we can make

both B and 1 — B strictly positive with

1-B a1 a
a; B 0[>>0

a; 0 B

The proof that &), for n > 3 is nuclear can be done in a similar fashion. In the following

we write down the details of the proof.
A proof of the nuclearity of 0,. Let of C B(.) be a unital C*-algebra and (aj,...,a,) be
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3.3 AN ALTERNATIVE PROOF OF THE NUCLEARITY OF Oy

a strict dual row contraction in <7, that is,
n n
A=I®1+) S;0di+ ) S;®a;>>0, in 0, Onin .
j=1 j=1

Then, by Corollary 3.3 in [18], we can take S;’s as Toeplitz-Cuntz isometries. Moreover, it

suffices to consider the following specific choice of Toeplitz-Cuntz isometries:
NS B(lz), Si(ex) = exnti, k=0,1,2,..., i=1,2,...,n,

where {e;:i=0,1,2,...} is an orthonormal basis of /2. Thus, A corresponds to the follow-

ing operator on B(.#(*)),
1 a an
a; 1 ay a,
A a 1
aj 1
a, 1

We then write A as the following block form:
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3.3 AN ALTERNATIVE PROOF OF THE NUCLEARITY OF Oy

where A1 € B(JE), Ay € B(S ) S, ), Ay € B(H, ) S H), Ay € B(H™).

Now, choose 6§ > 0 such that A—61® 1 > 0 and let B= J%(A — 61 ® 1), then by

Proposition 3.3.2, we have that

h h
(@)= _inf %{<<A— sn|"|. >}

8 g
h h
S S
= inf .- inf inf { A-oDn| : |,] : }
hesxt fnerjnfzejf‘x’@jf(”)
Jn fn
Z Z

S

fiest fnejfze,%”“’@jf(”)

= inf - inf  inf {((1—6)h,h>+<A12 : h>
In

S fi fi
+<A21h, : >+<(A22—51) : , : >}

Jn I fn

z z z
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3.3 AN ALTERNATIVE PROOF OF THE NUCLEARITY OF Oy

il

— inf --- inf inf (){<(1—5)h,h>—|—<A12 fn ,h>

NEH  [w€I ze o

0
f
: fi il
+<A21h, fu >+<(A22—51) : , : >}
In In
0
z z
Next, we partition N\ {0} as N\ {0} =N, U---UN,, where
(nk—=1) (nk—1)
Np=m+[n+(m—1)(n—1)] —— yooymt[n4+m(n—1)] T k=0,1,2,....

Then, we write Ayy — 61 = A%z +---+A%,, where

( m) (A22—5I),'j, ifi,jGNm
22)ij = )

0,else

where (A2 — 61);; denotes the i, j-th entry of Ayy — 61, same for (A%});;, 1 <m <n. Itis

not hard to see that A%} is unitarily equivalent to Ay, — 8 for each m.

Decompose ¢ = @ _, 7, according to the partition N\ {0} = N U---UN,, we
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3.3 AN ALTERNATIVE PROOF OF THE NUCLEARITY OF Oy

have that

it

(Bh,h) = inf --- inf {((1—6)h,h>+<A12 £ h>

hest  fued
0
fi
' S i
A i 1
+< 21k, | f, >+z11+'1'2f7ZiEHm{<A22 ; +
z z
0
L | fn
+( A ;
z z
fi

= inf --- inf 1—98)h,h A h
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3.3 AN ALTERNATIVE PROOF OF THE NUCLEARITY OF Oy

il
+<A21h, f >+inf{<A;2 UANEL >}+
. z1€H, 2 21

alla ()

S

= inf --- inf {<(1—5)h,h>+<A12 fn ,h>

hext  fuedl
0
fi
+<A21h, 1 >+ ir;;w{<(A—51) (fl)’(f1)>}+
zZ€E- z z
0
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3.3 AN ALTERNATIVE PROOF OF THE NUCLEARITY OF Oy

i S

— inf --- inf { ((1— A A
ot ﬁjg%{<( 5)h,h>+< 2] f ,h>+< 210, | £, >

0 0
Thus,
1-B—01 a; - ay
ay B
>0
a B

Then, by adding %I to the above matrix, we have that

1—B—gl ai an
a B+$1 o
a; B+$1
In addition, we have that 1 —B—21,B+ 91 >> 0. [

Having an alternative proof of the nuclearity of &, (2 < n < o), we can give an alter-

native proof of the nuclearity of 0. with just a little effort. Here is the proof.
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3.4 THE DUAL OPERATOR SYSTEM OF .#y

Theorem 3.3.3. The Cuntz algebra O is nuclear.

Proof. Using Lemma 3.1.2, we just need to show that .%., is C*-nuclear.

It suffices to show that (Yo @min )" = (e QOmax &) for every unital C*-algebra
.

To see this, we choose A € (% @min ), then A has the form,

A=I0X+Y Si@Xi+) SfoX, Xed,
ieF i€eF

where F is a finite subset of N. So there exists N € N, such that F C {1,...,N}. This

means, by the injectivity the min tensor product, we have that A € (S Qmin &) ™.

But we have just shown that .#, is C*-nuclear for 7 finite, so we have that
Ae (yN®min~Q{)+ = (yN®maX«Q{)+ g (yoo®max£{)+'

Thus, we know that .%. @uin & = S0 Qmax & . [

3.4 The Dual Operator System of .7,

In this section, we prove some properties of the dual operator system of .#,, denoted by
4. which is the operator system consisting of all (bounded) linear functionals on ..

First, we choose a basis for Vnd as the following,

{6076i76i* : 1 S l S I’l},
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3.4 THE DUAL OPERATOR SYSTEM OF .#y

where

Oo(I) :=1,680(Si) := 80(S;) =0, foralli
0;(1) :=0,8;(S;) := 8;,8:(S;) :=0, forall k;

5 (1) :=0,87(S%) == &}, 8(S¢) :=0, forallk,

where 9;; is the Kronecker delta notation. So we have 4 = span{dy, 5,87 : 1 <i<n}.

Then, we define an order structure on ﬂnd by
(fij) € Mp(ynd>+ < (fij) : Sn — M, is completely positive .

It is a well-known result by Choi and Effros [5, Theorem 4.4] that with the order structure
defined above, the dual space of a finite-dimensional operator system is again an operator
system with an Archimedean order unit, and indeed, any strictly positive linear functional

is an Archimedean order unit.

We claim that & is strictly positive. To see this suppose that p € ., with §(p) = 0.
Then p =37 | a;Si+ Y | @S}, Using the fact that, if S; are Cuntz isometries, then —S; are

also Cuntz isometries, we see that —p € Y,;“. Thus, p =0.
Hence, ynd is an operator system with Archimedean order unit Jy.

The following characterizes positive elements in M. p(Ynd ) of the form

l

n n
Lob+ Y A&+ ) Al
=1 =1
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3.4 THE DUAL OPERATOR SYSTEM OF .#y

Proposition 3.4.1. An element I, ® &+ Y1 | Ai® 8+ Y1 | AF ® &' € My(LY) is positive

if and only if (Ay,...,Ay) is a row contraction.

Proof. LetM =1, 8+ Y |Ai® o+ Y A7 ® 6/, and view M as a completely positive
map from %, to M, it satisfies M(I) = I,, M(S;) = A;. Thus, since M us unitally com-
pletely positive, we have that (Ay,...,A,) is a row contraction.

Conversely, if (Ay,...,A,) is a row contraction, then there exists a unital completely pos-
itive map which sends S; to A;, S to A7, by the universal property of .#,. But this map is

necessarily M : %, — M), and this means M € M,(.7)™. O
Proposition 3.4.2. Let </ be a unital C*-algebra and ¢ : .#% — o/ be a unital linear map.

Then ¢ is completely positive if and only if ¢ is self-adjoint and

WAL ©9(8) +--+ Ay 2 9(8)) < 5,

for each row contraction (Ay,...,Ay) € M 1, each p € N, where w denotes the numerical

radius.
Proof. Suppose ¢ is unitally completely positive, then for

n n
M=I,08+Y A®s+Y Al @8 €My,
i=1 i—1

1=

we must have

L,oo(M)=1,01+ iAi®¢(5i) + i‘,A;k ®¢(8)
i=1 i=1
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3.4 THE DUAL OPERATOR SYSTEM OF .#y

=1 ®I+ZA ® (5 ZA*®¢

i=1

By Proposition 3.4.1, M is positive if and only if (Ay,...,A,) is a row contraction. Noting

that (zA1,...,zA,) is also a row contraction, we then have that

I ®I+zZA ©9(8 +ZZA*®¢
i=1

which means that w(¥ | A; ® ¢(8;)) < 3, for each row contraction (Ay,...,A,) € M, and

each p € N.

Conversely, we suppose w(Y.7 | A; @ ¢(6;)) < %, for each row contraction (Ay,...,A,)

in M, and each p € N, and this implies that

I ®I+ZA ®¢(5 +ZA*®¢
i=1

for each row contraction (Ay,...,A,) € M, and each p € N.

Choose an arbitrary N = By® 8y + Y/ Bi® & + YL B ® 87 € M,(-#%)*, then for

each € > 0,

n n
el,® 8 +N = (el, +Bo) @8+ Y, Bi® &+ Y B ® 8 >0,

i=1 i=1

which implies

n n
1,28+ Y (e, +Bo) 2Bi(el, +Bo) * @8+ Y (eI, +Bo) 2Bi(el,+By) T @8 >0.
i=1 i=1
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3.4 THE DUAL OPERATOR SYSTEM OF .#y

By Proposition 3.4.1, we have that ((€1,+Bg)~ 2B, (el,+Boy)~ L .., (&I, —l—BO)_%Bn(elp +

1

Bp)~2) is a row contraction, and therefore

1p®1+Z(€1p+BO)_%Bi(81p+Bo)_% 29(5)

i=
Z (el + Bo) 2B} (], +Bo) 2 ©¢(8)" > 0.
i=1
Thus,
¢(el,® 8 +N) >0, foreache > 0.

So we have that ¢ (N) > 0, and this completes the proof. O

Remark 3.4.3. Since compressions of row contractions are still row contractions, it follows

that if
1
wA1®@(61)+ - +A@P(0)) < o
for each row contraction (A1, ...,A,) € M, each p € N, then for Cuntz isometries S, ..., Sy,
1
W(Sl ®¢(61)+"'+Sn®¢(6n)) < 5»

where §;’s are Cuntz isometries and the tensor product is the minimal one so that S} ® aj +
4+ S, ®a,; € 0, Qnmin /. Conversely, using the universal property of .7, we have that
for each row contraction (Ay,...,A,) € M, the map sending S; to A;, S7 to A7, I to I, is

completely positive and hence

| =

w(S1@¢(81)+-+S,®0(5,)) <
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3.4 THE DUAL OPERATOR SYSTEM OF .#y

implies that

1
WAL R0(8)+ - +A,20(8,)) < 5
On the other hand, we have that
1
w(S1R0(8)+ - +S,R0(8)) < 2

if and only if
n n
I91+) S;@ai+ Y, S;©a;>0.
j=1 j=1
So we have proved the following corollary.

Corollary 3.4.4. A unital linear map ¢ : Ynd — o is completely positive if and only if ¢ is

self-adjoint and
1
W(S1EG(81)++ 51D 9(8)) < 5.

where Sy, ...,S, are Cuntz isometries if and only if (¢(01)",...,9(0,)") is a dual row con-

traction.

In [17], the joint numerical radius for n—tuple of operators (T1,...,T,) € B(J) is

defined as:
n
w(Ty,...,T,) :=sup Z Z(ha,Tjhgja> ,
ack, j=1
where F, is the free group on n generators gi,..., gy, and the supremum is taken over all

families of vectors {ho}qepr © A With ¥ cpt [|hall* = 1.

It was shown in the same paper that w(Ty,...,T,) =w(S$1 @ T} +--- + S, @ T,)) [17,

Corollary 1.2], where w on the right hand side is the numerical radius of an operator on .7’
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3.4 THE DUAL OPERATOR SYSTEM OF .#y

defined in the usual way. Thus, it is natural to extend the notion of joint numerical radii of

n-tuples to the category of C*-algebras.
Definition 3.4.5. Let <7 be a C*-algebra. The joint numerical radius of (ay,...,a,)—an
n-tuple in o7, is defined as:

W(al7"'7an) = W(S1®a>{++sn®a;kl)7

where S;’s are Cuntz isometries.

Remark 3.4.6. Let <7 be a C*-algebra. Then the n-tuple (ay,...,a,) € </ is a dual row
contraction if and only if

| =

w(ay,...,ay) <

Theorem 3.4.7. Let & = span{l,,1,Ei,Eo; : 1 <i<n} C M, 1, then ¢ is completely
order isomorphic to &, via the map 0 : /¢ — &), with 0(8&) = L,+1, 6(8) = Eo;, 0(5) =

Ej, for1 <i<n.

Proof. We first show that 8 is completely positive. By Corollary 3.4.4 and Remark 3.4.6,

we just need to show that for n Cuntz isometries Sy, ...,S,,
0S8 - S,
0 O 1
< —
w ( : . ) = 27
0 0
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3.4 THE DUAL OPERATOR SYSTEM OF .#y

which is equivalent to

I z5 - 28
St 1
>0 forallzeT
zs I
which clearly holds since (zSi,...,2zS,) is row contraction.

Next, we show that 6! is also completely positive. Let p € N and note that M. »(E)) =

&,(M,), we can write a positive element A € M,(&),) as

Ay Ay - A,
AT Ag
AF Ao

where A; € M,,. Consider €I, ® I, + A, where I, denotes the identity matrix in M, for

€>0,andlet B= (¢, +A0)*%, we have that

I, BAB --- BA,B
BA*B I

1 p ZO
BA’B I,
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3.4 THE DUAL OPERATOR SYSTEM OF .#y

This implies that (BAB,...,BA,B) is a row contraction, and hence

I, BAB --- BA,B
BATB 1 n
(9—1)(17)( 1 P ) :Ip®6O+ZBAiB®6i
i=1
BA}B I,

n
+ Y BA;B® 6 >0,
i=1

by Proposition 3.4.1. Thus,

n n

(el, +A0) @8+ ) Ai® &+ ) A; @6 >0, foralle>0,
i=1 i=1

which is the same as (6~!)(P)(el, @ I, +A) > 0, for all € > 0. Since 8 is unital, we know

that (~1)(P)(A) > 0. Hence, 8! is also completely positive. O

We recall the following result of Kavruk:

Theorem 3.4.8. [11, Theorem 4.1] Let .¥ be a finite-dimensional operator system. Then

S is C*-nuclear if and only if #? is C*-nuclear.

Corollary 3.4.9. We have that &, is a C*-nuclear operator system.

Proof. Since ., is C*-nuclear, .¢ is C*-nuclear by the above theorem. But &/ = .7 up

to complete order isomorphism. 0

Remark 3.4.10. The operator system &, seems more elementary to deal with and if we

could show directly that &, is C*-nuclear, then that would imply by Kavruk’s result that
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3.5 A LIFTING THEOREM FOR JOINT NUMERICAL RADIUS

#, is C*-nuclear, which in turn would give another proof of the nuclearity of the Cuntz

algebras. However, we have been unable to prove directly that & is C*-nuclear.

3.5 A Lifting Theorem for Joint Numerical Radius

The local lifting property of an operator system .7 is defined in [13]:

Definition 3.5.1. Let . be an operator system, ./ be a unital C*-algebra, / <1.2/ be an
ideal, g : @7 — 7 /I be the quotient map and ¢ : . — o7 /I be a unital completely positive
map. We say ¢ lifts locally, if for every finite-dimensional operator system .7 C .%, there
exists a completely positive map Y : .y — &7 such that go y = ¢. We say that . has the
operator system locally lifting property (OSLLP) if for every C*-algebra </ and every

ideal I C &7, every unital completely positive map ¢ : . — o7 /I lifts locally.

Theorem 3.5.2. [13] Let .# be an operator system, then the following are equivalent:

1. . has the OSLLP;

2. S QminB(H) = . Qmax B(I).

We have seen that the operator system Ynd is C*-nuclear (Theorem 3.4.8). In particular,

we have that for a Hilbert space .77,
ynd ®minB(jiﬂ) - ynd ®maxB<<%ﬂ>'

Thus, the operator system Ynd has the lifting property (LP).
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By using the LP of ., we are able to derive the following result concerning the joint

numerical radius.

Theorem 3.5.3. Let </ be a unital C*-algebra and J <\ </ be an ideal. Suppose Ti +
J,...,Ty+J € o], then there exist Wy, ..., W, € o withW;+J =T;+J foreach 1 <i<n,

such that w(Wy,....W,) =w(Ty +J,...,T,+J).

Proof. Suppose w(Ty +J,...,T,+J) =K. If K =0, then clearly 7;+J = 0 for each 1 <

i < n. So we can choose W; =0 forevery 1 <i<n.

So we consider the case when K > 0. A little scaling shows that

T; 1, 1
So the linear map(pzfnd — o/ /J defined by
I o _ L
¢(80) =I+J, 9(6)=52+], 0(6) =2+

2K 2K

is unitally completely positive.

We have known that .#¢ has the LP, so there exists a unitally completely positive map
¢ : #? — of such that o ¢ = ¢, where 7 denotes the canonical map from . onto <7 /J.
Let W, = 2K$(5;), we have that W* 4-J = T; +J. Moreover, by proposition....., we know

that (gl—lé, . ;VTQ) is a co-row contraction. Hence, we have that

w(Wy,...,W,) <K.
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Now, to complete the proof, we need to show that w(Wy,...,W,) = K. Suppose that

Wi W, 1

Then there exists an € > 0, such that

(I+e)W; (I+e)W, < 1

However, this implies that
u l+e)Wr & ‘o 1—|—8 W;
1®1+ZS,~®( +ZS ) >0,

i=1

in ., ®min 7. Since id®7 is completely positive, we further have that

L (14T +J & (1+e)T+J
I®1+J+ZS,~®T+ZS~®—

i=1 i=1

> 0.

It now follows that

which is a contradiction.
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