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Abstract

In this dissertation, we study the structure of correlation minimizing frames. A
correlation minimizing (N,d)-frame is any uniform Parseval frame of N vectors in
dimension, d, such that the largest absolute value of the inner products of any pair
of vectors is as small as possible. We call this value the correlation constant. These
frames are important as they are optimal for the 2-erasures problem.

We produce the actual correlation minimizing frames. To further study the struc-
ture of correlation minimizing frames, we obtain upper bounds on the correlation
constant. In the real case, we find an upper bound on the correlation constant of
a correlation minimizing (N,d)-frame. As a result, we prove the correlation con-
stant goes to zero for fixed redundancy as the dimension and number of vectors
increases proportionally by 2. When addressing the correlation constant for com-
plex correlation minimizing (N,d)-frames, we consider circulant matrices which are
also projections as the Grammian matrix of a uniform Parseval frame. We derive a
relationship between these Grammian matrices and the Dirichelet kernel as well as
the structure of quadratic residue. Utilizing these relationships, we obtain two upper
bounds on the correlation constant. Furthermore, we investigate how the correlation
constant behaves asymptotically in comparison to the Welch bound. In L?[0,1], the
Laurent matrix is a projection defined by the Fourier transform of the characteristic
function on an interval of fixed finite length in [0,1]. Considering the magnitude of
the Fourier transform of the characteristic function on a set of sufficiently small size,
we derive a bound on the correlation constant and construct a method to create a

correlation constant that is arbitrarily small.
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CHAPTER 1

Background

1.1 History of Frames

1.1.1 Frames

A frame is a set of vectors in a Hilbert space that can be used to reconstruct each
vector in the space from its inner products with the frame vectors. These inner
products are generally called the frame coefficients of the vector. But unlike an
orthonormal basis each vector may have infinitely many different representations in

terms of its frame coeflicients.



1.1. HISTORY OF FRAMES

Frames for Hilbert spaces were introduced by Duffin and Schaeffer [13] in 1952
to study some deep problems in nonharmonic Fourier series by abstracting the fun-
damental notion of Gabor [15] for signal processing. These ideas did not generate
much interest outside of nonharmonic Fourier series and signal processing until the
landmark paper of Daubechies, Grossmannn, and Meyer [11] in 1986, where they
developed the class of tight frames for signal reconstruction. After this innovative
work the theory of frames began to be widely studied. While orthonormal bases
have been widely used for many applications, [12] [14] [27], it is the redundancy that

makes frames useful in applications.

Today, frames play an important role in many applications in mathematics, sci-
ence, and engineering. Some of these applications include internet coding [35], time-
frequency analysis [19], speech and music processing [42][28], wireless communication
[27], medical imaging [40][20], digital copy-write infringement [31], quantum com-
puting [24], and many other areas. Applications often use Parseval or tight frames
because these frames have the added advantage that each vector has one natural
representation given by a simple formula involving its frame coefficients. If, in addi-
tion, the frame is equal-norm (or uniform) somewhat equal weight is given to each
vector in the space. Examples of classes of uniform Parseval frames can be found in
[7]. A special case, called a 2-uniform frame, is a uniform Parseval frame with the
additional condition that the inner products between distinct pairs of frame vectors
has equal modulus. These frames were discovered by Holmes and Paulsen [22] to be

optimal for the 2 erasure problem.



1.1. HISTORY OF FRAMES

1.1.2 Optimal frames for the 2-erasure problem

Suppose that we want to transmit the information contained in a d-tuple of numbers
to a receiver over a noisy channel. Given a vector in a d-dimensional Hilbert space,
if we use a frame with N > d vectors then the information contained in this vector
is now encoded in its N frame coefficients. When information is stored or encoded
redundantly, so that it is spread among a large number of coefficients, then our
chances of communicating the vector within some margin of error should be increased.
The erasure problem assumes that the only types of errors that can occur is that each
coefficient as it is transmitted is either lost entirely or received perfectly. If m of the
coefficients are lost during transmission one wants the best possible reconstruction
of the data, using ”blind reconstruction”. This means that one always reconstructs
the same way, ignoring that m frame coefficients lost have been set to zero. The
erasures problem asks: what is the best set of N vectors to encode the information
so that when up to m coefficients are lost and the blind reconstruction formula is
used, the most accurate reconstruction can occur, i.e., where the maximum over all
input vectors of the error between the original and it are "best”, or in some sense
optimal, were studied in [22]. Frames that satisfied their optimality properties were

called m-erasure frames.

In the case of the 1-erasure problem, only one coefficient is lost before reconstruc-
tion, it was proven by Cassaza-Kovacevic that uniform Parseval frames are the best,
or optimal, choices of vectors to encode the data [6]. Thus, the 1-erasure frames are

exactly the uniform Parseval frames.



1.1. HISTORY OF FRAMES

The 2-erasure frames, introduced by Holmes and Paulsen [22], are the frames
that are the optimal solution for the 2-erasure problem among all uniform Parseval
frames, i.e., among all frames that are optimal for the 1-erasure problem. Holmes
and Paulsen proved that the set of uniform Parseval frames for which the minimal
angle between any pair of vectors is as large as possible are exactly the 2-erasure

frames.

Furthermore, they identified that for some (N,d) pairs there exist frames that
they called 2-uniform frames, where the angle between each pair of distinct frame
vectors is equal, and that when 2-uniform frames exist then they are exactly the
set of 2-erasure frames. The 2-uniform frames are exactly the set of equiangular,

uniform Parseval frames and this latter terminology is now much better known.

The problem with 2-uniform and equiangular tight frames is that for most pairs
(N,d), they do not exist. For example, when d = 3 these are known to exist only for
N = 3,4, and 6. The lack of existence in most cases leads to the questions: For a
given pair (N,d), what is the set of 2-erasure frames? Answering this question has
also been addressed as minimizing the worst case coherence, finding Grassmannian

equal-norm Parseval frames and finding frames with low coherence in [37] [38].

Heath and Strohmer in [35] studied frames from the aspect of coding theory.
Consequently, they also considered the problem, for a given N and d, which unit norm
tight frames satisfy the property that the largest magnitude of the inner products
between two frame vectors is as small as possible. For given N and d, they called the
unit norm frames that solved the problem Grassmannian frames. In the case when

all of those magnitudes between frame vectors are equal, the magnitude equals the
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Welch Bound [41] and the equiangular tight frame, was called optimal Grassmannian.
The Grassmannian space G(d, n) is the set of all n-dimensional subspaces of the space
R? or C?. The Grassmannian packing problem is the problem of finding the best
packing of N n-dimensional subspaces in R? or C¢, such that the angle between any
two of these subspaces becomes as large as possible. In the real case where n=1, the
subspaces are real lines through the origin in R? and the goal is to arrange N lines
such that the angle between any two of the lines becomes as large as possible. Since
maximizing the angle between lines is equivalent to minimizing the magnitude of the
inner product of the unit vectors generating these lines, therefore finding optimal
packings in G(d, 1) is equivalent to finding finite Grassmannian frames, which is

what motivated the name Grassmannian frames and optimal Grassmannian frames.

Applications of 2-uniform frames or equiangular tight frames occur in combina-
torial design theory [35], digital fingerprinting codes [31], and many other areas. An
illustration of one current application is in digital fingerprinting. Digital fingerprint-
ing is a framework for marking media files, where user-specific signatures are used to
deter illegal duplication and distribution. It is possible for multiple users to collude
to produce a forgery that can potentially overcome a fingerprinting system. It was

proposed, that an equiangular tight frame fingerprint design is robust to such attacks

31).



1.2. FRAME-BASICS AND NOTATION

1.1.3 The Optimal Line Packing Problem

Optimal line packings were first researched by Hanntjes, in 1948, where he posed
the problem of packing equiangular lines in real Euclidean space [21]. Then in 1973
this problem was analyzed by Lemmens and Seidel [26]. The optimal packings of N
lines in R? were studied by Conway, Hardin, and Sloan [9] for all values of N < 55.
For some values of N, they were able to give closed form descriptions of these sets
of lines, along with proofs that they were indeed optimal packings, while for many
values of N, they were only able to give numerical approximations to these optimal

packings.

Holmes and Paulsen [22] did numerical experiments that computed the approxi-
mate minimum angle between vectors for 2-erasure frames of N vectors in R3. Their
computations showed that for some values of N the minimum angle between vectors
appeared to be identical to the angle determined by [9] for optimal line packing re-
sults, up to the number of decimal places published. This lead them to conjecture
that for these values of N, one could obtain a unit norm tight frame by choosing a
unit vector from each line in the optimal line packing, and that, after scaling, the

resulting uniform Parseval frame would be a 2-erasure frame.

1.2 Frame-Basics and Notation

Definition 1.2.1. Let Z be a countable index set. A family F = { f;}iez of elements

in a (real or complex) Hilbert space H is called a frame for H if there are constants



1.2. FRAME-BASICS AND NOTATION

0 < A< B < o, called the lower and upper frame bounds, respectively so that for

all feH
AILFIP < DI 1P < BIFIP. (1.1)

1€T

If A=B, then F is called a tight frame and when A=B=1, F is called a Parseval

frame.

We denote the collection of all Parseval frames for a d dimensional Hilbert space
consisting of N vectors as F(N,d). If F = {f1,...,fn} is a Parseval frame for a

d-dimensional Hilbert space, then we call F a (N, d)-frame.

We say F = {fi},c; is a uniform (or equal-norm) frame if its vectors are all the

same length and equiangular if in addition there is a ¢ > 0 where | (f;, fx) | = ¢, for
all j # k.

In general, a frame can have more vectors than the dimension of the Hilbert space

and, in the case that the space is finite dimensional, we call

card(l)
dim(H)

the redundancy of the frame.

If F = {fi}ier is a frame for H, the analysis operator is the bounded linear
operator V' : H — ly(I) given by V(z); = (z, f;) for all i € I. The synthesis
operator, the adjoint of the analysis operator, V* : l3(I) — H is defined by the
formula, V*(e;) = f;, where {e;},. is the standard basis for H. Therefore, the frame

operator defined by,
Sx=V*Vzx= Z(JC, fi) fi,

i€l
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is a positive, continuous invertible operator that satisfies Al < .S < BI. The canon-

ical dual frame is H = {h;},.;, where h; = S7'f;. If F has frame bounds A and B,

1

the canonical dual frame bounds are 5 and %.

In particular, F is a Parseval frame if and only if V' is an isometry and this is if

and only if V*V = I,.
Thus, F = {f; }ics is a Parseval frame if and only if we have that

h=> (h f)fi, Vh €M,
i€l

More generally, if F = {f;}ics is a tight frame for a Hilbert space H with constant
A then

1
h=— h,i i,VhEH.
1 Z< f)f
This is known as the sampling and reconstruction formula.
On the other hand, the analysis operator V' is an isometry if and only if the

Grammian matriz VV* = ((f;, fi)) is a projection with rank equal to dim(#), and

hence gives another characterization of Parseval frames.

If F is a uniform (N, d)-frame with analysis operator V', then V*V = [; the d x d

identity matrix and
N
d=rank(VV*) = Tr(VV*) = > _|If:ll> = NI fill*,
=1

for any k. Thus, for a (N, d)-frame,
1 N

Ifll?

is the redundancy. For this reason, when F = {f;};cs is a uniform Parseval frame

for an infinite dimensional Hilbert space, we still call m the frame redundancy.

8



1.2. FRAME-BASICS AND NOTATION

Furthermore, when F is a uniform (N,d)-frame, each of the diagonal entries of

V'V* must be equal to d/N and therefore each frame vector must be of length /d/N.

Conversely, given an N x N self-adjoint projection P of rank d, we can always
factor it as P = VV* for some N x d matrix V. It readily follows that V*V = I,
and hence V is the matrix of an isometry and so is the analysis operator of an

(N,d)-frame. The vectors in this frame are the complex conjugates of the rows of V.

Moreover, if P = WWW* is another factorization of P, then there exists a unitary U
such that W* = UV* and hence the two corresponding frames differ by multiplication
by this unitary. Thus, P determines a unique unitary type I equivalence class of
frames. A projection P corresponds to a uniform (N,d)-frame if and only if all of its

diagonal entries are d/N.

Definition 1.2.2. Frames F = {f;}I"; and G = {¢g;}I,, are type I equivalent if there

exists a unitary (orthogonal matrix, in the real case) U such that g; = U f; for all i.

Theorem 1.2.3. [22] If V and W are the analysis operators for F and G, respec-
tively, then the following are equivalent

1. F and G are type I equivalent

2. there exists a unitary(respectively, orthogonal matriz) U such that V.= WU

3. VvV =WW.

Definition 1.2.4. Frames F = {f;}}; and G = {g;}}, are type II equivalent if they
are a permutation of the same set of vectors and they are type I1I equivalent if there
exist numbers {\;}!_; of modulus such that f; = X\;g;. Thus, in the real case if they

differ by multiplication by +1. Two frames are equivalent if they belong to the same
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equivalence class in the equivalence relation generated by these three equivalence

relations.

Theorem 1.2.5. [22] If F and G are (N, d)-frames with analysis operators V and
W, respectively, then they are equivalent if and only if UVV*U* = WW™* for some
N x N unitary U that is the product of a permutation matrix and a diagonal matriz

with entries of modulus 1(£1, in the real case).

1.3 Outline

In Chapter 2, we define correlation minimizing frames and derive properties. Then
we give examples for some of these correlation minimizing frames, some of which
are also 2-uniform frames, in R? for some values of N and prove that for some of
the values of N where these two angles were shown to numerically agree, that one
does indeed obtain tight frames. Additionally, we produce the actual correlation
minimizing frames by using the geometric descriptions of the optimal line packings
to find closed coordinates, and then choose unit vectors from those the optimal line
packing coordinates. Also, we identify cases where the numerical estimates match

but the line packing does not yield a correlation minimizing frame.

In Chapter 3, we begin by finding bounds on the correlation constant of a cor-
relation minimizing (N,d)-frame. As a result, we show that the correlation constant
goes to zero for fixed redundancy as the dimension and number of vectors increases
proportionally by 2¥. Then, we consider the problem of finding bounds on the corre-

lation constant in the complex case. We begin by laying out the structure of circulant

10



1.3. OUTLINE

matrices which are also projections. We view these circulant matrices as the Gram-
mian matrix of a uniform (N,d)-frame. We obtain a relationships between these
Grammian matrices and the Dirichelet kernel as well as the structure of quadratic
residues in Z". Finally, we utilize these relationship to derive bounds on the corre-
lation constant. Furthermore, we investigate how the correlation constant behaves

asymptotically in comparison to the Welch bound.

In Chapter 4, we consider when the Hilbert space is infinite dimensional. In
this case, the Laurent matrix is a projection defined by the Fourier transform of the
characteristic function on an interval of fixed finite length in [0,1]. We derive bounds
on the magnitude of the Fourier transform of the characteristic function on a set of
sufficiently small size. Additionally, we construct a method to create a correlation

constant that is arbitrarily small.

11



CHAPTER 2

Correlation Minimizing Frames

Correlation Minimizing Frames were first defined by Holmes and Paulsen [22] as 2-
erasure frames. Later Getzelman, Leonhard, and Paulsen renamed these correlation

minimizing frames [16]. Chapters 2 includes an exposition of these results.

2.1 Optimal Frames for Erasures

To motivate the definition of corrlation minimizing frames we first consider the m-
erasure problem and which frames are optimal, in a sense made precise by [22] for

m=1 and m=2.

12



2.1. OPTIMAL FRAMES FOR ERASURES

The idea behind treating frames as codes is that, given an original vector z € F¢,
where F? s a d dimensional field, and an (N, d)-frame with analysis operator V, one
regards the vector Vo € FY as an encoded version of x, which then is transmitted,
received, and finally decoded by applying V*. If V is the analysis operator for the
frame used to encode x, choose V* to be the unique left inverse that minimizes both

the operator norm and Hilbert-Schmidt norm.

Furthermore, suppose that during transmission some number, say m, of the frame
coefficients, i.e components of the vector Vx, are lost prior to the reconstruction of x.
In this case, we remove the components using the matrix E and represent the received
vector as EVx, where E is a diagonal matrix of m 0’s and N-m 1’s corresponding
to the entries of Vx that are, respectively, lost and received. The 0’s in E can be

thought of as the coordinates of Vx that have been erased.

There are two methods by which one could attempt to reconstruct x. Both require
computation of a left inverse. For active reconstruction, the left inverse of EV is used.
In the case of blind reconstruction, the left inverse V* for analysis operator V can
continue be used in which case x will only have been approximately reconstructed.
If EV has a left inverse, then the left inverse of minimum norm is given by 7 'W*
where EV = WT is the polar decomposition and T' = |EV| = (V*EV)z. Thus, the
minimum norm of a left inverse is given by the inverse of the minimum eigenvalue of
Tt

The 2-erasure problem was characterized by Holmes and Paulsen [22]. In their

research, the norms of the error operators were considered, rather than those of the

left inverses. This approach yields cleaner formulas. Their research described the

13



2.1. OPTIMAL FRAMES FOR ERASURES

frames for which the norms of these error operators are in some sense minimized,
independent of which erasures occur. That is, for analysis operator V, V* is used to

reconstruct x.
The error in reconstructing x is given by
v —V*EVe=V*(I—-EWz=(I-T)x=V*"DVz,

where D is a diagonal matrix of m 1’s and N-m 0’s. It follows that the norm of the

error operator is 1 — t2

min®
Consequently, when a left inverse exists, the problem of minimizing the norm of
a left inverse over all frames and all E with m-erasures is equivalent to minimizing

the norm of the error operator over all frames. Moreover, they are both achieved by

maximizing the minimal eigenvalue of T.

The first quantity defined, d,,(V), represents the maximal norm of an error op-

erator given that some set of m erasures occurs.

Definition 2.1.1. First, let D,,,1 < m < N denote the set of N x N diagonal

matrices with m 1’s and N —m 0’s and for any isometry V € F(N,d) set

dyy(V) = max {|V*DV| : D € Dy,}.

Since F (N, d) is a compact set the value
e1(N,d) =inf{d,(V):V € F(N,d)}
is attained. We define the 1-erasure frames to be the nonempty compact set

E(N,d) = {V € F(N,d): (V) = e (N, d)}

14



2.1. OPTIMAL FRAMES FOR ERASURES

Proceeding inductively,for 1 < m < N, set
em(N,d) =inf{d,,(V):V € &,_1(N,d)} (2.1)

and define the m-erasure frames to be the nonempty compact subset &, (N, d) of

Em—1(N,d) where this infimum is attained.

As evident from the definition, we have decreasing sets of equivalent frames that
will be the optimal solutions for fixed (N,d). Consequently, we examine the solution
for the l-erasure problem to rephrase and further motivate the solution for the 2-
erasure problem. Casazza and Kovacevié, in [6], proved that the optimal solution for
the l-erasure problem is the family of uniform (N, d)-frames. The theorem as stated

in [22] is below.

Theorem 2.1.2. [6] The set (N, d) coincides with the family of uniform (N, d)-

frames, and consequently, e;(N,d) = N/d.

Proof. Given an (N, d)-frame F = {fi,..., fv}, if we regard the frame vectors as
column vectors, then the analysis operator V is the matrix whose j-th row is f7.

Given D € D; which is 1 in the D;; entry, we have that
V=DV | = [DV*VD| = || f;|I*.
Hence,

di(V) = max{|| fj||* : 1< j < N}.

15



2.1. OPTIMAL FRAMES FOR ERASURES

Since Zjvzl | f;]I* = tr(VV*) = N, we have that || f;]|* > < for some 1 < j < N. So

|> = < independent of j. That is, when F is a

di(V) is clearly minimized when || f; N

uniform (N, d)-frame. O

As a special class of uniform (N,d)-frames which will be analyzed later, we use
the correspondence between projection and the equivalence classes of these frames

as proven in [22].

Theorem 2.1.3. [22] There is a one-to-one correspondence between N x N rank d

projections and type I equivalence classes of uniform (N,d)-frames.

Proof. Given type I equivalent frames F = {f;}, and G = {g;}}¥,, with analysis
operators V and W respectively. Since F and G are type I equivalent there exists a
unitary (orthogonal matrix, in the real case) U such that g; = U f; for all 1 <1i < N.
This is true if and only if V and W are the analysis operators for V. = WU or
equivalently, if and only if VV* = WW*. Thus, there is a one-to-one correspondence
between N by N rank d projections and type I equivalence classes of (N, d)-frames

and consequently type I equivalence classes of uniform (N, d)-frame. n

By observing the relationship between &; (N, d) and
E(N,d) = {V € F(N,d) : do(V) = es(N, d)}

and uniform (N,d)-frames, we can consider the corresponding NxN projection to
analyse the structure of equivalence classes of uniform (N,d)-frames. When consid-
ering the class of 2-erasure frames, there are some (N,d) pairs where 2-uniform frames

occur.

16



2.1. OPTIMAL FRAMES FOR ERASURES

Definition 2.1.4. (Definition 2.4, [22]) A (N,d)-frame, F is 2-uniform provided that

F is a uniform (N,d)-frame and in addition ||[V*DV|| is a constant for all D € D;.

Theorem 2.1.5. (Theorem 2.5, [22]) Let F be a uniform (N, d)-frame. Then F is

2-uniform if and only if | (f;, fi) | = cna is constant for all i # j, where

d(N — d)
N2(N — 1)

CNd =

Proof. Fix i # j, let V be the analysis operator for the uniform (N,d)-frame F and
let D be the diagonal matrix that is 1 in the (4,7) and (7, j) entries and 0 elsewhere.

Since D? = D = D*, we have that

L fi fi)

V=DV = [[(DV)"(DV)|| = [DVV*D| = | I
<fjaf7l> %

The norm of this 2x2 matrix is easily found to be £ + |(f;, f;)| and thus F is
2-uniform if and only if |(f;, f;)| is constant, say c, for all i # j. To see the final
claim, use the fact that P = VV* satisfies P = P2 Equating diagonal entries of P

and P?, yields the equation

% = (%)2 + (N — 1)

This equation, when solved for ¢, yields the above formula for ¢ = cy g =

Previously, Holmes and Pauslen find the exact value of magnitudes of the inner

product of a 2-uniform (N,d)-frame, i.e. the off diagonal entries of the Grammian

17



2.1. OPTIMAL FRAMES FOR ERASURES

matrix. Since these entries are equal, it follows that the angle between each pair of

frame vectors will be the same.

Corollary 2.1.6. (Corollary 2.6, [22]) Let F be a uniform (N,d)-frame. Then F is

2-uniform if and only if the angle between the lines spanned by every pair of frame

vectors is equal to cos™* ( dgv__dl))

The families of frames satisfying the latter condition in the above proposition have
also been studied independently in [35], where they are called equiangular frames and
the corresponding unit norm frame optimal Grassmannain frames. For those (N,d)
pairs where 2-uniform frames do not exist, a lower bound for the maximal norm of

an error operator was identified.

Theorem 2.1.7. (Proposition 2.7, [22]) Let natural numbers d < N be given. If
F ={f1,---, fu} is a uniform (N,d)-frame, then for each i there exists j # i such
that |(f;, fi)| > cna. Consequently, if V denotes the analysis operator of F, then

dao(V) > L + cng.

Proof. Let P = (p; ;) = VV* denote the Grammian matrix of . Using the fact that

P? = P and equating the (i,i)-th entry yields Zjvzl Ipij|? = & and hence,

N
N
Z |p..‘2:i_|p..|2:i_ 4 QZM
N T NN N?

Since there are (N-1) terms in the above sum, at least one term must be larger than

% = c}y4 and the first result follows. The second claim follows from the formula
for ||[V*DV|| for any D € D, obtained in the proof of Proposition 2.1.5. O
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Consequently, the previous theorem can be used to determine the relationship
2-uniform frames have to the m-erasure problem and when a 2-uniform frame does

not exist, a lower bound can be established.

Theorem 2.1.8. (Theorem 2.8, [22]) Let natural numbers d < N be given. If
there exists a 2-uniform (N, d)-frame, then every frame in &,,(N,d) is 2-uniform for
2 < m and e3(N,d) = % + cng. If there does not exist a 2-uniform (N,d)-frame,

then necessarily ea(N,d) > % + N a-

Proof. The first statement follows from Proposition 2.1.5. To see the second state-
ment, note that by compactness there must exist a uniform (N,d)-frame F with anal-
ysis operator V such that ex(N,d) = do(V). If e2(N,d) = & + ¢ g4, then the proof
proposition 2.1.5 shows that for all j # 4, we would have that (f;, fi) = |pi ;| = cna,

which implies that F is 2-uniform. Thus if F is not 2-uniform ey (N, d) > %—i—cN,d. O

2.2 Correlation Minimizing Frames

Now, we define correlation minimizing frames and relate them to 2-erasure frames

and, when they exist, 2-uniform frames and their properties.

Definition 2.2.1. Let F = {f1,...fn} € &E(N,d). Then the mazimum correlation
1s

Moo(F) = T max{l{fu Sl # 1)

and

C(N,d) = inf{ Moo(F) : F € &(N,d)}. (2.2)
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is the correlation constant for frames in & (N,d). We call a uniform (N,d)-frame F

correlation minimizing if M (F) = C(N,d).

Note that the factor % must be included because F € &;(V, d) implies that each
vector in F has norm \/d/N. Clearly, 0 < M, (F) < 1 If N = d, then we take F
to be an orthonormal basis for H. For the case where F is ”"overcomplete”, N > d,
then |(f;, fi)| will depend the redundancy. For smaller redundancy M (F) should
be smaller. Smaller maximum correlation means a set is more nearly orthogonal. If
M (F) = 1 and the supremum is attained, then any two vectors where the supremum
is attained are parallel. Therefore, larger maximum correlation indicates that the set

contains vectors that are more nearly parallel.

These constants were introduced in [22] where it was proven that C(N,d) was
always attained, i.e., the infimum is actually a minimum. Frames called 2-uniform
in [22] or tight equiangular frames in [35] are correlation minimizing frames. The

following result is essentially from [16].

Theorem 2.2.2. A uniform (N,d)-frame is correlation minimizing if and only if it

is in the set E5(N, d). Consequently,
Ey(N,d) ={F € &i(N,d) : Moo(F) = C(N,d)}

and a uniform (N,d)-frame is correlation minimizing if and only if it is a 2-erasure

frame.

Then the relationship between correlation minimizing frames to 2-uniform and

equiangular frames we have the result from [22]
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2.2. CORRELATION MINIMIZING FRAMES

Theorem 2.2.3. ([35/[22]) Let N > d, and let F € & (N,d). Then

N —d
My (F) > AN 1)

(2.3)
and equality holds iff F is equiangular.

If there exists an equiangular frame F € & (N,d), then it is 2-uniform, and neces-
sarily a correlation minimizing (N,d)-frame. In this case every frame in Ey(N,d) is
2-uniform.

d(d+1)
2

Furthermore, if N > in the real case and N > d? in the complex case, then

there is no equiangular frame in (N, d) and equality cannot hold in the above equa-

tion.

Thus, we see that
N —d

C<N7d> 2 M7

with equality if and only if there exists an equiangular frame. The quantity appearing

on the right hand side of the above equation is known as the Welch bound.
Also, ©(N,d) = arccos(C(N,d)). Note that since arccos is a decreasing function,
O(N,d) = sup{O(F) : F € &1(N,d)}.

We shall call C'(N,d) the correlation constant for frames in & (N, d) and so ©(N, d)

is the mazimum angle between vectors for frames in (N, d).

Example 2.2.4. (Proposition 2.3, [22]) For m > 2 and N > 2, every frame in

En(N,2) is frame equivalent to the frame given by setting
£ 2 ] . (T
i =\ w\eos| 5 ) sin | ,
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2.2. CORRELATION MINIMIZING FRAMES

It is clear from the definition that F is a uniform (N,d)-frame. However, it is not

a 2-uniform frame. To see it is correlation minimizing, we compute

(o)1 = seleos (57 ) sin (5 ) + s (57 ) sin () 1= pleost ("5 2

Note |cos(6)| = |cos(8—)| and cos() is decreasing on (0, ). Therefore, 5 M (F) =

s

*). This is the lower bound for the (N,2)-Grassmannian frame, given in [2].

cos (
Hence, by scaling, \/g]-" is the (N,2)-Grassmannian frame and we conclude F is

correlation minimizing, with C'(N,2) = cos (%)

Since correlation minimizing frames are uniform (N,d)-frames, we know by com-
pactness that the infimum is attained for all (N,d) pairs. So now, we look at the
relationship Naimark’s Theorem and the Naimark complement give when applied to

correlation minimizing frames.

Theorem 2.2.5 (Naimark’s Dilation Theorem). Let H, be a d-dimensional Hilbert
space and Hy be a N-dimensional Hilbert space. A family of vectors F = {fi}¥,
1s a Parseval frame for Hy if and only if the analysis operator V* is an isometry

satisfying V* f; = Pe; for alli =1,2,...,d where {ei}i]il 18 an orthonormal basis for

N

Hn and P is an orthogonal projection from Hy onto Hy. Moreover, {(I — P)e;};_,

is a Parseval frame for an (N — d)-dimensional Hilbert space.

{(I - P)ei}Nl is called a Naimark complement. Since a Naimark complement

1=

N
i=1

is a Parseval frame for its span, the analysis operator is a projection of {Pe;}
and therefore the Grammian for a (N, N — d)-frame. This leads us to the relation-
ship found in [16] between a correlation minimizing (N,d)-frame and a correlation

minimizing (N, N — d)-frame.
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Theorem 2.2.6. [16] Let F = {f;}), be a correlation minimizing (N,d)-frame with
Grammaan matriz G. Then Iny — G is the Grammian matriz of a correlation min-
imizing (N, N — d)-frame where C(N,N — d) = %C(N,d) Moreover, there is
a one-to-one correspondence between equivalence classes of correlation minimizing

(N,d)-frames and equivalence classes of correlation minimizing (N, N — d)-frames.

Proof. Let F = {f;}, be any uniform (N, d)-frame with Grammian matrix G. Then

G is a rank d projection all of whose diagonal entries are equal to %. Hence, Iy — G

N—-d

is a rank N — d projection all of whose diagonal entries are =%

. Hence, if we let
WW?* = Iy — G be any factorization, then by the results of the last section the rows
of W (or their complex conjugates in the complex case) form a uniform (N, N — d)-
frame whose Grammian is Iy — G. This frame is not uniquely determined by Iy — G,

since many factorizations are possible, but it is unique up to type I equivalence by

Theorem 1.2.3.

So choose one such uniform (N, N — d)-frame and denote it by Ft. Now if F;
i = 1,2 are any uniform (N, d)-frames with Grammians G; i = 1,2 and we let F;
i=1,2be (N, N — d)-frames with Grammians Iy — GG; obtained as above, then, by
applying Theorem 1.2.5, we see that F; and JF, are equivalent if and only if i~ and

Fj are equivalent.

Finally, since the maximum correlation of a frame is really just the maximum
off-diagonal entry of its Grammian (appropriately scaled), we see that

MOOU:J_) = NL_dMoo(]:),

and so whenever F is a correlation minimizing uniform (N,d)-frame that F* is a
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correlation minimizing uniform (N, N — d)-frame. This also shows

C(N,N —d) = C(N,d).

N —d

O

Example 2.2.7. Referring back to Example 2.2.4 and using Theorem 2.2.6 we see
that all (N,N-2) correlation minimizing frames are unique up to equivalence. Also,

we obtain a formula for the correlation constant,

2.3 Grassmannian and Correlation Minimizing Frames
in R

The line packing problem is the problem of packing N lines in R? so that the minimal
angle between any two of them is as large as possible. Any solution to this problem is
called a Grassmannian line packing. Given a Grassmannian line packing with N > d
if we choose one unit vector from each line, then this set of vectors always yields a

frame for RY. Any frame obtained this way is called a Grassmannian frame by [35].

If a Grassmannian frame is a unit-norm tight frame, then after scaling the vectors
by +/d/N we would obtain a uniform (N,d)-frame that is necessarily correlation
minimizing.

A geometric approach to solving the line packing problem and list of best-known

packings is posted on [32]. Conway, Hardin, and Sloane [9] find the Grassmannian
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line packings of N lines through the origin in R3, describe the packings geometrically
and compute this minimal angle for 2 < N < 55. For some values of N, they produce
what the numerical calculations indicate to be the optimal packings and then are
able to describe these packings, but do not provide proofs that these are the optimal
line packings. In these cases, they refer to these explicit packings as the putative

optimal line packings and we shall adopt their language.

A natural question that we shall study below is whether or not the Grassmannian
frames arising from these Grassmannian line packings, putative and/or proven, are
tight. The numerical experiments of [22] indicates that the answer should be “yes”

for some values of N and “no” for other values.

In [22], the uniform (V,2)-frames that are correlation minimizing were con-
structed, it was shown that these frames form a single equivalence class, and that

these are Grassmannian.

First, note that whenever N = d then any Parseval frame must be an orthonormal
basis, since the frame operator V will be an isometry from R? to R? and hence will be
an orthogonal matrix. Hence, the rows of V' will be an orthonormal set. Moreover,
every orthonormal basis is type I equivalent. Thus, there is a unique equivalence
class of (d,d)-frames and an orthonormal basis is clearly correlation minimizing and

Grassmannian.

So the first interesting case is the (4, 3)-frames. For this a corollary to Theorem

2.2.6 is useful. Let Jy denote the N x N matrix of all 1’s.
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Corollary 2.3.1. [16] Up to equivalence there is a unique correlation minimizing
(N, 1)-frame and a unique correlation minimizing (N, N — 1)-frame. These equiv-
alence classes are represented by the uniform frames with Grammians %JN and
In — %JN, respectively. Moreover, both these frames are equiangular and so these

frames are also Grassmannian.

Proof. To obtain a uniform (N, 1)-frame one must choose N numbers of modulus
1/ V/N. But these are all equivalent to choosing the number 1 / V/N N-times. Thus,

up to equivalence there is only one uniform (N, 1)-frame and it has Grammian %J N

Hence, by the above theorem, up to equivalence there is only one (N, N —1)-frame

and it has Grammian given by Iy — < J.

All these frames are equiangular since all the off-diagonal entries in their Gram-

mians are of constant modulus % O

We can now give a proof for the description of one representative of this equiva-

lence class of frames in the case N =4, d=N —1 = 3.

Theorem 2.3.2. [16] The lines generated by opposite vertices of the inscribed cube

in the sphere centered at the origin is the optimal packing of 4 lines in 3-space. If

V3

we take the sphere of radius 5

centered at the origin and consider the 8 vectors
determined by the vertices of this cube, then any set of 4 of these vectors that are

not collinear yields a correlation minimizing, equiangular (4,3)-frame. In particular,

one correlation minimizing, equiangular (4,3)-frame is given by

(+1 +1 +1>(1 1+1)(1+1 1)(+1 1 1)
2727 27 27 27 277 27 27 27727 27 2

26



2.3. GRASSMANNIAN AND CORRELATION MINIMIZING FRAMES IN R3

and every other correlation minimizing (4,3)-frame is equivalent to this frame.

Proof. Let
i +5 +3 +3
ool
AT
o) \wt -t
Computing the Grammian yields G = VV* = [, — i(]4 so that this is one represen-

tative of the unique correlation minimizing (4, 3)-frame. The remaining claims are

now straightforward to verify. m
Now, we will look at the (5,3) correlation minimizing frame and the (5,3) Grass-
mannian frame and find that they are not the equivalent frames.

Theorem 2.3.3. [16] A correlation minimizing (5, 3)-frame is given by the vectors:

—1—-+5 15—+5

¢(1,0,0), ¢( 5 - ,0)
0(1—\/5 —5-3V5 150—30\/3) C(—1+\/5 5—3v5 —60\/5)
6 a ’ ab ’ 6 ’ a = ab
C(1+\/5 45 150—30\/5)
6 ' a’ ab ’

where a = /18 (15 — \/3), b=+150 — 30\/3, and ¢ = +/3/5. Every other correla-

tion minimizing (5, 3)-frame is equivalent to this frame.

Proof. From [22] we have that the correlation minimizing (5, 2)-frame is unique up

to equivalence and one representative is given by the vectors

{(cos (%) , sin (?) )1k =1,2,34,5}.
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Thus, by Theorem 2.2.6 the correlation minimizing (5, 3)-frame will be unique up to

equivalence and a representative Grammian will be given by G = I5 — G52), where

G (52) is the Grammian of the above vectors.

Computing this Grammian yields,

3/5

%COS(TI’/E))

CO.

[SUINESIINIIN]

CO.

cos(27/5)

s(3m/5)
s(47m/5)

This can be factored as G =

with a and b as above.

%cos(w/5) %COS(QW/5)
3/5 %cos(ﬂ*/5)

%cos(w/B) 3/5

%cos(27r/5) %cos(w/5)

%cos(37r/5) %005(27"/5)

%UU* where

%cos(37r/5) %cos(47r/5)
%003(271*/5) frac25cos(3m/5)
%COS(TK‘/E}) %cos(27r/5)
3/5 %cos(w/5)
%COS(TK‘/E}) 3/5

1 0 0
—1-v5  15—5 0
6 a
1-v/5  —=5-3v5  150—30V5
6 a ab
—1+v5  5-3v5 —605
6 a ab
1+/5 4/5 150—30v/5
6 a ab

O

Corollary 2.3.4. [16]The Grassmannian frame of 5 vectors in R® is not a tight

frame and hence is not a correlation minimizing frame.

Proof. By inspection the largest off diagonal entry of the above G is %COS(T( /5), and

the smallest angle produced by the vectors of this Grammian is equal to

arccos(gcos(ﬂ/@)

which is approximately 57.361 degrees. This is not equal to the angle of the optimal

packing of 5 lines found in [9]. Thus, if we take one unit vector from each of the 5
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lines corresponding to the optimal packing of 5 lines through the origin in R3, then

this set of vectors can not be a tight frame since its correlation is smaller. O]

Thus, the correlation minimizing (5, 3)-frame is an example that is not obtained
via the optimal line packing. In the language of [35], the correlation minimizing

(5, 3)-frame is not a Grassmannian frame.

Holmes and Paulsen [22, Example 3.6] showed that the correlation minimizing
(6,3)-frame is equiangular, that it is unique up to equivalence and a formula for
obtaining its Grammian was given. Below we give a geometric description of the
set of vectors for one representative of this equivalence class and give the vectors

explicitly.

Theorem 2.3.5. [16] The 6 vertices, that lie in the upper half plane of an icosa-

hedron centered at the origin and symmetric about the xy-plane, form a correlation

1

minimizing (6, 3)-frame. Set o« = —=, then these are the vectors given by:

V5
flz\/ii(oaoal);
f2:\/L§(V1_a270705)7

| loa /(1+20)(1=a)
fs= 5 o/ 17a: H—a’a)

—Q 1<‘r20¢

(

=3 (O ,a)
( )
s (

l1-a
—a\/1+a7 \/ ,Oé
oy e a)
1-a? 1— :

Every other correlation minimizing (6, 3)-frame is equivalent to this frame.

Proof. From [2] we have the vectors defined above. For k # [, we compute |{f, fi)| =
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\/Lg. Thus, this set of vectors is equiangular and and each vector has norm % so these

must be a correlation minimizing (6, 3)-frame.

In [9], it is observed that the 6 lines obtained by taking antipodal pairs of points

on an icosahedron are equiangular. O

To construct the (7,3) correlation minimizing frame we need the following propo-

sition.

Proposition 2.3.6. [16/If {fi,..., fx} is a uniform (N, d)-frame and {q1,...,gm}
is a uniform (M, d)-frame, then {af1,...,afn,bg1,...,bgn} is a uniform (M+N,d)-

frame, where a = \/N/(N + M) and b= /M/(N + M).

Proof. Since ||fi|| = \/d/N and |gj|| = /d/M we have that |af;|| = |bg;|]| =
Vd/(N + M), so this set of vectors is uniform in norm. Finally, for any vector

x € R, we have that

N

M
> K af P+ (e, bgy) P = a?l|«]® + b lal)? = [l
j=1

=1

so the Parseval condition is met. O

Theorem 2.3.7. [16] Let {f1, fa, f3, fa} be the correlation minimizing (4, 3)-frame
of Theorem 2.3.2 and let {e1, ez, e3} be the standard orthonormal basis for R3, then

{NA]T f1, /4] T fas /4] T f3,/4)T fa,\/3/Te1,/3/T ea,1/3/Tes} is a correlation min-

imizing (7, 3)-frame.

Proof. By the above proposition, this set of vectors is a uniform (7, 3)-frame. The

inner products of pairs of these unequal vectors take on the values, {0, j:\/Tg, j:%},
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so that for this frame, M (F) = %‘/g = \/Tg Since cos™* (‘?) corresponds to the
minimum angle for the Rhombic Dodecahedron [18], which is an optimal line pack-

ing angle for 7 lines in 3 space found by [9], this uniform Parseval frame must be

correlation minimizing. O

Since the correlation minimizing (7,3)-frame corresponds to an optimal line pack-
ing and N < 7, every correlation minimizing (7,3)-frame would yield an optimal line
packing. But we do not know if every correlation minimizing (7,3)-frame is equiva-
lent to this frame. In [9], they remark that the optimal packing of 7 lines in 3 space
appears to be unique, but do not supply a proof. A related, and possibly easier,
problem would be to decide if every optimal line packing of 7 lines in 3 space yields

a tight frame.

Unfortunately, for N > 8 the results from Conway, Hardin, and Sloan in [9] come
from running their optimization program 1500 times. In the cases of N=10, 12, and
16, the angle estimates match the estimates from Holmes and Paulsen in [22] and
those estimated coordinates seem to correspond to geometric shapes. Since these are
both simulation based and when the vectors are not equiangular there is no nice way
to check to see if they indeed form a correlation minimizing frame. We also observe

that in the N=10 case the vectors do not form a tight frame.

The optimal line packing for 10 lines in R? is given numerically on Sloane’s web
site [32]. In [9], it was determined that there are infinitely many solutions to this
optimal line packing problem. This occurs because the axial line can move freely

over a small range of angles without affecting the minimum angle.
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Theorem 2.3.8. [16] The optimal line packing for 10 lines in R® comprised of 2
axis vectors and the set of 8 vectors that are not collinear from the scaled hexakis

bi-antiprism, given by

(1,0,0),(0,—1,0),

<i£7170) ) (6707 :l:ﬁ \/g_ 1)

2 2
8 V3 B V3
(575775 \/§_1>7(_§a_5775 \/5_1)7
B V3 g V3

(5,—577—5 V3 - 1) ; <—§,577—5 V3 - 1) .

where § = 3_i, is not a tight frame. Moreover, there does not exist a “rattle” of the

axis that will yield a tight frame.

Proof. First, we construct the hexakis bi-antiprim by taking two hexagonal an-
tiprisms and joining them at the base. To create the first half, shift the coordinates
for the hexigonal antiprism from [30]. For the second half, we use a shift and rotation
of the same coordinates from [30]. Now, we join them at the base to complete the
construction. From the set of 18 unique scaled vectors in the construction we consider

2 axis together with the set of 8 vectors that are not collinear. Set § = 371 and define
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1 0 0
0 -1 0
-3 0
g3 0
N A C
B0 —BVVE-1
5 8% BVVE-L
—5 8% BVVB-1
5 BT BVVE-1

A A

Recall that a set of vectors forms a uniform tight frame if and only if they are of
equal norm and when they are entered as the rows of a matrix, then that matrix is
a multiple of an isometry. Moreover, to be a multiple of an isometry, the columns of

the matrix must be orthogonal and of equal norm.

The rows of V' are unit norm. By inspection we see the columns are orthogonal.
However, the columns of V' do not have equal norm. Hence, no multiple of V' is an

isometry and so the rows are not a tight frame.

Now, we will consider the case where the axial lines "rattle” to try to gain equality
in the norm of the columns. Consider the first row as v; = (ay, by, ¢1) and the second
as vy = (ag, by, cy). Since the vectors comprising the last eight entries of V' are
orthogonal, to keep the columns orthogonal, we will need the vectors (ay, as), (b1, b2)

and (cy, c2) to be orthogonal. Since this is three vectors in R?, one of them must be
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zero. The norm of the first column is the largest so a; = as = 0. The rows must
be unit norm so b? + ¢? = 1 and b3 + ¢3 = 1. We still need the norms of the three

columns to be equal. Thus, we get the system of equations.

bi4ci=1
) bs+ci=1
bi+bs=1
\0%4—03:3\/_—%

By subtracting the third equation from the first we see that ¢? = b3. Plugging into
equation 2 we get ¢? + ¢3 = 1, which contradicts the fourth equation. Therefore,

there is no choice of vectors that can make V a multiple of an isometry. O

There are two more examples where the optimal angles in [22] and [9] for N > 8
match. In these cases, the simulations seem to show a relationship to a 3 dimensional
shape. We know they are not 2-uniform, since of the number of vectors in dimension
3 violates Theorem 2.2. Taking into account that these angles in [9] are not proven to
be optimal, these results are essentially from [16]. Unlike optimal (10,3) line packing,
the closed form of the vectors do form a tight frame and give us a numerical upper

bound for C(12,3) and C(16,3).

Theorem 2.3.9. The putative (12,3) optimal line packing is obtained by considering
the lines through the origin generated by opposite vertices of the rhombicubocathe-

dron. Scaling the set of vertices of the rhombicuboctahedron to be vectors of length %,

yields all permutations of the vectors X 4 (4v2)

+-L 4 1 A t
4( V2vz+s T \/2v2+5] \/2\/§+5> e

of 12 non-collinear vertices is a uniform (12,3)-frame. Moreover, |/ < < C(12,3) <

74+8v2
7 -
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Proof. In [9], the putative optimal line packing of 12 lines in R? is a rhombicuboc-

tahedron. Define V such that the rows are the vectors of the rhombicuboctahedron

in [18] . So,
1 1 (1+v2)
V2v2+s  V/2v2+45 /2v245
1 1 —1-v2
V2v2+s  V2v245 \/2V245
1 1 (1+v?2)
V2v2+s  V/2v245 y/2V245
1 1 _(1+v2)
V2ve+s  V/2v24s /2v245
1 (1+v2) 1
V2v2+s  V/2v245 y/2V245
1 +v2) 1
V= LI Vevas  vVevass V2v2+5
2 1 -1-32 1
V2v2+s  V/2v245 y/2V245
1 L O+V2) 1
V2VEHs  A2v245 V2245
(1+v2) 1 1
V2v2+5  \/2v245  \/2v245
(1+v2) 1 1
V2v2+5  \/2v245 V2v2+5
(+v2) 1 1
V2va+s  V/2v2+5 /2v245
(+v2) 1 1
V2v2+5  2v2+5 \/2V245
Each row V is of norm % Additionally,we see the columns are orthogonal and of

equal norm. Therefore, V is an isometry and we can conclude that the rows form a
uniform Parseval frame that is a putative correlation minimizing frame. The scaled
magnitude of the off diagonals of the Gram matrix are ‘%ﬂ ~ .48904, |M ~

17

74452, |T§+5‘ A .12774. Since there is no equiangular (12,3)-frame, we can conclude

that the Welch bound, , /% = /& < C(12,3) while C(12,3) < 7+187\/§_ 0
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2.3. GRASSMANNIAN AND CORRELATION MINIMIZING FRAMES IN R3

Theorem 2.3.10. The putative (16,3) optimal line packing is given by the lines
generated by opposite vertices of the Biscribed Penatkis Dodecahedron. The set of

vectors produced by scaling a set of opposite vertices to be unit norm is given by

(07 Co, :|:C4) ) <C47 07 :l:CO) 3 (CO> :l:C4, O) ) (Cla 07 :i:CS) ) (CS7 :i:cla O) ) (07 C3, icl) )

(027 Co, CQ) ) (027 —Ca, _02) ) (_027 C2, _02) ) (_627 —C2, 62) .

/53 _y/10(5-v5) 3 \J10(5+V5) /543
Co = y 01l = g, C2 = 3,63 = 15 and C4 = —6 - These

vectors scaled by \/Tg yield a uniform (16,3)-frame. Moreover, ,/g < (C(16,3) <

(V5 +VE)(VIE + V3)

Proof. Let the columns of W* be the opposite vertices of the Biscribed Pentakis

Dodecahedron with radius one centered at the origin in [30]. Set ¢y = @,
10(5—/5 10(5+v5
c = %, Cy = ‘/?g,cg = %, and ¢, = @. It follows that,
0 0 Cyq Cy Co Co C1 C1 C3 C3 0 0 Co Co —Cy —C9
W = Co Cp 0 0 cy —cyg O 0 ci —Cp €3 €3 Cy —Co2 C2 —Co

cg —c4 cg —cg 0 0 g —c3 0 0 ¢ —cg ¢ —cg —Cy ©
By inspection we see that the columns of W* are unit norm, the rows are equal norm
and the rows are orthogonal. Hence, V' = \/T?:W is an isometry and so its rows are a
uniform (16, 3)-frame. The scaled magnitude of the off diagonals of the Gram matrix
are 1,5 ~ 74536, Y10/5 + \/5(V15 + v/3) & 79465, YI0\/5 — V/5(v/15 — v/3) ~
18759, and 1£00 (\/\/5 +3— \/—\/5+ 3> ~ .44721. Therefore, using the Welch
bound, we can conclude \/% = \/};g < (C(16,3) < %—?M(\/ﬁ—l— V3) O
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CHAPTER 3

Bounds on Correlation Minimizing frames

In this chapter, we study the asymptotic behavior of C(N,d). When d = p' is a power
of a prime, then it is known that there exists a set of p! + 1 mutually unbiased bases.
The union of these vectors when appropriately scaled gives rise to a uniform Parseval
frame F of N = p!(p'+1) vectors with M (F) = d~'/2, which is approximately /2
where = N/d is the frame redundancy. In this section we prove the stronger result

that for fixed redundancy r, C(N,d) — 0 as N — +o0.
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3.0.1 Direct Sums and Tensor Products

Definition 3.0.11. Let A be an mxn matrix and B be a px g matrix. Then the direct

A 0
sum of A and B is denoted A® B= . The Kronecker or tensor product of A
0 B

and B is the block matrix whose 1,j block is (a; ;B) and is denoted A ® B=(a; ;B); ;.
If Cis an xrmatrix and D is a ¢ x p matrix, then (A® B)(C ® D)= (AC ® BD).
cos(0;) —sin(6;)

The 2x2 rotation matrix R;= rotates vectors in the xy-
sin(0;)  cos(6;)

Cartesian plane counter clockwise by the angle ;. Given a vector v € R?, one
computes the rotated vector, by the matrix multiplication R;v. The inverse, R},
rotates the vector counter clockwise by —0; or clockwise by ;. Below we consider
the rotation matrix R;RR;, which rotates a vector in the counter clockwise direction
by 0; — 0;. We observe that applying the rotation matrix k times to a vector simply

rotates the vector counter clockwise by the angle k(6; — 6;).

cos(0;) —sin(6;)
Lemma 3.0.12. Let R; be the rotation matriz R;= then
sin(0;)  cos(6;)

(RR,) — cos(k(8; — 0;)) —sin(k(9;, — 0;))
sin(k(0; — 0;))  cos(k(6; — 6,))
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cos(0;) —sin(6;)

Proof. LetR; = . Then

RIR;

sin(6;)  cos(6;)
cos(0;)  sin(6;) cos(t;) —sin(6;)
—sin(6;) cos(6;) sin(0;) cos(6;)

cos(0;)cos(0;) + sin(6;)sin(6;)  cos(0;)sin(6;) — cos(6;)sin(6;)
—cos(8;)sin(6;) + cos(8;)sin(0;) cos(0;)cos(0;) + sin(b;)sin(6;)

cos(0; — 0;) —sin(0; — 6;)
sin(0; — 0;) cos(6; — 0;)

cos(k(0; — 0;)) —sin(k(0; —0))

Now, assume (R} R;)*= . Then

sin(k(0; — 0;))  cos(k(0; — 0,))

(R;Rj)*" = (R{R;)* (R R))

cos(0;)cos(0;) + sin(6;)sin(6;)  cos(0;)sin(6;) — cos(6;)sin(6;)
—cos(8;)sin(6;) + cos(8;)sin(0;) cos(0;)cos(0;) + sin(6;)sin(6;)
cos((k+1)(0; — 60;)) —sin((k+1)(0; — 6;))
sin((k+1)(6; —60;)) cos((k+1)(6; —0;))

]

Definition 3.0.13. Let Ae M, (R) then we let max{A} denote the maximum of the

absolute values of the entries in A. This is also known as the /., norm of the matrix

A denoted as [|Al| .

Lemma 3.0.14. Let A, B € M, (R), then max{A ® B} = max A - max B.
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Proof. Let A and B € M, (R) and A = (a;;). Then A® B = (a;;B). If |a;;| = max A
is the maximum entry in absolute values then the maximum element of A ® B is in
block of (max A) B. Furthermore, if |by| = max B is the maximum entry in B then

max A max B is the maximum element of A ® B. O

The direct sum of projection matrices is a projection matrix. Also, the Kronecker

tensor of projection matrices is also a projection matrix.

3.0.2 Correlation Constant Bounds

Lemma 3.0.15. Let k be a natural number greater than 1, fit N to be a natural
number greater than 1. Then there exist unitary matrices, Uy, ..., Uy € Ma(R),
such that

max{U;U,} < cosk(%)

foralli#7,1<i,7<N.

Proof. Let j be a natural number between 1 and N and R; be the rotation matrix
through the angle 6; and set 6;=2%. Define U;= ®}_,(R;);.
Since R; is unitary matrix and Uj is the tensor product of k unitary matrices it is

also unitary. Lemma 3.0.12 gives us
U;U; = (@121 (R)) (D1 (Ry)i) = (@1 (Ri)"(R)):

is the tensor product of rotations.
Since N is greater than one, cosine is decreasing and is greater than sine values in

[0, %] the max of R} R; is cos(%), which is less than or equal to cos(5%).
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We now will proceed by induction on k.
For k=2,

max{U;U;} =max{®7_,(R;R;);}
(=), (=

= cos(ay 2N
7r

< 2(—

< cos (2]\7)

Assume, for k max{U;U;} < cos*(3%). So for k+1 U;U; = @1 (R} R;);. Therefore,

max{U;U;} = max{®&;_,(R;R;); ® (R;R;)}

= cos™( ( ;]\‘;)W)cos( ( ;]\‘;)W)
S COSkJrl(%)

Theorem 3.0.16. For k a natural number greater than or equal to 1,

k kay < cosk (T
C(2°N,2%d) < cos (2N)O(N’d)

Proof. Let Pp=(p;;) be the NxN projection matrix that is the Grammian of uni-
form (N,d)-frame F with correlation constant C(N,d). Define P=Pp ® Iyx=(p; ;Iox).
Since the tensor product of projections is a projection, P is a projection. So P
is the Grammian matrix of a (2¥N,2%d) Parseval frame with correlation constant
C(2¥N,2%d). By Theorem 3.0.15 there exists Uy, ..., Uy unitary matrices in Mok (R)

where for i # j max{U;U;} < cos™(5%).
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3.1. CORRELATION MINIMIZATION FOR CIRCULANT MATRICES

Define U=}, (U;);. So U*PU=(p;;U;U;); is unitary equivalent to P and there-
fore has equal rank. Then, C'(2"N,2*d) = C(N,d) max{U;U,} with Lemma 3.0.15
applied yields C'(2"N,2%d) < C(N, d)cos" (55 ).

O

Corollary 3.0.17. For fized redundancy, r = N/d the correlation constant C(28N, 2Fd)

goes to zero as k goes to infinity.

Proof. For k in the natural numbers we have
0 < C(2"N, 2%d) < cosk(%)C(N, d).

Since cos(55)<1 and C(N,d) is a constant, cos"(55)C(N,d) goes to zero as k goes

to infinity. So C(2FN, 2%d) goes to zero as k goes to infinity. O

3.1 Correlation Minimization for Circulant Ma-

trices

Circulant matrices have many applications and are a well known family of matri-
ces. Their basic properties and applications in pure mathematics use linear algebra,
abstract algebra, geometry, and the discrete Fourier transform and can be found in
[12]. Real world applications range from wireless communications in [27] to hard-
ware complexity [14]. For our purposes, we will consider only a subset of circulant
matrices with the property that they are also projection matrices. Since these pro-

jection matrices are also the grammian of a Parseval frame, we can establish bounds
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3.2. CIRCULANT MATRICES AS PROJECTIONS

on the correlation constant of correlation minimizing frame, which we will denote
Ceire(N,d). Using this upper bound, we then study the asymptotic behavior of
Ceire(N,d) and the Welch bound.

3.2 Circulant Matrices as Projections

We begin with the definition and useful properties of the subset of circulant matrices

that are projections.

Definition 3.2.1. A circulant matrix is defined as

Co CN—-1 CN—2 ... o
C1 Co CN—-1 -+ ... C9

C = : : cs| = circ(co, ..., cn1)
CN-1 CN—2 CN-3 ... O

To analyze the structure of these circulant matrices that are projections, we will
look at the relationship between matrices in NxN circulant matrices and the discrete

Fourier transform matrix.

Definition 3.2.2. Given N € N, the discrete Fourier transform (DFT) matrix is

defined by F = L (e"%") %,

Proposition 3.2.3. If C' is an N x N circulant matriz, then C can be written as
C = FXF*, where F is the discrete Fourier transform matriz and 3 is a diagonal
matriz with the diagonal containing the eigenvalues of C. Conversely, every matriz

of the form FXF* for some diagonal matriz X is circulant.
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3.2. CIRCULANT MATRICES AS PROJECTIONS

FYF~* is called the spectral decomposition of the circulant matrix C. We will de-
note the set of NxN rank d circulant matrices by C(V9 . Since C' € CN% is uniquely
determined by its spectral decomposition, and more specifically ¥, we will identify
C by its spectral decomposition. That is, given an ordered set A = {Xg,..., Anv_1},
let ¥ = diag { o, ..., An_1} and set C' = F*XF. Now, consider the specific subset of
circulant matrices that are projections, with notation CI(DN’d). We identify a matrix
C = circ(cg,...,eny—1) = F*SF € CW9 by its spectral decomposition with ¥ =
diag{ o, ..., An_1}. However, for C' € C’I(JN’d) the ordered set {\g,...,Ay_1} that

become the diagonals of 3., are a combination of zeros and ones that will be assigned

1 €S
as follows. Given a subset S € {0,...,N — 1}, |S| =d, define \; = / ,
0 otherwise

for j =0,...,N — 1. From Proposition 3.2.3 we see that there is a one to one cor-
respondence between C € CI(DN’d) and subsets of {0,..., N — 1} with cardinality d
given by S — FYXgF*. Now, using well known properties of diagonalized matrices,
matrix algebra, and the previous lemma, we find an equation for the entries in a

circulant matrix that is a projection.

Definition 3.2.4. Given N,d € N, N > d, let C = circ(cy,...,cn-1) € C2.

Then the constant Co(N,d) = min  max |¢l.
N.)0<j<N—1
cecy is

Remark 3.2.5. When computing or bounding the correlation constant, C(N,d), for

complex (N,d)-frames we have C(N,d) < C;.e(N, d)
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3.2. CIRCULANT MATRICES AS PROJECTIONS

3.2.1 An upper bound for C.;..(N,d)

In this section we will consider the circulant projection matrix
C = F*'YF = circ(cy, ..., cNn-1) € C'I(;N’d)

1 0<j<d—1
uniquely determined by ¥ = diag(Xo, ..., Ay_1) with \; = )
0 otherwise

To begin, we will need some basic definitions and properties or the Fejer and Dirichlet

kernel.

Definition 3.2.6. Let n be a natural number. Then the Dirichlet kernel is

and the Fejer Kernel is

Lemma 3.2.7. Let n and N be natural numbers. Then the Dirichlet Kernel has

closed form

Dote) - Si“(fg(l)”%)

and the Fejer Kernel has closed form

Furthermore, for M > 1 odd,



3.2. CIRCULANT MATRICES AS PROJECTIONS

Lemma 3.2.8. Let N and d be natural numbers with N > d and d odd. Let
C = F*SF = circ(cg, ... ,cn-1) € C’}(DN’d) with ¥ = diag(Xo, ..., An_1) defined by
1 0<j<d—1

A = . Then |ck|=\/ﬁa|D% (5%°) |-
0 otherwise

Proof. Let N and d be natural numbers with N > d and d odd. Set C' = F*XF =
circ(co,...,cN—1) € C'}(DN’d) with ¥ = diag(Xo, ..., Av—1) defined by
1 0<j<d-1

2mik
Aj = and wy, = e ~ . Then,
0 otherwise

o= 1,5 e
=5
1,j=0
1
= m(d+(d—1)wk+(d—2)wi+...+w,‘j‘l +(d — Dwg + (d = 2)wi + ... +wi )
d bl G e 1 il
= (= g 2= e
lil<d ljl=d
d2 1 ‘]| 27mik
= - Ehe Ry
ljl=d
d? 2k
= w )
1 2rk
=d*—(Da 2
Therefore, |c| = */WE|D%(%)| O

Remark 3.2.9. Before continuing, we review a few key facts about the maximum
and minimum of the Dirichlet Kernel. While these facts are not new, in our case

they are not specifically addressed in the literature.
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3.2. CIRCULANT MATRICES AS PROJECTIONS

3.2.2 The Dirichlet kernel

,2m. Between consecutive

zeros, D,,(x) must have at least one local extrema, making a total of 2m local
extrema. However, D/ (z) is a trigonometric polynomial of degree m, so it can have
at most 2m roots. Therefore, we can conclude that there is exactly one local extrema
between each pair of consecutive zeros. For our purposes we are only interested in

the unique maximum and minimum and where they occur. The unique maximum of

Dy () is in [52%, 5255 ] at x=0. Let 2o = 0 and z; denote the unique critical point

of D,,(z) in the interval [22311, éi:il ] for j =1,...,2m — 1. The Dirichlet kernel

. 1 .

lies between the envelopes W and o) and is tangent to one or the other
at the points T=1— ) for J=1,...,2m + 1, the second point produces the minimum
on the interval [Qm " 27i11] and the first giving the absolute value of the minimum.

Also, on the interval 0 < z < 7, 1/sin(x/2) is decreasing. Hence, it follows that for

1<j<m
21
2m+1

| Din (1) > [ Dy (1 = )| > Do ()] (3.1)

Given the relationship established between |c;| and the Dirichlet kernel for d odd
and the nice properties of the maximum and minimum and critical points of D,,(x),
we will give an upper bound on C(N,d) by looking at NxN circulant matrices that

are projections with odd rank d.

In addition to these facts, we need the following lemma.

Lemma 3.2.10. Let d be an odd natural number. For 0 <y <

3
D%(y) > ‘D% <§) ‘
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3.2. CIRCULANT MATRICES AS PROJECTIONS

Proof. Let d be an odd natural number. Using the definition above, we know D a1 (x)

has a maximum at x=0 and is strictly decreasing on the interval [O, 27”] , where x = 27”

is the first positive zero. Clearly, the interval [O, ﬂ C [0, 27”] Hence D%(x) is

™

strictly decreasing on [O } Furthermore, we know from the above properties that

vd
the minimum of D () is at & = 2T and |D%({L’)‘ is strictly increasing on [27, 3%].
Since |sin (&) | < |sin (22) |, we have
T 1 1 3m
G-ty - 31
’ = \d } sin(g5) ~ |sin(32)] | =\ d |
Therefore, we can conclude for 0 <y < 7, D%(y) > ‘D% (21) .
[l

3.2.3 Application of Dirichlet Kernel in bounding the Cor-

relation Constant

Proposition 3.2.11. Let N and d be natural numbers with N > d and d odd, where
% > 2. Let C = F*SF = circ(cp,...,cn-1) € CI(DN’d) with ¥ = diag(Xo, ..., An—1)

1 0<j<d—1
defined by \; = . Then |c1| > |egl, for 1 <k < N —1.

0 otherwise

Proof. Let N and d be natural numbers, d odd, where % > 2. Define C' = F*YXF =

(N.d) 1 0<73<d—-1
circ(co, ...,en—1) € Cp " by ¥ = diag(Xo, . .., An—1) where \; = :
0 otherwise

From Lemma 3.3.1, for 0 < k < N—1, |¢;| = ‘/WE|D%(%)| To apply Lemma 3.2.10

2k

we need 0 < =

< Z. On this interval k=1 gives the smallest x value and therefore

48



3.2. CIRCULANT MATRICES AS PROJECTIONS

largest value of D%(%) Hence, we need ZWW < 7,502< %. We have, for 2 < %,

\/c_i]D% (2] is largest at k=1. Given the decreasing local extrema property of the

absolute value of the Dirichlet kernel, for 1 < £k < N — 1, |¢1| > |ex].

Corollary 3.2.12. Let N and d be natural numbers, d odd, where % > 2. Then

1 21
—|Das(—)| > Cuire(N,d).
TIDas (I 2 (V. )

Proof. Let N and d be natural numbers, d odd, where % > 2. If
C = F*YF = circ(cy,...,cN-1) € C’I(;N’d) with ¥ = diag(Ao,...,An—1) defined
1 0<5<d—-1

by \; = , then %maxk lck| > Clire(N,d). From the previous
0 otherwise

proposition we have |¢1| > |eg|, for 1 < &k < N — 1. Therefore, we can conclude

\/Lng%(zﬁﬁﬂ > OciTC(Nad) u

Corollary 3.2.12 provides an bound on Cg;.(N,d). Now, we determine how
asymptotically close C.;.(N,d) will get to the Welch bound. Going forward, we
consider the case of where d is a fixed odd natural number and N is a natural num-

ber that will vary with the condition that % > 2.

Proposition 3.2.13. Let N and d be natural numbers, d > 1 odd, where % > 2.
Then
Ccirc<N7 d)
lim ———* =d.
N5 W(N,d)

Proof. Let N and d be natural numbers, d odd, where % > 2. Proposition 3.2.12
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3.2. CIRCULANT MATRICES AS PROJECTIONS

gives a bound on Cy;.(N, d). Hence,

Coine(N,d) _ valPot (R [N =T sin (%) 52)
W(N,d) = N-da_ V N-dsin(Z) '

d(N—-1)

U

Then, using I’'Hospital’s rule to take the limit we have, the limit of the right hand

side of 3.2 goes to d. O

Now, we consider the ratio

Ccirc(Na d) < N —1sin (Wﬂ)
W(N,d) — V N —d sin (%)

as a function of x. Define N = % Then as N goes to infinity x will go to zero.

U

Consequently, we consider the function f(z) = /=% Ssi??fgl:gf)), where 0 < z < ﬁ.

To determine the behavior of f(z) on the interval (O we start by looking

1
) d_+1] )
the first derivative. This will determine when f(x) is increasing and when f(x) is

decreasing on (0, ﬁ} Using the chain rule, we obtain

N A g1 sin(dmx)
) = 2 (1 - da:) (1 — dx)? sin(nx)
1—2\?nd cos(dmz) sin(mz) — sin(drx) cos(mx)

(1 — d:v) '

sin?(7x)
First, we define
h(z) = md cos(dmz) sin(mx) — wsin(dnx) cos(mz).
Notice h(0) = 0 and

B (z) = —(d* — 1) sin(drz) sin(7x)
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3.2. CIRCULANT MATRICES AS PROJECTIONS

is negative for all z € (0 . Thus, h(x) is negative on (0, ﬁ} Given this fact, it

 7r1)
will be useful to rewrite f'(z).

) — 1-z\? (d — 1) sin(drzx) sin(mz) + 2(1 — z)(1 — dx)h(x)
J(@) <l—dx) ( 2(1 — dx)(1 — ) sin®(7z) ) '

1
Now, we see that both (11:;@ ) 2 and the denominator are positive on (O, ﬁ] There-

fore, we turn our attention to the sign of the numerator. To begin, we observe that

the numerator,
g(x) = (d — 1) sin(drz) sin(rz) + 2(1 — x)(1 — dz)h(zx)
is zero at x=0. As before, we take the derivative of g(x). That is,
g (x) = (d—1)h(x) — 2(1 — dx)h(x) — 2d(1 — x)h(x) + W' (x).

We know that h'(x) is negative. Hence, only the first term is what needs to be

considered. Now, rewrite the first term of the numerator as,
(d—1)h(z) —2(1 — dz)h(x) — 2d(1 — x)h(z) = h(z)(—3 — d + 4dz).

Recall that h(x) is negative on (O L } Hence the second term is negative on

AR
d+3 _1 o d+3 : :
( R +J and positive on (O, u ) Moreover, we now know the numerator is neg
ative on the interval (%137 ﬁ) and may not be negative on (O, %). This leads to

the following properties of f(x).

Lemma 3.2.14. Let f(z) = ,/f_’—d’;%, with 0 < x < zi5. Then there ezists a

., 55) such that f(x) is increasing on (0,2*) and decreasing on (z*, 7]

- *
unique T € ( I 1

Proof. Letf(z) = /1% sjﬂg:;) and z € (O,ﬁ}. Since z = 55 € (%,d%l), we
know f’ (i) < 0. Hence f(x) is decreasing on (%, #} . The case where x = ﬁi will
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3.2. CIRCULANT MATRICES AS PROJECTIONS

need to be addressed more precisely. We proceed by computing the numerator of

f'(x). Recall the numerator of f(x),
g(x) = (=3 —d+4dx)h(z) + h'(x).
1

Plugging in x = ;5 we have,

g (4—1d> — (—3 - d+4d%l> h (4_1d> Y (4_1d>
_ - 2\/5 ((a+2) (dsin (1) = cos () ) = (@ = Dmsin (1))

> 0.

Therefore, f'(35) > 0. Moreover, since f(55) < 0 and f'(35) > 0, there exists at

1 1

*
least one z* € (@, 33

) such that f’(z*) = 0. To get the uniqueness, we need only

look at the second derivative on the interval on [ﬁ, 3%}
(d —1)2sin(drz) N (d — 1)dmcos(dn)
41— z)2(1 — dz)ssin(rz) (1 —x)2(1 — dz)2sin(rz)
_ (d—=Dmsin(drz)cos(mx) N d(d — 1)sin(drx)
(1—2)2(1 —dz)2sin?(rz) (1 —2)2(1 — dz)3sin(nz)

B ( 1—x )é d*m*sin(drr) < 11—z )% 2dr?cos(dnx)cos(mx)

() = -

1—dx sin(mx) 1 —dx sin®(mx)
N 1-z\? 2m2sin(dmrx)cos®(mx)
1 —dx sin?(mx)

( 1—x )% w2sin(drx)
+ .

1 —dx sin(mx)
Combining all the terms, the denominator becomes

3
2

41 —2)2(1 — dx)gsing’(m:).
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3.2. CIRCULANT MATRICES AS PROJECTIONS

1 1

11 1 1
4d’ 3d

For » € [4d,3d

}, mx is less than %, thus sin®(mz) > 0. Since x € [ ] is always

less than 1 and }l <dx < %, we can conclude

4(1 = 2)2(1 — dz)2sin®(wz) > 0.

Now, we turn our attention to the numerator. To determine that the numerator

is negative, we will need a couple of facts. When z € [4—1d, 3%} with d > 1 and odd,

7 will be less than . Hence cos(wz) > sin(mz). Furthermore, drz € [5,%]. So, it

follows that sin(drz) > cos(drz).
The numerator is,

— (d — 1)2sin(dnz)sin®(7z) + 4md(d — 1)(1 — 2)(1 — da)sin®(rz)cos(dnx)
—dn(d—1)(1—2)(1—dx)sin(drz)sin(rz)cos(nz) +4d(d—1)(1 — z)sin(drz)sin® (1)
—4n?d*(1 — 2)*(1 — dx)*sin(drx)sin®(rz) — 87%d(1 — x)*(1 — dx)?cos(drx)cos® (nx)

+87%(1 — 2)(1 — dz)?cos®(rx)sin(drz) + 47* (1 — 2)*(1 — dz)?sin(drx)sin® (1),

=T +To+ T35+ Ty +T5+ T+ 17 + 1.

We will proceed by grouping the terms and determine that each grouping is negative.
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3.2. CIRCULANT MATRICES AS PROJECTIONS

First, we consider 15 + T5.

Ty + Ty = 4nd(d — 1)(1 — 2)(1 — dx)sin®(7x)cos(drx)
—47n(d — 1)(1 — 2)(1 — dz)sin(drz)sin(mzx)cos(mx)
=4n(d — 1)(1 — z)(1 — dx)sin(rx)(dcos(drx)sin(rx) — sin(dnx)cos(mx))

=dn(d—1)(1 —x)(1 — dx)sz'n(m:)w

™

=4(d—1)(1 — x)(1 — dx)sin(rz)h(z)

Clearly, the first 5 factors are positive. From the proof of Proposition 3.2.13, h(x) is

negative on (0 . Hence, we conclude that 75 + T3 < 0.

7

Now, we consider Tg + T7.

Ty + Ty = —87%d(1 — 2)*(1 — dx)?cos(dmx)cos®(mx)+
87%(1 — x)*(1 — dw)?*cos®(mx)sin(drx)

= 8n%d(1 — x)*(1 — dx)?*cos*(mx)(—dcos(dnz) + sin(drx))

The first 6 factors are positive. Hence we need to show —dcos(drx) + sin(drz) is
negative. Plugging in = = 4—1d, we have —d‘/Tg + ‘/75 <0. Atz = SLd’ we get _—2d + ‘/73
Since d > 1 and odd _—Qd + \/75 < 0. Furthermore, the first derivative,

d*msin(drz) + drcos(dmx) is strictly positive. So we can conclude

i} ,as well as Tg + 17 < 0.

—dcos(drz) + sin(drz) is negative on [, o5
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3.2. CIRCULANT MATRICES AS PROJECTIONS

Finally, we look at T7 + T, + T5 + T.
T+ Ty +Ts+ Ty = —(d — 1)2sin(drz)sin®(rx) + 4d(d — 1)(1 — x)sin(drx)sin®(7z)
— 472 d*(1 — 2)*(1 — dx)?*sin(drx)sin®(rx)
+47%(1 — 2)*(1 — dx)*sin(drx)sin®(rx)
= (d — 1)sin(drz)sin®(7x)(—(d — 1) + 4d(1 — x))

+47%(1 — 2)*(1 — dx)?sin(drx)sin®(rz)(d* — 1)

Hence,
T+ Ty+T5+Ts = (d—1)sin(drz)sin®(rx)(—4r*(1—2)*(1—dx)*(d+1)+3d+1—4dx)
The first 3 factors are positive. Which leaves the sign of
k(r) = —47*(1 — 2)*(1 — dz)*(d + 1) + 3d + 1 — 4dx
to be determined. To conclude this is less than zero, we begin by looking at the

1
4d

B(L) = a2 (1o 2 - d 2(d+1)+3d+1—4dl
)" Ad 1d 1d

(—1447% +192)d® — 727%d?* + 627%d — 9rr?
64d?

and ?%d. At x = £ we have

values at © = i

< 0.

Atz = % we have

B L) = can2 (1o 2 2 1= a2 2(d+1)+3d+1 4d=
3d) - " 3d 3d 3d

(—14472 + 243)d® — 757%d? + 80m*d — 167>
81d?

<0
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3.2. CIRCULANT MATRICES AS PROJECTIONS

Also,
K (x) = 8m*(d + 1)(1 — x)(1 — dz)? + 87%d(d + 1)(1 — ) (1 — dx)* — 4d > 0.
So k(z) <0 on |45, 35 -, which means T + T + T5 + Ty < 0.

Therefore the numerator is less than zero for all « € |45, 5;]. Therefore, f'(z)

has exactly one zero, x* € [ﬁ, i}, which proves the claim.
O
The previous proof also yields that f(x) is concave down on (0, ﬁ} This

prompts the following lemma.

Lemma 3.2.15. Let d be an odd natural number greater than 1. Then f(x) =

1—z sin(drz) - . . . 1
\/ Tds sin(may 'S Strictly increasing near zero on (0, _d+1]'

Proof. Let d be an odd natural number greater than one and f(z) = /=% sin(dnz)

1—dz sin(mx)

Taking the derivative of f(x), we have

d—1 sin(dmx)
2(1 — z)2(1 — dx)? sin(mz)
( 1—=x )é wd cos(dmx) sin(mx) — 7 sin(drz) cos(wx)'

f'(x) =

1 —dx sin?(m)
Then, using L’Hopsital’s rule two times, we have f/'(0) = lin[l)@ > (. Hence, f(x)
T—

is increasing near zero. O

Ccirc (Nvd)
W(N,d)

This lemma allows us to get a better approximation of , for N sufficiently

large.
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3.2. CIRCULANT MATRICES AS PROJECTIONS

Corollary 3.2.16. Let N and d be natural numbers, d odd, where % > 2. Then, for
)

N large enough =3 C”” Nd

Proof. Let N and d be natural numbers, d odd, where % > 2. Using the previous

lemma, for large enough N, f (+) > d. Furthermore, since f'(z) is decreasing, the

d(d—1)

- Thus we can

maximum value of f’(z) will be as x approaches 0, which is

write, for sufficiently large N,

Now, we consider the case where N is small.

Corollary 3.2.17. Let f(z) = /1= S;Zf(d:j)) Then as x~ —
V.

d+17 f(x) decreases to

Proof. Let f(z) = /=250 fom Lemma 3.2.14, f(x) decreases on (&, =]

1—dz sin(mwz)

dm ™ dm ™
7+7 Xl T
Furthermore, since sin (d‘i’rl) — sin (d+1) = 2c0s <%) sin <%> =0, we

get that sin (d‘fl) = sin (d+1) Therefore,

. 1 —x sin(drz) d+1 sin(drx) Nz
im 4/ =
a—2 V 1 —dz sin(mz) \/ — 4 sin(mx)

O
Initially, we defined N = %, SO T = % Then using the previous Corollary, we
can conclude that as % — 1,
C(N,d Ceire(N,d 1

W(N,d) = W(N,d) — \/_
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3.3. CORRELATION CONSTANT UPPER BOUND VIA DIFFERENCE SETS

3.3 Correlation Constant upper bound via Differ-

ence sets

Lemma 3.3.1. Let C = F*XF = circ(cy,...,cn_1) € CI(DN’d) , with

Y =diag(No, ..., An—1) defined by the ordered set \g,...,A\n_1. Then

1= 2mijk
Cp = N Z Aje N
7=0
Proof. Let C = F*SF = circ(co, ..., cn—1) € C with © = diag(Xo, - .., Ay—1)
and Fj = [ﬁe%],n =0,...,N — 1, is the associated jth column from F. Define
k = j — 1. Thus for each k,

N—-1 N—-1
1 2mwing 1 —27miln

1
o= FRE = 3 W e R - D
j—1=0 VN VN N k=0

Lemma 3.2.8 precisely defines the optimization problem for finding C(N,d), for

CecM.

3.3.1 Shift invariant projections and cyclic equiangular frames

Kalra, in [23], defined the relationship between cyclic equiangular frames and dif-
ference sets. To begin, we will look at the relationship between cyclic equiangular

frames and circulant matrices.

Definition 3.3.2. A subset D of a finite (additive) Abelian group G is said to be a

(N, d, \)-difference set of G if for some fixed natural number A, every nonzero element
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3.3. CORRELATION CONSTANT UPPER BOUND VIA DIFFERENCE SETS

of G can be written as the difference of two elements in D in exactly A ways, where

|G| = N and |H| = d.

Given a (N,d, \)-difference set, we define the circulant matrix C' = F*YLF =
Ny 1 j€D
circ(co, ...,en—1) € Cp7, with ¥ = diag(Xo, ..., An_1), by A; = ,
0 otherwise
forj=0,...,N — 1.

Defining circulant matrices in this manner, we have the following Lemma.

Lemma 3.3.3. Let D be a (N,d,\)-difference set. Then, for the corresponding

C = F*SF = circ(cg, ... ,cn-1) € C’}(DN’d), ck)? = 5= (|D] = A).

Proof. Let D be a (N, d, \)-difference set and ¢, be an entry in the circulant matrix

C = F*SF = circ(co, .. .,cn-1) € O with © = diag(g, . .., Ay—1) defined by
1 j€D

Aj = . From Lemma 3.3.1 we know ¢, = Z
0 otherwise

27rzkj

. So,

|Ck’2 = CiCy,

2mikj —2mikl
E Aje N — E Ne N
27mk:(] 1)
e

l,jeD

1 2mik(i—1) 2mik(i—1)
:m<z_€ MR DI

l=jeD =1 I#£jeD

1 2mik(j—1)
= 7 |D| — A Z e N
Jj—leZn\{0}

1
=5 (D= ).
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3.3. CORRELATION CONSTANT UPPER BOUND VIA DIFFERENCE SETS

Since every nonzero element of Zy must be a difference in exactly A distinct ways

and there are d(d-1) total differences, A = %. Now, it follows that
1 1 d(d — 1) N-—d
2 (D] =N = (a7 o T4
el = 3z ID1 =N = 1z N1 N2d(N — 1)
So, we have |¢x| = %, which is the Welch Bound scaled for uniform (N,d)-

frames.

By increasing the rank by one, we don’t necessarily have an equiangular frame.
Since a difference set yields a equiangular frame, we will consider the construction
of a (N,d+ 1)-frame by taking a one element of Zx\D to how close it will be to the

Welch bound.

Theorem 3.3.4. Let D be a (N,d, \)-difference set and p € Zy\D. For
C = F*3F = circ(co, . ..,cn-1) € C’I(DN’d), with ¥ = diag(Xo, ..., An_1)

1 jeDuU{p
defined by \; = / { },

0 otherwise

1 2 ) —
erl? = <|D| A+ 2ZCOS(W)> .
jeD
Proof. Let D be a (N, d, \)-difference set and fix p € Zy\D and

C = F*3F = circ(co, . ..,cn—1) € C’I(DN’d), with ¥ = diag(\, ..., Any_1) defined by
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3.3. CORRELATION CONSTANT UPPER BOUND VIA DIFFERENCE SETS

1 jeDU{p
Aj = {}.Then,

0 otherwise

N-1
9 B 1 2mikj | —2mikl
‘Ck‘ :Cka:N E )\j@ N N E )\16 N
j=0 1=0

1 2mik(j—1)
= N2 >, eV
l,jeDU{p}
_ % |D| _ )\ + Z e27‘rikg7p) _I_ Z 627”%]5/;071)
jeD leD
l=p J=p
]_ T j—
:m ‘D|—>\+QZR€(€2 kI(VJ p)>>
jeD
1 2rk(j —p)
:m |D|—)\—|—2ZCOS(T) .

jeb

3.3.2 Quadratic Residues

We begin with the (2d 4+ 1,d + 1, A)-difference set, where d is odd, that is the set of

quadratic residues including zero. Then we increase the rank of C' = circ(co, ..., cn_1) €
CI(DN’dH) by one. Now we chose a specific case of C' = circ(cy,...,cn-1) € C}N’dw)

and determine how close we get to the correlation constant, C'(2d + 1,d + 2).

Definition 3.3.5. a € Zy such that ged(a, N) = 1, is called a quadratic residue of

2 =

an odd prime N if and only if x a mod N has a solution in Zy. If a is not a

quadratic residue, then it is called a quadratic nonresidue of N.
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3.3. CORRELATION CONSTANT UPPER BOUND VIA DIFFERENCE SETS

Due to the multiplicative properties of Zy, we know that the product of two
quadratic residues is a residue, the product of two quadratic nonresidues is a quadratic
residue, and the product of a quadratic nonresidue and a quadratic residue is a
quadratic nonresidue. Additionally, if a is a quadratic residue then its additive in-

verse, —a will be a quadratic nonresidue.

Lemma 3.3.6. Let N = 2d + 1 be an odd prime and d be prime. If D is the set of
quadratic residues mod N, then D is a multiplicative subgroup of Zy and the set of

quadratic nonresidues is —D. Moreover, Zy = D U —D U {0}.

Lemma 3.3.7. Let N be a prime integer such that N = 2d+1, where d is odd. Then
the set of quadratic residues form a difference set. Moreover, the set of residues

together with {0} forms a (N,d+ 1, X)-difference set, where X' = % = il
Since d is odd A will be a natural number. For the corresponding C' € C}N’d)

1 d+1

we then have |cx| = 5751/ %

We will denote the set of quadratic residues to-
gether with zero as Dy and the set of quadratic nonresidues with zero as (—D),
which is —Dy . Applying the previous lemma, Zy = Dy U (—D). Going forward,
we define D, = Dy U {p} and the corresponding circulant matrix C' = F*YF =

1 jeDbD
circ(co, ..., cN_1) € C’I(DN’d) by ¥ = diag(Xo, ..., An_1) with \; = ?

0 otherwise
Proposition 3.3.8. Let N be an prime integer such that N = 2d + 1, where d is

2rk(p)\ VYV
COS(T)}k:O is independent of p.

odd. Ifp € —D, then {z

Jj€Do

Proof. Let p € —D and k € Z},. Since p is a quadratic nonresidue, —p is a quadratic

residue. Then for j € Dy, consider the set of values k(j — p) = k(—p) + kj for
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3.3. CORRELATION CONSTANT UPPER BOUND VIA DIFFERENCE SETS

1 <k < N —1. This set can be written as k(—p) + kDgy. Using the multiplication
properties of quadratic residues,

k(—p) + D() ke D
k(—=p+ Do) =

k(-=p)+ (=D)y ke —-D

Furthermore, since 0 < k < N — 1 can be thought of as the additive subgroup
generated by one, which is Zy. Zy is a field. Therefore, for any choice of p € —D,
(—p) (1) is Zy. Since the only place zero appears is when k& = 0, we can restrict k to
1<k<N-1 8o, forl1<k<N-—1, k(—p+ Dy) is the same set for any choice of

: N-1
p. Hence, {ZjGDO COS(%W)}kzo is independent of p. O

Corollary 3.3.9. Let N be an prime integer such that N = 2d 4+ 1, where d is odd.

I —(Dy), th ' s ind dent .
fpe —(Dy), then I%lpn1§%1§az$/{71|ck| is independent of p

Proof. Let p € —(Dy). From Theorem 3.3.4 and Lemma 3.3.7,

2 [Do| = X 2 21k (j — p)
‘Ck‘ = T + mz COS(T).
J€Do
The first term is independent of p € —D. Proposition 3.3.8 gives us that the third

term is independent of p. Therefore, min max |c| is independent of p. O
Dp 1<k<N-—1
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CHAPTER 4

Correlation Minimization for Laurent Matrices

In this section we will consider the problem of finding a measurable set in [0, 1] where
the correlation constant of the associated Laurent matrix is as small as possible. To
do this, we will examine the behavior of the Fourier coefficients of the characteristic
function on a measurable set A C [0,1]. To begin, we examine the relationship
between a Laurent matrix and the Fourier coefficients of a bounded measurable

function.
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4.0.1 Laurent Matrices

Definition 4.0.10. Given a sequence of complex numbers a = (a,) the Laurent

pEL’

matriz of the sequence is the matrix

apg a—1 a_9
La:[ap—q]p,qezz .oap ag G-

a2 Qo

By a classical theorem of Toeplitz [39], the Laurent matrix L, is a bounded linear
operator on ¢? (Z) if and only if the entries are the Fourier coefficients of some function
fo € L™ (]0,1]). If such a function exists, then it is unique almost everywhere.
For L?([0,1]) with orthonormal basis {e2™*}> _and f € L°°([0,1]) define the
multiplication operator My : L? ([0,1]) — L*([0,1]) by ¢ — f¢. If U : L*([0,1]) —
(*(Z) is the unitary transformation defined by Ue, = e*™* then UM;U* = L,.
So My, and L, are unitarily equivalent. Also, notice that this equivalence gives us
that L,L, = L., with multiplication defined as f. = f,f,. Now, we will examine

the special case of the infinite matrix generated by the multiplication operator with

1 z€A
f(x) = xa. If A is a measurable subset of [0,1], then f = x4 = is an

0 z¢ A
L> ([0, 1]) function.
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Defined by a,_, = (M, ,e*™!, e*™"). For p # q

1
<MXA €2Trzpt7 627rzqt> — / MXA eQTrzpt X e27riqtdt
0

:/627ri(pq)tdt
A

1

_ —627r2(p7q)t |

- ; A
2mi (p — q)

= Xalp—q).

Since (M, €™t e*™4t) is the (p — ¢)th Fourier coefficient of y4, we can define
the values of a particular set of Laurent matrices by (M, ,e*™#! *™4"). Also, we have

that the set of Laurent matrices constructed in this manner are bounded.

Remark 4.0.11. In particular, we see that L, is a projection if and only if f, is
equal almost everywhere to the characteristic function of some measurable subset
of [0,1]. Then, by equivalence, M; is a projection if and only if there exists A is a

measurable subset of [0,1] and f = x4 almost everywhere.

4.0.2 Minimizing entries of the Laurent matrices
This construction for Laurent matrices yield projections, and therefore produces
Grammian matrices of Parseval frames.

Going forward, we will only consider those Laurent matrices of the form above
with the goal of fixing the measure of A and determining how small |xa(p — ¢)| can

be for p # q. To begin, we need the following lemmas.
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Lemma 4.0.12. Let 6 > 0 and p,k € N. If A = U?;é[%, % +4] C [0,1] and n € Z,

then

0 pin

xXa(—n) = ) (4.1)
e2mikpd _q o
o = kp,

Proof. Choose 6 > 0. Let A = U?;(l)[%, i—; + 6] C [0,1] with p, k € N . Then for n € Z,
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Otherwise, n can be written as n = kp. Then
2ming p—l
- € —1 2mina;
-Nn) = —— e J
Xa(=n) 2mikp jz[) —
e27rin(5 -1

= omikp P

627rin5 -1

2mik
O

For constructed set A = U?;(l) [l 1% + (5] C [0,1], we can now derive a bound on
[Xa(n)].
Lemma 4.0.13. Let § >0 andp € N. If A = U?;é[%, % + 6] C [0,1] and n, k € Z,
then

R 1
Ixa(n)| < p—

Proof. Choose 6 > 0. Let p € N and define A = U?;é[%,% + 6] C [0,1]. Then, for
n, k € Z, using lemma 4.0.12 we have

0 pin

627r'ikp6 -1

omik n = kp,

So, for n not divisible by p we trivially have it. Otherwise, write n as n = kp. Now,

. 627rikp6 -1
[Xa(n)| = |W’
’627rikp5| +1
- 21k
1
< R
- 7k
which proves the claim. O
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Theorem 4.0.14. Given ¢ > 0, by choosing p € N and 6 > 0 so that pd < 1 and
pd < € there exists a set A C [0, 1], with |A| = pd, where |xa(n)| < € is achieved for
allmn # 0

Proof. Let € > 0, choose p € N and d > 0 so that pd < 1 and pd < €. Define the set

A= U?;é[%,% +6] € [0,1] =, so |A| = pd. Now, fix k € N so that & < e. Then,

from Lemma 4.0.13, we have for k > - that |{a| <€

For1 <k< i, from Lemma 4.0.13, we have that

e2mikpd _ 1| < 2mkpd < s <
€.
21k - 2k P

[Xa(n)| = |

So, given € > 0, we have built a set A with measure |A| < € such that |xa(n)| <€

for n # 0.

]

Remark 4.0.15. Furthermore, since |ya| = 1 — |{ac

for all n # 0 we also have a

set where |A°| > 1 —¢

In general, for any A

[Xa(n)] =] < xa, €™ > |

< [lxalllle*™™
=V I4]
<€

when |A| < €. So we have improved the bound by constructing this special case of

the set A.

69



Bibliography

1]

J. J. Benedetto and M. Fickus. Finite normalized tight frames. Advanced Com-
putational Mathematics, 18:357-385, 2003.

J. J. Benedetto and J. D. Kolesar. Geometric properties of grassmannian frames
for r2 and r3. FURASIP Journal on Applied Signal Processing, 4985:1-17, 2006.

B. G. Bodmann and V. I. Paulsen. Frames, graphs and erasures. Linear Algebra
Appl., 404:118-146, 2005.

Bernhard G. Bodmann and John Hass. Frame potentials and the geometry of
frames. Fourier Analysis Appl., 21(6):1344-1383, 2015.

Albrecht Bottcher and Bernd Silbermann. Introduction to Large Truncated
Toeplitz Matrices. Springer, 1998.

P. G. Casazza and J. Kovacevié. Uniform tight frames with erasures. Advances
i Computational Mathematics, 18:387-430, 2003.

P.G. Casazza and N. Leonhard. Classes of finite equal-norm parseval frames.
Contemporary Mathematics, 451:11-31, 2008.

Ole Christensen. An introduction to frames and Riesz bases. Birkhauser, 2003.

J. H. Conway, R H. Hardin, and N. J. A. Sloane. Packing lines, planes, etc.:
packings in grassmannian spaces. Fzperiment. Math., 5(2):139159, 1996.

70



BIBLIOGRAPHY

[10]

[11]

[12]
[13]

[14]

[15]

[16]

[17]

18]
[19]
[20]
[21]
[22]
[23]

[24]

J.H. Conway and N.J.A. Sloane. Sphere Packings, Lattices and Groups.
Grundlehren der mathematischen Wissenschaften, 3 edition, 1999.

I. Daubechies, A. Grossmann, and Y. Meyer. Painless nonorthogonal expansions.
J. Math. Phy., 27:1271-1283, 1986.

Philip J. Davis. Circulant Matrices. Ams Chelsea, second edition edition, 2012.

R. J. Duffin and A. C. Schaeffer. A class of nonharmonic fourier series. Trans.
Amer. Math. Soc., 72:341-366, 1952.

G. Fettweis and M. Hassner. A combined reed-solomon encoder and syndrome
generator with small hardware complexity. ISCAS Proceedings., IEEE Interna-
tional Symposium on Clircuits and Systems, 4(4):1871 — 1874, 1992.

D. Gabor. Theory of communication. Inst. Elec. Engrg, 93:429-457, 1946.

Grant Getzelman, Nicole Leonhard, and Vern I. Paulsen. Correlation minimizing
frames in small dimensions. arXiv:1503.08690, March 2015.

V. K. Goyal, J. Kovacevi¢, and J. A. Kelner. Quantized frame expansions with
erasures. Applied and Computational Harmonic Analysis, 10(3):203-233, 2001.

R.W. Gray. http://www.rwgrayprojects.com/rbfnotes/polyhed /polyhedradata,/.
Karlheinz Grochen. Foundations of Time Frequency Analysis. Birkhauser, 2001.

K. Guo and D. Labate. Optimally sparse representations of 3d data with c?
surface singularities using parseval frames of shearlets. SIAM J. Math. Anal.,
44(2):851-886, 2012.

J. Haantjes. Equilateral point-sets in elliptic two- and three-dimensional spaces.
Nieuw Arch. Wiskunde, 22:355—-362, 1948.

R. B. Holmes and V. I. Paulsen. Optimal frames for erasures. Linear Algebra
Appl., 377:31-51, 2004.

D. Kalra. Complex equiangular cyclic frames and erasures. Linear Algebra
Appl., 419(2-3):373-399, 2006.

A. Klappernecker and M. Rutteler. Mutually unbiased bases, spherical designs
and frames. Wawvelets XI, Proc. SPIE M. Papadakis et al., eds., San Diego,
California, 5914, 2005.

71



BIBLIOGRAPHY

[25]

[26]

[27]

28]

[29]

[30]
[31]

[35]

[36]

[37]

[38]

[39]

J. Kovacevi¢, L. Dragotti, and V. Goyal. Filter bank frame expansions with
erasures. [EEE Trans. Inform. Theory., 48(6):1439-1450, 2002.

P. Lemmens and J. J. Seidel. Equiangular lines.  Journal of Algebra,
24(3):494512, 1973.

Ye Li and Gordon Stuber. Orthogonal Frequency Division Multiplexing for Wire-
less Communications. Springer, 2006.

Heinrich W. Lollmann and Peter Vary. Low delay filter-banks for speech and
audio processing. FURASIP Journal on Advances in Signal Processing, 2009.

D. J. Love and R. W. Heath Jr. Grassmannian beamforming for multiple-input
multiple-output wireless systems. [EEE Trans. Inform. Theory, 49(10):2735
2747, 2003.

David I. McCooey. http://dmccooey.com/polyhedra.

D. Mixon, C. Quinn, N. Kiyavash, and M. Fickus. Equiangular tight frame
fingerprinting codes. In Acoustics, Speech and Signal Processing (ICASSP),
IEEE International Conference:18561859, 2011.

N.J.A.Sloane. http://neilsloane.com/grass/grasstab.html.

Preeti Singh. Equiangular tight frames and signature sets in groups. Linear
Algebra Appl., 433(11-12):22082242, 2010.

D. Slepian. Group codes for the gaussian channel. Bell Sys. Tech. J., 47:575-602,
1968.

T. Strohmer and R. W. Heath Jr. Grassmannian frames with applications to
coding and communication. Appl. Comput. Harmon. Anal., 14(3):257-275, 2003.

Matthew Thill and Babak Hassibi. Frames from groups: Generalized bounds
and dihedral groups. IEEE Conference: Acoustics, Speech and Signal, 2013.

Matthew Thill and Babak Hassibi. Group frames with few distinct inner prod-
ucts and low coherence. arXiv:1509.05087, September 2015.

Matthew Thill and Babak Hassibi. Low-coherence frames from group fourier
matrices. arXiv:1509.05739, September 2015.

Otto Toeplitz. Zur theorie der quadratischen und bilinearer formen von un-
endlichvielen veranderlichen. Math. Ann., 70:351-376, 1911.

72



BIBLIOGRAPHY

[40] M. Unser, A. Aldroubi, A. Laine, and eds. Special issue on wavelets in medical
imaging. [FEE Trans. Medical Imaging, 22, 2003.

[41] L. R. Welch. Lower bounds on the maximum cross correlation of signals. I[EEE
Trans. on Information Theory, 20(3):397399, 1974.

[42] P.J. Wolfe, S.J. Godsill, and W.J. Ng. Bayesian variable selection and regu-
larization for time-frequency surface estimation. J. R. Stat. Soc. Ser. B Stat.
Methodol., 66:575-589, 2004.

73



	Background
	History of Frames
	Frames
	Optimal frames for the 2-erasure problem
	The Optimal Line Packing Problem

	Frame-Basics and Notation 
	Outline

	Correlation Minimizing Frames
	Optimal Frames for Erasures
	Correlation Minimizing Frames
	Grassmannian and Correlation Minimizing Frames in R3

	Bounds on Correlation Minimizing frames
	Direct Sums and Tensor Products
	Correlation Constant Bounds

	Correlation Minimization for Circulant Matrices
	Circulant Matrices as Projections
	An upper bound for Ccirc(N,d)
	The Dirichlet kernel
	Application of Dirichlet Kernel in bounding the Correlation Constant

	Correlation Constant upper bound via Difference sets
	Shift invariant projections and cyclic equiangular frames
	Quadratic Residues


	Correlation Minimization for Laurent Matrices
	Laurent Matrices
	Minimizing entries of the Laurent matrices 


	Bibliography

