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ABSTRACT

We are interested in studying the dynamics on coupled cell networks using the
network topology or architecture. The original motivation of this work comes
from the work by Aguiar et al. [4] on dynamics of coupled cell networks and Dias
and Stewart [18] on equivalence of coupled cell networks with linear phase space.
In this thesis, we give a necessary and sufficient condition for the dynamical equiv-
alence of two coupled cell networks. The results are applicable to both continuous
and discrete dynamical systems and are framed in terms of what we call input and
output equivalence. We also give an algorithm that allows explicit construction of
the cells in a system with a given network architecture in terms of the cells from
an equivalent system with different network architecture. We provide a number of
examples to illustrate the results we obtain.

The dynamics of large coupled dynamical systems can be extremely difficult to
analyze. One way of approaching the study of dynamics of networks is to start with
a simple, well-understood but interesting small network and investigate how the
simple network can be naturally embedded in a larger network in such a way that
the dynamics of the small network appears in the dynamics of the larger network.
This process is termed inflation, and was introduced by Aguiar et al. [4]. We give a
necessary and sufficient condition for the existence of a strongly connected inflation.
We also provide a simple algorithm to construct the inflation as a sequence of simple
inflations.

Finally, we give an example of a 3-cell coupled cell network having non-trivial syn-

chrony subspaces that supports heteroclinic cycles with switching between them.
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Chapter 1

Introduction

Networks are used as models in a wide range of applications in biology, physics,
chemistry, engineering, and the social sciences (for many characteristic examples,
we refer to the survey by Newman [40]). Of particular interest, especially in biology
and engineering, are networks of interacting dynamical systems. In the last two
decades, enormous work has been done on networks — analyzing the behavior of the
network by changing the coupling strength or, the connection structures, analyzing
the synchrony patterns, etc [23, 31, 10, 11, 46, 17, 20, 25, 6, 7, 26, 24, 8, 39, 45].
The network structures are quite different in various fields. When we say network
structure, we mean the number or type of nodes, the types of edges or connec-
tions — static or dynamic, presence of noise or delay in the network, etc. Following
the work of Kuramoto on networks of coupled phase oscillators with all-to-all
coupling [38], there has been an intensive effort to understand the dynamical be-
havior of networks in terms of invariants of the network and to find conditions

that imply the emergence of synchronization in complex networks. Typically the



CHAPTER 1. INTRODUCTION

methods used for large complex networks are statistical and allow for the interac-
tion of structurally identical units which have parameters (for example, coupling
strength) and network connections distributed according to a statistical law. For
a characteristic illustration of this approach, we refer to the article by Restrepo
et al. [31] where conditions on the adjacency matrix of a network are shown to
lead to synchronization of a network. The eigenvalues of the network adjacency
matrix play an important role in understanding the network dynamics such as
synchronization, linear stability of the equillibria or synchronized states. Restrepo
et al. [32] develop approximations to the largest eigenvalue which plays a key role
in the dynamics. The adjacency matrix is an essential invariant of the network.
In a rather different direction, methods from symmetric dynamics have been
used to understand symmetrically coupled networks of identical oscillators. One of
the early works in this area is due to Ashwin & Swift [12] who study the dynamics
of weakly coupled identical oscillators. More recently, Stewart, Golubitsky, and
coworkers [23, 24, 26] have formulated a general theory for networks of interacting
(typically, identical) dynamical systems (for a overview, see [25]). Typically no
symmetry is assumed for the network architecture though local symmetries may
be present and these are described using groupoid formalism. While this type of
model is unlikely to apply exactly to large biological networks, such as neuronal
networks, it is possible that the assumption of identical dynamical system may be
applicable to an ‘averaged’ network — that is, after the addition of noise and in the
regime where there is synchronization. In any case, small (asymmetric) networks
of identical dynamical systems typically display interesting and often quite non-

generic dynamics [4, 25] and there is the significant question concerning the extent
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to which the large networks that occur in say biology or engineering applications
can be modelled in a hierarchical way as a network of small networks or motifs [9].
Natasa [42] developed tools to decode the large network data sets to understand
the biological processes. They observe that local node similarity corresponds to
similarity in biological function and involvement in diseases. Network theory ap-
plies to social networks as well. Social networks are often transient, and evolve
over time. The relationship between friends may change with time, so the edges
between various nodes in the social networks are dynamic and change with time.
Peter Grindrod et al. [27] consider networks with memory dependent edges, and
analyze the long term asymptotic behavior as a function of parameters controlling
the memory dependence of the edges. They show that either the networks continue
to evolve forever or become static, which may contain dead or extinct edges.

In this work one of the questions we focus on is when two networks with ap-
parently quite different topologies or architectures are dynamically equivalent (we
give the precise definition in Chapters 3, 4, 5 — we do not mean topological equiv-
alence in the sense of conjugacy). We also consider and solve the problem of the
explicit realization of equivalence for continuous dynamics and give a partial so-
lution for discrete dynamics. These results are probably of greatest interest for
relatively small networks. Indeed, although the invariants we describe are quite
simple, they depend on the ordering of the cells and so checking of the equivalence
of two networks potentially requires consideration of many different orderings. We
emphasize that the methods we use involve precise descriptions of dynamics and
are not statistical. The approach to networks we use in this work is synthetic

and combinatorial in character. In particular, we adopt a simple and transparent
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‘flow-chart’ formalism similar to that used in electrical and computer engineering.
Indeed, ideas from analog computation motivate parts of our approach to networks
(for more background, we refer to [20, 4]).

We view a network as a collection of interacting dynamical systems or ‘cells’.
The dynamics of a cell will be deterministic (specified by a vector field — continuous
dynamics; or map — discrete dynamics). A coupled cell system will then be a
specific set of individual but interacting cells. Each cell will have an output and
a number of inputs coming from other cells in the system. An output might be
the state of the cell (that is, the point in the phase space of the dynamical system
which determines the evolution of the cell) or it could be a scalar or vector valued
observable (for example, temperature and pressure or a membrane potential). Our
setup is robust enough to handle both situations. Typically, if the network is
small and cell dynamics are low dimensional, we assume the output is the state
of the cell. For large networks or high dimensional cell dynamics, a vector valued
observable is likely to be more appropriate. We emphasize that each cell has only
one (type of) output. However, the output may be connected to many different
inputs; these inputs do not have to be of the same type. (An analogy is having
several different appliances powered by the same power socket.) Given a collection
of cells there may be many different ways of connecting them into a network and
the combinatorics of this process — viewed in a general way that allows groups of
appropriately connected cells to define new types of cell — is one of the issues that
is addressed here.

A coupled cell system has a network architecture or network structure that

can be represented by a directed graph with vertices corresponding to cells and
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each directed edge corresponding to a specific output—input connection. Different
input types will correspond to different edge types in the graph. We use the term
coupled cell network to refer to a network of coupled cells with a specified network
architecture. Thus vertices correspond to cells, edges to connections. If we want
to emphasize a specific coupled cell network, we often use the term coupled cell
system.

Suppose that M and N are coupled cell networks which both have n cells.
Assume that cells are modelled by vector fields (that is, continuous dynamics de-
termined by local solution of ordinary differential equations) and that the phase
space of each cell is a smooth manifold. We write M < N (M is dominated by N')
if for every coupled cell system F with architecture M, there exists a coupled cell
system F* with architecture A/ such that F and F* have identical dynamics. This
definition simply means that the dynamics of any system F with network architec-
ture M can be realized by a system F* with network architecture A. Implicit in
the definition is the requirement that there is a correspondence between the cells
of F and F™* so that corresponding cells have identical phase space. We regard M
and N as equivalent networks if M < N and N' < M. We may similarly define
equivalence for networks modelled by discrete dynamics. Our main result (The-
orem 4.2.6) gives a simple necessary and sufficient condition for the equivalence
of two networks in terms of an invariant that depends only on the network archi-
tecture (specifically, only on the adjacency matrices of the network). This result
generalizes the linear equivalence results of Dias and Stewart [18] but the concep-
tual approach and methods are quite different. We emphasize that the algebraic

condition, formulated in terms of adjacency matrices, is simple and easy to check —
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at least if we are given an ordering of the cells. However, realizing the equivalence
using an output or input equivalence is by no means straightforward, especially
when there are symmetric inputs (see Chapter 5). The second question we address
concerns the relation M < N. If the coupled cell system F has architecture M,
we present an explicit algorithm that allows us to construct a coupled cell system
F* with architecture A such that F* has identical dynamics to F. The cells in
the coupled cell system F* are constructed using the cells of F together with some
passive cells that either scale or add and subtract outputs or inputs. We also give
a number of equivalence results that hold for discrete dynamics and for various
classes of phase space (such as connected Abelian groups). In order to carry out
this program we introduce the ideas of input and output equivalence. The idea
of input equivalence is motivated by linear systems theory and involves taking
linear combinations of inputs (necessarily, cell outputs must be either vector val-
ued observables or state spaces must be linear). Output equivalence is formulated
in terms of linear combinations of outputs or linear combinations of vector fields.
Output equivalence may or may not apply to discrete systems defined on nonlinear
spaces but it does apply to discretizations of ordinary differential equations.

We now briefly describe the relation of our work to earlier results in this area.
As we indicated above, a general theory of networks of coupled cells has been devel-
oped by Stewart, Golubitsky and coworkers. Their approach is relatively algebraic
in character and strongly depends on groupoid formalism, graphs, and the idea of
a quotient network. Dias and Stewart [18] define equivalence in this setting and
prove results on equivalence of networks when the phase space is a vector space.

We provisionally refer to the definition of Dias and Stewart as ‘functional equiva-
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lence’. It is easy to see that functional equivalence implies dynamical equivalence.
The converse is also true since dynamical equivalence implies dynamical equiva-
lence with phase space R. Using the results of Dias and Stewart [18], dynamical
equivalence with phase space R implies linear equivalence which implies functional
equivalence. The methods of Dias and Stewart do not apply to systems for which
the phase space is a general manifold nor do their methods give algorithms for
realizing the equivalence. On account of their use of invariant theory and Schwarz’
theorem on smooth invariants, they assume the phase space is linear and maps are
smooth (that is C'*).

Our work makes the following contribution to the problem of classification of
networks based on their dynamics. It introduces methods that extend the notion
of linear equivalence described in [18]. While our condition is similar to their
condition on adjacency matrices, it is more general in the sense that it allows the
phase space to be a general manifold. Moreover, our results give an algorithmic
construction for obtaining equivalences using input or output equivalence. The
methods we present make no use of smooth invariant theory and indeed give a

relatively elementary proof of the main results in [18].

1.1 Overview of thesis

In Chapter 2, we introduce the basic definitions and notational conventions needed
for the work. Our aim is to get the language and results as transparent as we can
and, as far as possible, hide the (notational) complexities in the proofs of the

results.
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There are two aspects of networks discussed in the thesis — one relates to the
study of dynamics on the network using the architecture or the topology of the
network, the other is the network architecture itself, ignoring the dynamical struc-
ture on it. We find conditions on the adjacency matrices to study the dynamics on
the network. Also, we find conditions on the adjacency matrices to construct large
networks that contains the dynamics of a small network on an invariant subspace.

In Chapter 3, we introduce the concept of dynamical equivalence of coupled
cell networks. In Chapter 4, we define the notion of input and output equivalence
for networks with asymmetric inputs which captures the dynamical behavior of the
network using the essential invariant of the network — the adjacency matriz. We
then prove the main theorems on dynamical equivalence. Although equivalence
always implies output equivalence for continuous systems, this is not always the
case for input equivalence. In Chapter 5, we extend the notion of input and output
equivalence for general networks and give necessary and sufficient conditions for
equivalence to imply input equivalence. In Chapters 4, 5, we also present examples
that illustrate some outstanding issues for discrete networks.

In Chapter 6, we give the necessary and sufficient condition for the existence of
a strongly connected inflation of a network. We first establish the basic properties
of inflation and simple inflation for strongly connected networks as well as giving
some simple examples. We then state and prove our main result for the case of
networks with one edge type. Then we provide the straightforward extension to
general networks and multiple input types. As a consequence of our constructions,
we obtain an algorithm for the construction of a strongly connected inflation. As

the main result in this chapter is graph theoretic in character, we will not need to
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discuss the dynamical structure on cells. Thus our focus in this chapter will be on
the network architecture and associated graph of the coupled cell network.

The results in Chapter 4 and 5 are joint work with my advisor, Mike Field and
appears in [2, 3], Chapter 6 is based on [1]. The parts of this thesis which do not

appear in [2, 3, 1], are also done under the constant guidance of my advisor.



Chapter 2

Background and Preliminaries

2.1 Generalities on coupled cell networks

We distinguish between a coupled cell network, an abstract arrangement of cells
and connections, and a coupled cell system which is a particular realization of
a coupled cell network as a system of coupled dynamical equations. If we wish
to emphasize the network graph rather than the dynamic structure, we refer to
the network architecture. We shall be particularly interested in networks with
specific network architecture which satisfy additional constraints. Typically these
constraints will relate to either the phase space or the type of input or output or

the type of dynamics (for example, continuous or discrete).

10



2.1 GENERALITIES ON COUPLED CELL NETWORKS

2.1.1 Structure of coupled cell networks: cells and connec-

tions

For the moment we regard a cell as a ‘black box’ that admits various types of
input (from other cells) and which has an output which is uniquely determined by
the inputs and the initial state of the cell. The output may vary in discrete or
continuous time. Two cells are regarded as being of the same class or identical if
the same inputs and initial state always result in the same output. We will largely
restrict to networks of identical cells and leave the simple and straightforward
extensions to more general networks containing different types of cell to the remarks
(see also [20, 4]). For clarity, we always use the word class in the sense used above:
‘two cells are of the same (or different) class’. We restrict the use of the word type

to distinguish inputs of a cell.

1|<— Input from cell A4

2 |-———— [nput from cell A2

Xl 3|«——— |n
put from cell A1
\ 4 | -<«<—— Input from cell A5
Output of cell Al 5 |<———— Input from cell A4

6 | «———— Input from cell A2

Figure 2.1: A cell with six inputs and one output. Inputs of the same type (for
example the second and third input) can be permuted without affecting the output.

Figure 2.1 shows a cell, labelled A1, which accepts six inputs from cells A1,

11



2.1 GENERALITIES ON COUPLED CELL NETWORKS

A2 A4, and A5. We assume the cells A2, A4, and A5 are of the same class as
A1. We denote the output of A1 by x; and regard x; as specifying the state of
the cell A1 (later we shall vary this definition of output). Generally we do not
regard inputs as interchangeable and we may distinguish different types of input
by, for example, using different arrow heads. Referring to the figure, inputs 2 and
3 are of the same type whereas inputs 1,4,5, and 6 are of different types and of
different type from inputs 2 and 3: the cell has five distinct input types. We can
interchange inputs 2 and 3 without changing the behaviour of the cell. We refer to
these inputs as symmetric. If there are no pairs of symmetric inputs, we say that
the cell has asymmetric inputs.

We may think of cells as being coupled together using ‘patchcords’. FEach
patchcord goes from the output of a cell to the input of the same or another cell.
We show two simple examples using identical cells in Figure 2.2.

When all the inputs of all the cells are filled, as they are in Figure 2.2(ii), we
refer to the set of cells and connections as a network of coupled cells.

We now give a formal definition of a coupled cell network based on the approach

in Aguiar et al. [4].

Definition 2.1.1. A coupled (identical) cell network N consists of a finite number

of identical cells such that

(a) The cells are patched together according to the input-output rules described

above.

(b) There are no unfilled inputs.

12



2.1 GENERALITIES ON COUPLED CELL NETWORKS

— B2 2? B3 2~=——
3 3

(ii)

Figure 2.2: Examples of coupled cells: (i) shows an incomplete network with an
unfilled input cell A2, (ii) shows a three cell asymmetric input network; all inputs
are filled.

Remarks 2.1.2. (1) We always assume cells have at least one input.

(2) There are no restrictions on the number of outputs from a cell.

(3) If a cell has multiple inputs of the same type (that is, symmetric inputs),
it is immaterial which input of the symmetric set the patchcord is plugged into.
More precisely, if a cell A in the network has k£ > 1 inputs of the same type, then
permutation of the k£ connections to these inputs is allowed and will not change
the network structure. When it comes to graphical representation of networks, we
always represent input types to cells in the same order. If there are symmetric
inputs, these are always grouped together (as in Figure 2.1 ).

(4) A coupled cell network determines an associated directed graph (the network

13



2.1 GENERALITIES ON COUPLED CELL NETWORKS

architecture) where the vertices of the graph are the cells and there is a directed
edge from cell X to cell Y if and only if cell Y receives an input from cell X.
Different input types will correspond to different edge types in the graph. If there
are p different input types, then there will be p different edge types in the associated

graph.

We let Z denote the integers, Z* denote the non-negative integers, N denote
the strictly positive integers, and Q the rational numbers. If £ € N, we use the
abbreviated notation k = {1,--- ,k}, k = {0,1,--- ,k}. If p € N, then k? denotes

the set of all p-tuples (k,--- ,k,), where k; € k, for all j € p.

Adjacency matrices of a network

As we shall see in the following chapters, the key invariant of a coupled cell network
is defined using the set of adjacency matrices. We recall the definition® appropriate
to our context. Let A be a cell class. We suppose that A has r inputs and p input
types. Let A have r, inputs of type ¢, for £ € p. Necessarily ry +--- 4+ 1, = 1.
Of course, we assume r, > 1. The cell A has asymmetric inputs iff p = r and
then r, = 1, £ € p. Suppose that A is a coupled cell network consisting of n cells
Cy,- -+, C, each of class A. We define n xn matrices Ny, - - -, N,. We take Ny to be
the identity matrix®. For £ € p, we let Ny = [nf;] be the matrix defined by nf; = k
if there are exactly k inputs of type ¢ to C; from the cell C;. If there are no inputs

of type £ from Cj, then k = 0. We refer to N, as the adjacency matrix of type ¢ for

LConventions vary. We choose the definition commonly used in graph theory; others take the
transpose of the matrices we define.

2Strictly speaking, we only include Ny if we allow internal variables — that is, the evolution
of the state of the cell depends on its state, not just its initial state.

14



2.1 GENERALITIES ON COUPLED CELL NETWORKS

N. Observe that the jth column of N, identifies the source cells for all the inputs
of type £ to the cell C;. If A has asymmetric inputs, then there are r 41 adjacency
matrices, Ny, - - - , N, and each adjacency matrix will be a 0—1 matrix with column
sum equal to 1. If there are symmetric inputs, then there will be p+1 < r + 1
adjacency matrices. The column sum of N, gives the number of inputs of type ¢
to A and we refer to the column sum as the valency of N,. We denote the valency
of Ny by v(¢) and remark that v(¢) = >°" , nl; = r; (independent of j € n). Let

A(N) denote the (ordered) set {Np,---,N,} of adjacency matrices of N.

Remarks 2.1.3. (1) If we allow multiple cell classes, then we define an adjacency
matrix for each input type of every cell class.
(2) If we deny self-loops in the network structure, then the diagonal entries of the

adjacency matrices Ny, - -+, N, will all be zero.

The adjacency matrices Ny, Ny, N3 for the network of Figure 2.2(ii) are shown

below.
011 1 00 0 00

Ni=110 0, N=100 1]-N=1]0 0 1
000 010 110

Connection Matrix
Networks with asymmetric inputs

Assume for the moment that M is a coupled cell network consisting of n identical
cells with r asymmetric inputs (the number r of inputs equals the number of
input types p). Label the cells as Cy,---,C,. For each cell C;, we let m/ =

(m{, -+, m/) € n? denote the r-tuple defined by requiring that there is an output

15
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from Cmg' to input ¢ of C;. That is, m{ identifies the source cell for the input of
type i to Cj. If we denote the adjacency matrices of M by My, ---, M,, then mg
is the row index of the unique non-zero entry in column j of M;. The r x n matrix
m = [m!, .-, m"] specifies the complete set of all connections to the cells in M.
We refer to m as the connection matriz of the network M. We emphasize that
in order to define uniquely the connection matrix (and adjacency matrices) of a

network, we need to order the cells and the input types. For future reference, note

that if V' is any vector space, then

n n
ngjxi = zj, mejxi = Ty, ler, j En, (2.1.1)
i=1 =1
where a1, -+, 2, € V and M, = [m{;], £ € {0,--- ,r}, are the adjacency matrices.

The result is obvious if £ = 0, so suppose ¢ € r. Then mf;j # 0 iff C; has an input
of type ¢ from C,,. If this is so, then mﬁj =1and mfj =0, i # «a (since we assume

l l

asymmetric inputs). Hence ). my;z; = m, ;7o = T4 = 7, , by definition of mj.
4

General networks

We may also define a connection matrix for networks with symmetric inputs. Let
M be a coupled cell network with n identical cells, r inputs and p input types.
Suppose that there are r;-inputs of type 4, i € p (if inputs are asymmetric then
r; =1foralliand r=>3" 1, =p). For j € n, we define m/ € n" by requiring
that m{ = (a1, -+ ,a.,), where ay,--- ,a,, € n and ay identifies the source cell
for the sth input of type i to C;. The vector m/ = (m}, -+ ,md) € [[\_ n" = n’

specifies all of the inputs to C;. We say that the r xn matrix m = [m!,--- 'm"]isa
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2.1 GENERALITIES ON COUPLED CELL NETWORKS

connection matrix for the network. If, in addition, we require that 1 < a; < --- <
a,, < n, then m{ is uniquely determined and we refer to the associated connection
matrix as the default connection matrix of the network (or just the connection

matrix of the network).

Example 2.1.4. 1. The default connection matrix for the network of Figure 2.2(ii)
211

lsm= |1 3 2
3 3 2

2. The default connection matrix for a network with two types of inputs and

1 31
1 01 010 2 3 3
adjacency matrices Ny = |1 0 0|, No=1]2 1 3|lism=1|[2 1 2

0 21 1 10 2 2 2

3 3 2

2.1.2 Discrete and continuous coupled cell systems

We now define two basic classes of coupled cell networks with specified network
architecture. First some notational conventions. If N denotes a network architec-
ture, then by F € N we mean that F is a coupled cell system with connection
and input type structure given by A. If N is a coupled cell network (viewed as
the collection of all coupled cell systems with network architecture N'), then the
number of cells n = n(N), the number of input types p = p(N), and the total

number of inputs 7 = r(A\), are the same for all systems F € N.

17



2.1 GENERALITIES ON COUPLED CELL NETWORKS

Continuous dynamics modelled by ordinary differential equations

For continuous dynamics, we assume that cell outputs (and therefore inputs) de-
pend continuously on time. The standard model for this situation is where each
cell is modelled by an (autonomous) ordinary differential equation. In this work,
we always assume that the evolution in time of cells depends on their internal state
(not just their initial state). The underlying phase space for a cell will be a smooth
manifold M, often RN, N > 1, or T (the unit circle). We assume the associated
vector field has sufficient regularity (say C') to guarantee unique solutions.

If the phase space for a cell C is M, then the output z(¢) of C at time ¢ defines
a smooth curve in M and x(0) will be the initial state of the cell (at time ¢ = 0).
We identify x(t) with the internal state of the cell. If the cell has no inputs, then
the ordinary differential equation model for the cell is ' = f(z), where f is a
vector field on M.

Suppose that we are given a coupled cell system F € M with identical cells
{C4,Cq, - ,C,}. Assume that cells are modelled by ordinary differential equa-
tions and that each cell has r (asymmetric) inputs. For j € n, the dynamics of C;

will be given by a differential equation

.fl)'; = f(flfwxm{,l’m%, 7xmﬁ;)’

where m = [m!,---  m"] is the connection matrix of the network (see the previous

section). Observe that we always write the internal variable z; as the first variable
of the vector field f. Since cells are assumed identical, the vector field f is inde-

pendent of 7 € n. We often say that the dynamics of the system F is modelled by
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f and refer to f as the model for F. If we need to emphasize the dependence of
the model f on the system F, we write fz rather than f. All of this terminology

applies equally well to discrete systems (see below).

Remarks 2.1.5. (1) If there is no dependence on the internal variable, we omit the
initial x; and write z’; = f(:)sm{-,zmg, C T ).
(2) We do not require that mJ,---  mJ are distinct integers; indeed they may all
be equal. If there are symmetric inputs we group these together and designate the
group by an overline. For example, if the vector field f is symmetric in the first
k-inputs and asymmetric in the remaining inputs we write

f ('Ij;W7 X i T

. ).
my, mk+17 my

Example 2.1.6. A coupled cell system with the network architecture of Fig-

ure 2.2(ii) is realized by the differential equations

xll = f(xl;x27zlax3)a
x/2 = f(x2;xl7z3ax3)a
xy = f(rs;wr, 20, 7).

where f: M x M?®—TM is a (smooth) family of vector fields on M, depending on

parameters in M3. That is, for each (z, (y, z,u)) € M x M3, f(z;y,z,u) € T, M.
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Discrete dynamics

We continue with the notation of the previous section. We define a discrete time
coupled cell system by considering a system of coupled maps updated at regular
time intervals.

Exactly as in the continuous time case, we model a cell C; at time N using a
phase space variable z;(/V) and then update all cells simultaneously by

N)), j €n, (2.1.2)

i (

zj(N+1) = f(z;(N);x j(N),l'm%(N),"' T

m

where f is a continuous or smooth function depending on the internal state z(N)

together with the r inputs to the cell.

Remarks 2.1.7. (1) The assumption of regular updates implies the existence of a
synchronizing mechanism such as a clock. It is also possible (and very useful) to
define asynchronous systems.

(2) The diagrammatic conventions we follow are reminiscent of the transfer function
diagrams used in linear systems theory. However, we are working with nonlinear
systems and not taking Laplace transforms. For discrete dynamics, we start at
t = 0 with each cell initialized and then we update according to (2.1.2) at specific
time increments 0 > 0. The case of continuous dynamics can be viewed as the
limiting case as 6—0 — indeed, ordinary differential equations are typically solved
on a digital computer by replacing the continuous model by a discrete model with
an appropriately small value of § > 0.

(3) In many cases it can be useful to combine both discrete and continuous dynam-

ics in a coupled cell system. This is particularly so for models of fast-slow systems
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(prevalent for example in neural systems). We may also consider systems with
thresholds controlling switching in cells where the dynamics are, for the most part,
governed by (smooth) differential equations. We refer to this type of system as a
hybrid coupled cell system. Such systems are of theoretical interest and important
in many applications. Recently, they have attracted the attention of control the-
orists and engineers. We refer to Aguiar et al [4] for definitions and some simple

examples.

2.1.3 Passive cells

As we shall see in Chapters 4 and 5, it is sometimes useful to incorporate ‘passive’
cells into a network with continuous or discrete dynamics. We give two examples

that we shall use later.

Output sx = Input x
N

Figure 2.3: Scaling cell

Example 2.1.8 (Scale). A scaling cell has one input. The input can either be a
vector field or vector in RY. If the input is x then the output is sz, where s € R

is fixed. We use the notation shown in Figure 2.3 for a scaling cell.

Example 2.1.9 (Addition/Subtraction). An Add cell has at least two inputs which
must be either vector fields, points in RY or, more generally, points in an Abelian
Lie group. In Figure 2.4(a) we show an Add cell with four inputs. If the inputs

are e, f, g, and h then the output is e + f + g + h. We remark that an Add
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(a) (b)
Figure 2.4: Add and Add-Subtract cells

cell always has symmetric inputs though the symmetry of the inputs will not have
implications for our intended applications. We can vary the picture a little by
combining one or more inputs to an Add cell with a scale cell with s = —1. In this
way we can do arbitrary addition and subtraction. We show in Figure 2.4(b) an
Add-Subtract cell with three additive inputs and one subtractive. The output of
this cell is e + f — g + h. In the sequel, we use the notation shown in Figure 2.4
for Add and Add-Subtract cells.

Example 2.1.10. We may use Add, Add-Subtract, and Scaling cells to build
new cells from old. In Figure 2.5 we show two characteristic examples. We start
with a cell C which we suppose has two inputs. Assume a differential equation
model with linear phase space RY. In Figure 2.5(a) we show a new two-input cell
constructed using C and an Add-Subtract cell. If dynamics on C is defined by
f:RY x (RY)2=RY, then dynamics on the cell defined in Figure 2.5(a) is given by
F:RY x (RY)2=RY, where F(z;y, 2) = f(2;y,z —y+ 2). This model would also

work if the phase space for C was the N-torus TV. The same model also works
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@ (b)
Figure 2.5: Building new cells using Add, Add-Subtract cells

for discrete cells provided that the phase space is either RY or TV. However, the
model does not work if the phase space for C is a general manifold — for example,
the two-sphere S2.

In Figure 2.5(b) we combine outputs rather than inputs. The corresponding vector

field for the cell shown in Figure 2.5(b) is given by

F(x;y,2) = f(wsy, ) — f(x9,9) + f(259, 2).

This is valid for continuous dynamics on an arbitrary smooth manifold.

Remarks 2.1.11. (1) For discrete dynamics on a manifold, we can linearly combine
outputs provided that f(xg;z1,...,,) is sufficiently close to o, for all zy, ..., z, €
M. For this it suffices to fix a Riemannian metric on M and then do addition and
scalar multiplication in the tangent space T,,M using the exponential map of the
metric (that is, exp,, : Ty, M—M is a local diffeomorphism on a neighborhood of
the origin of T,,M). Note that this approach does not work for inputs as there

is no reason to assume that linear combinations of zq, ..., x, need be close to xg.
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Once we have fixed a Riemannian metric on M, we can always linearly combine
outputs for the discretization of the differential equation (at least if the time step
is sufficiently small).

(2) For continuous dynamics, we interpret Figure 2.5(b) in the following way: we
assume the outputs of C are un-integrated — that is vector fields. We then linearly
combine, scale and integrate to get the output. If we go to the discretization, then

the previous remark holds (cf. Remarks 2.1.7(2)).

Example 2.1.12 (Choose and Pick cell). We introduce one further construction
that will be useful in simplifying the diagrams we use for some of the examples

(this gadget is not used in any of the proofs).

cw2)|™

P2:2) -

Cav) | . -

P(b:v) - *

@ (b)

Figure 2.6: Choose and pick cells C(a,b : u,v), C(1,2: 2,2)

Let C be a cell which has r inputs all of the same type (we may allow other
input types, but they will not effect the construction which only affects inputs of
one type). Suppose that continuous dynamics are determined by the vector field

h: M x M"—=TM, where h(zg; x1,- - ,x,) is symmetric in the variables zy, - - - , z,.
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Suppose that a,b,u,v € N satisfy v + v = r and a < u, b < v. The choose and
pick cell C(a,b : u,v) is a new cell built by adding outputs from (”+2_1) (Z) class
C cells. The cell C(a,b : u,v) will have two input types; u inputs of the first
type, v inputs of the second type. More precisely, the cell C(a,b : u,v) has two
components, denoted C'(a : u) and P(b: v), corresponding to the two input types.
If x1,- -+, z, are the inputs to the C'(a : u) component and y;, - - - , y, are the inputs

to the P(b: v) component, then the output of C(a,b: u,v) is defined to be

§ h(x(];yjlu"' s Yjps Ligy " 7372'@)-

1< < <jp<v
1<i1 < <ig<u

The output of C(a,b : u,v) is symmetric in xy,- -+, x, and y1,- - ,y,. We use the
symbol for C(a,b : u,v) shown in Figure 2.6(a). In Figure 2.6(b), we show the

connections for the choose and pick cell C(1,2 :2,2).

2.1.4 Some special classes of coupled cell networks

Throughout this section, M will denote a fixed network architecture. We have
already indicated that we also regard M as the set of all coupled cell systems
with network architecture M. Henceforth we assume that any coupled cell system
S € M always has a phase space which is a smooth connected differential manifold.

It is appropriate to single out some special classes of coupled cell networks.
The restrictions we impose are on the phase space and connection structure rather

than on the type of the system (continuous, discrete, hybrid, etc).

1. M(L) denotes the set of systems S € M which have linear phase space.
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2. M(T) denotes the set of systems for which the phase space is a compact

connected Abelian Lie group — that is, an N-torus for some N > 1.
3. M(G) denotes the set of systems for which the phase space is a Lie group.

We extend this notation to consider networks with specific phase spaces. For
example, let M(R) denotes the set of systems S € M(L) which have phase space
R and M(SO(3)) denote the class of systems S € M(G) which have phase space
SO(3). We remark that M D> M(G) D M(L), M(T) and M(L) D M(R).

Scalar signalling networks

As we have remarked previously, from the point of view of applications it is unre-
alistic to assume that in a large network each cell has to have access to complete
knowledge of the state of cells from which it receives outputs. (Of course, com-
plete information may be important in small networks of cells with low dimensional
phase spaces.) Suppose then that we have an identical cell system comprised of
cells of class C. Denote the phase space of C by M. Let £ : M—IF be a smooth
function, where F denotes either the real or complex numbers®. If z(t) is a tra-
jectory on M, then £(z(t)) will be a curve in F. While we could regard £ as an
observable, in our context we prefer to think of £ a signal. For example, in neuronal

dynamics, £(x(t)) might typically be zero or small except when the neuron spikes.

Definition 2.1.13. An identical coupled cell system S € M is a scalar signalling

system if there exists a signal £ : M —F defined on the phase space of each cell

3More generally, F could be a finite dimensional vector space
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such that the inputs to each cell depend only on the signals from the corresponding

output cells. Let M(S) denote the class of scalar signalling systems S € M.

Example 2.1.14. Let S be a scalar signalling system with the network of Fig-
ure 2.2(ii). Let M be the phase space of a cell and £ : M—F be a signal. Set
& ox = . With these notational conventions and a continuous differential equa-

tion model, the differential equations for the system will be

gy = f(w1 29,21, 23),
xl2 = f(xQ;i‘17L%37i‘3)7
x/3 = f(x3;i‘172%27i‘2)-

Note that the internal variables are not changed.

Remarks 2.1.15. (1) A key feature of scalar signalling systems is that we can lin-
early combine inputs even though the phase space may be nonlinear. In particular,
the configuration shown in Figure 2.5(a) is valid for both continuous and discrete
scalar signalling systems irrespective of the phase space.

(2) The generalization of the definition of scalar signalling systems to networks
with multiple cell classes is completely straightforward. This extension is signifi-
cant as the main application we have in mind for scalar signalling systems is the
coupling together of small networks (not scalar signalling) into large networks with
scalar signalling between the small networks. In this context, it may well be ap-
propriate to assume that there are no self loops around the small networks (see
Remark 2.1.3(2)) even though the cells within the small networks may have self

loops. As a simple illustration, an audio amplifier internally may have several
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negative feedback loops but feeding an output of the complete audio system back
into the audio source (say, a microphone) is generally not advisable. Similar ob-
servations apply in control theory.

(3) Finally, we will abuse notation and refer, for example, to a coupled cell network
M(L). By this we mean that the network architecture is M but we will always
restrict to systems with linear phase space. Similar remarks hold for the other
network classes we have defined. The reason we do this is that we shall be defining
various relations and orders on networks and some of these definitions only apply
if we assume extra structure on the connections or the phase space.

(4) Scalar signals can be used to stabilize a system (see Example 2.1.16). Exam-

ple 2.1.18 gives a system which cannot be stabilized by any scalar signal.

Example 2.1.16. Let M be the coupled cell network shown in Figure 4.1. Assume
that the phase space of each cell is two dimensional. Let the inputs be scalar so

that the coupled cell system is given by

X' = F(x:{(x).£(y)), ¥ =F(y;§(x),£(x)), (2.1.3)

where x,y,z € R?, F = (f1, fo) : R* - R? £ : R? — R is a C* signal. Let
£(0,0) = 0, F((0,0);0,0) = (0,0). Then O = (0,0,0,0,0,0) € R® is an equilibria

of (2.1.3).

Forz; e R, i = 0,---,3, F((x,71); T2, 23) € R% Fori = 1,2, let g—j:;(O) = a,
Li(0) = by, Z2(0) = ¢, SL(0) = di. Also for o, 21 € R?, &(wp,21) € R.
Let ;—fo((0,0)) = u, %((0,0)) = v. Then the linearization of (2.1.3) at O is
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A+B C a; b ciu  CLu diu  dyv
J = , where A = b , B = ! ! O = ! !

B+C A as by Coll  CoU dou  dov
The eigenvalues of J are the eigenvalues of A+ B + C' and A — C. The necessary

and sufficient conditions for O to be an asymptotically stable equilibria are
(T) trace(A+ B+ C) <0, trace(A — C) <0,
(D) det(A+ B+ C) > 0,det(A—C) > 0.

Let us simplify these conditions. Note that trace(A + B + C) = (a1 + by) +
(c1 + diy)u + (2 + do)v < 0, and trace(A — C) = (a1 + ba) — (dyu + dyv) < 0.
Also, note that det(A + B 4+ C') > 0 simplifies to aijby — asby > u(bicy — bacy +
bidy — bady) — v(arca — ager + ardy — asdy), and det(A — C) > 0 simplifies to
a1by — agby > —u(bydy — bedy) + v(aydy — asdy). For notational convenience, let
a = bicyg — by, B = bidy — bady, v = a1ce — ascy, 6 = ards — asdy, p = det(A),

q = trace(A).

Theorem 2.1.17. The necessary and sufficient conditions for O to be an asymp-

totically stable equilibria for (2.1.3) are

(T) g < min{—(cl + dl)u — (CQ + dg)’U, dlu + dQU},

(D):p > max{(a+ fB)u— (y+ v, —fu+ dv}.

Let p <0, c1dy —cody > 0 (= ad — 0y = —p(c1da — cady) > 0), ca+dy > 0, dy > 0,

c1+dy >0,dy >0,c+d>0,d>0.

Case (¢ > 0): Condition (7") gives v < —%u — i v > —le—;u + £, and these

conditions define a region in the plane contained in the second open quadrant.
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Condition (D) gives v > ‘f{—i?u -5 v< %u + %, and these conditions define a

region in the plane contained in the third open quadrant. Therefore, there are no

values of (u,v) for which (2.1.3) can be stabilized.

Case (¢ < 0): The point of intersection of the lines given by equalities in (7") in

cidg—cady? cidz—cady

the (u,v)-plane is P = (— a(cz+2dy) q(q*zdl)). The point of intersection of the

. . .. . . . _ [ p(v+25) p(at+2pB)
lines given by equalities in (D) in the (u,v)-plane is @ = (TS—M gy ) The

point P lies in fourth quadrant, and @ lies in third quadrant. It can be easily

seen that (2.1.3) can be stabilized if and only if @ lies in the feasible region of (7).

That is,
p (do(a + 23) + dy (v + 26)) -

ad — By

(9>0)
Figure 2.7: The lines 1; : v = —%u — ﬁ, I, : v = —g—;ujt %, I3 : v =
f“y%?u — ﬁ, ly:v= %u + &, Ry: feasibility region of (T'), Ry: feasibility region of
(D)

Example 2.1.18. Let M be the bidirectional ring of two cells. Assume that the

phase space of each cell is two dimensional. Let the inputs be scalar so that the
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coupled cell system is given by

x' = F(x;¢(y)), ¥ = F(y;{(x)), (2.1.4)

where x,y € R%, F = (f1, f2) : R* -5 R?, £ : R? — R is a C™ signal. Let £(0,0) =
0, F((0,0);0) = (0,0). Then O = (0,0,0,0) € R* is an equilibria of (2.1.4).

For ; € R, i = 0,---,2, F((wg,z1);72) € R%. For i = 1,2, let g—ﬁ)(O) = aj,

i (0) = by, 2i(0) = ¢;. Also for zg, 71 € R?, (x0, 1) € R. Let %((0,0)) = u,

oy 1 Bxy
9 . . . . A B
6—951((0,0)) = v. Then the linearization of (2.1.4) at O is J = , where
B A
a by c|u v
A = , B = . The eigenvalues of J are the eigenvalues
as by CoU  CoU

of A+ B and A — B. The necessary and sufficient conditions for O to be an

asymptotically stable equilibria are
(T) trace(A+ B) < 0, trace(A — B) <0,
(D) det(A+ B) > 0,det(A — B) > 0.

Let us simplify these conditions. Condition (7) implies trace(A) < 0. Also note
that (D) implies det(A) > |au — cv| > 0. Therefore, O cannot be made an

asymptotically stable equilibria unless trace(A) < 0 and det(A) > 0.

2.2 Generalities on graphs

Every coupled cell network determines a directed graph. In this section, we briefly

review those aspects of graph theory that relate to coupled cell networks. A di-
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rected graph is a set of vertices or cells and directed edges or connections. Because
of our interest in networks of coupled dynamical systems, we often use term ‘cell’
rather than ‘vertex’ and ‘connection’ rather than ‘edge’. Viewed in this way, each
cell admits inputs (from other cells) and has outputs (to other cells). Figure 2.8(a)
shows an example of a directed graph represented in the way customary in graph
theory (or in the works on coupled cell systems by Stewart et al. [49, 25] ). Each
node consists of a cell with two identical inputs (there is only one edge type). Here,

we prefer to represent the graph as shown in Figure 2.8(b). The reason we adopt

(a) (b)

Figure 2.8: Two representations of the same directed graph

this ‘linear systems’ representation is because it fits better with our definition of
inflation (see Chapter 6 ). Indeed, the assumption of a linear (horizontal) structure
allows us to represent inflation as occurring in the vertical direction.

Associated to every directed graph, we may define the adjacency matriz of the
graph. We recall the definition. Suppose that G is a directed graph with vertex
set V = {v1,---,v;}. Define the k x k adjacency matrix A = [a;;] of G by a;; =p
if there are exactly p edges from v; to v;. If there are no edges from v; to v;, then
p = 0. Note that this definition takes no account of edge type. For i € k, the

indegree of the vertex v; is the j* column sum of A and is the total number of
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inputs to the vertex v;. Similarly, for i € k, the outdegree of the vertex v; is the i*?
row sum of A and is the total number of outputs from the vertex v;. A path in the
graph G is a sequence of vertices and directed edges such that from each vertex
there is an edge to the next vertex in the sequence. A chain is a closed path; that
is, the two terminal vertices of the sequence are the same. A self loop (loop) is an
edge that connects a vertex to itself. G is said to be strongly connected if there is a
path from each vertex to every other vertex. A necessary condition for a graph to
be strongly connected is that each vertex has an input and an output. In terms of
the adjacency matrix, this means that each row and each column of the adjacency
matrix of G must have a nonzero entry.

Suppose that G is a graph with k vertices and ¢ edge types. Associated to each

s
ij

edge type r € £, we may also define an adjacency matrix A, = [a}.] of type r by
a;; = p if there are exactly p edges of type r from v; to v;. If there are no edges of
type r from v; to v;, then p = 0. We refer to Ay, ---, A as the edge type adjacency
matrices of G. We remark that A = A; + --- + Ay. We refer to [14] for detailed
theory on graphs.

A square non-negative matrix A = [a;;] of order k is said to be irreducible
if for each 1 < 4,5 < k, there exists n € N such that (A");; > 0. If A is the
adjacency matrix of graph G, then A is irreducible if and only if the graph G is
strongly connected. The Perron Frobenius theorem [35] for irreducible matrices

states that if the adjacency matrix A with period? p and spectral radius p(A) = r

is irreducible then r is a positive simple eigenvalue. Moreover, if p > 1 then there

4For each i < i < k, the greatest common divisor p; of the positive integers m such that
(A™);; > 0. For an irreducible matrix p; = p, for all i.
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2.3 SYNCHRONY CLASS

is a permutation matrix P such that PAP~! takes the following form

0 A 0 0 - 0

0 0 A, 0 - 0
0 0 0 Ay

A, 0 0 0 0

where the zeros on the main diagonal correspond to square zero matrices.

2.3 Synchrony class

We recall the key aspects of the definition of a synchrony subspace of M (we refer
to [4] or [25] for a more extended description of synchrony subspaces and note
that what we refer to as a synchrony subspace is called a ‘polydiagonal’ subspace
in [25]). Let S = {S1,---,S,} be a partition of {C,---,Cy}. Let s(j) > 1 be the
number of cells in S;, 1 < j < p. To avoid trivialities, we always assume p < k and
so at least one s(j) > 1. Let x = (x3,---,Xx) denote the state of the cells in M —

since the cells are assumed identical, they all have the same phase space. Group

the components of x according to the partition S and write x = (x!,--- xP),
where x/ = (xj1,- -+ ,X;s(;)) denotes the state of the s(j) cells in S;, 1 < j < p.
Define

X={x | xp==x5p} 1<j<p,
and

X(S):{X:(X17-~-7Xp)‘XjEXj71§j§p}.
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2.3 SYNCHRONY CLASS

The partition S is said to be a synchrony class if for every realization of the
network architecture M as a coupled cell system, X'(.S) is an invariant subspace
for the dynamics of that system. If S is a synchrony class then we say that X'(S)
is a synchrony subspace for the system. In dynamical terms, suppose Xy is the
initial state of the system (at time t = 0) and xq € X(S). If X(S) is a synchrony
subspace, then x(t) € X(S) for all £ > 0 (¢ may be continuous or discrete). As a
result, the cells in each of the sets S; will be synchronized (have the same state)
for all £ > 0.

Following the notation conventions of [4], we denote the synchrony subspace
(or class) by {Si||---||Sp} (we typically omit partition elements S; if S; consists
of a single cell). As a simple example, suppose S = {Cj,,---,C;.}. Either of
the notations {Si}, {C;,,---,C;,} would indicate a single group of synchronized
cells. On occasions, it is sometimes convenient to identify synchrony classes by
means of state variables rather than cell labels. Thus, if cell C; has state vari-
able x;, {x;,, -+ ,%;,} would be an alternative notation for the synchrony class
{Ciy,--+,C;.}. The definition of synchrony subspace (or class) is easily general-

ized to networks with non-identical cells.

Remark 2.3.1. For networks with identical cells, it is proved in [26, Theorem

4.3], [23, Theorem 6.5] that the following are equivalent.
1. S is a synchrony space.

2. for each input type ¢, the number of inputs of type ¢ from cells in S; to each

cell in S; is the same, for ¢, 5 € /.

Example 2.3.2. Consider the following coupled cell system with network archi-
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2.3 SYNCHRONY CLASS

tecture M (the underlying graph has four cells and is fully connected).

93 = f(91;92794,93), 95 = f(92;91,93,94),
05 = f(03:04,02,01), 0, = [f(04;03,01,0,),

where f : T x T3 — T (the system can be a discrete dynamical system as well
where instead of differential equations, we have regular updates of the state of each
cell or oscillator by the map f). If we assume that all the three inputs to each

cell are asymmetric then the synchrony subspaces of M are {0; = 0y = 05 = 0,},

{91 = 09,05 = 94}, {‘91 = 04,0, = 93}, and {91 = 03,0, = 94}-

A framework for coupled cell systems has been presented by Golubitsky and
coworkers [26, 24] that permits a classification of synchrony spaces in terms of the
concept of a ‘balanced equivalence relation’, which depends solely on the network
architecture. Stewart [44] and Kamei [33] proved that the set of all balanced
equivalence relations on a network forms a lattice (a partially ordered set in which

any two elements have a meet and a join, the partial order is defined by refinement).
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Chapter 3

Dynamical Equivalence

In Chapters 3, 4, and 5, we develop various notions of equivalence for coupled cell
networks. We follow the approach of Aguiar et al. [4] and concentrate on dynamics
rather than adopt the more abstract viewpoint of Dias and Stewart [18] which is
based on groupoid formalism and restricted to systems with linear phase space.

Suppose that F and G are coupled cell systems which both have n cells (which
need not be identical). Label the cells of F and G as {Cy,...,C,} and {Dy,...,D,}
respectively. Assume that both systems have the same type of dynamics: either
both discrete or both continuous. For ease of exposition we henceforth assume
continuous dynamics modelled by ordinary differential equations but emphasize
that most of what we say applies equally well to discrete dynamics. We indicate
in the remarks when it does not.

The coupled cell systems F, G have identical dynamics if

1. The cells C;, D; have the same phase space, i € n.

2. The time evolution of both systems is identical.
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CHAPTER 3. DYNAMICAL EQUIVALENCE

Remarks 3.0.3. (1) If F and G have identical dynamics it does not follow that F
and G have the same network architecture or that corresponding cells have the
same number of inputs.

(2) Note that the definition of identical dynamics requires no restrictions on the

type of phase space or connections.

We define a partial ordering on coupled cell networks, and an associated equiv-

alence relation.
Definition 3.0.4 ([4]). Let N, M be coupled cell networks both with n cells.

(a) The network N is dominated by M, denoted N' < M, if given an ordering
of the cells in V', we can choose an ordering of the cells of M such that given
any system F € N, there exists a system F* € M such that F and F* have

identical dynamics.

(b) We say N and M are equivalent, denoted N' ~ M, if we can order the cells
in M and NV so that N < M and M < N.

Remarks 3.0.5. (1) In Definition 3.0.4(b) it is not necessary to assume that the
orderings of cells for which N' < M and M < N are the same. Indeed, if they
are not it is easy to see that we obtain a non-trivial permutation of the ordering of
the first ordering of M relative to which M ~ M. Since we are assuming finitely
many cells in M, the order of the permutation is finite and from this we easily
deduce that we can choose an ordering of the cells of M and N for which we have
N < M and M < N.

(2) If we restrict attention to systems with linear phase space, we can also define

linear equivalence [18]. We write M(LL) <, N (L) if given F € M (L) modelled by a
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CHAPTER 3. DYNAMICAL EQUIVALENCE

linear differential equation, there exists F* € N (LL) modelled by a linear differential
equation, such that F and F* have identical dynamics. We say the networks N
and M are linearly equivalent, denoted by M(L) ~ N(L), if M(L) <, N (L)
and V(L) <, M(L). (We remind the reader of the abuse of notation indicated in

Remarks 2.1.15(3).)

For the remainder of the chapter we assume identical cell networks. For n,m €
N, let M (n, m;K) denote the space of n x m-matrices with entries in K where K
will be either Q, Z or Z*. In case m = n, set M(n,m;K) = M(n; K).

Let M be an r-input n cell network with adjacency matrices My = I, My, ..., M,.
Let A(M) denote the vector subspace of M (n;Q) spanned by M, ..., M, and
A (M;Z7") denote the set of all non-negative integer combinations of My, My, - -+ , M,,.
We emphasize that to define the adjacency matrices we fix an ordering of the cells.
In particular, the space A(M) will depend on the choice of ordering (but not on
the ordering of input types). We recall the main result of [18] adapted to our

context and notational conventions.

Theorem 3.0.6 ([18]). Let M, N be coupled cell networks both with n cells. The

following conditions are equivalent:
1. M(L) < N'(L). (Phase space linear.)
2. A(M) C AN).
3. M(L) <, N(L).
4. M(R) < N(R). (Phase space R).

In particular, A(M) = A(N) iff M(LL) ~ N(L).
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CHAPTER 3. DYNAMICAL EQUIVALENCE

Remarks 3.0.7. (1) In all statements it is assumed that there is a given ordering
of cells in M and that we can choose an ordering of cells in N for which the
corresponding statement holds. (2) Theorem 3.0.6 does not apply to systems with
non-linear phase space. Indeed, (3,4) have no meaning when the phase space is
non-linear and the methods used in [18] do not apply to prove the equivalence of
(1) and (2) for the case of non-linear phase spaces. (3) Theorem 3.0.6 applies when

the network is governed by discrete dynamics and phase spaces are linear.

As a corollary of Theorem 3.0.6 we have

Theorem 3.0.8. Let M, N be coupled cell networks both with n cells. A necessary
condition for M ~ N is A(M) = A(N).

Proof. It M ~ N then M(L) ~ N(L) and so the result follows from Theo-
rem 3.0.6. O

Remark 3.0.9. 1t is easy to verify Theorem 3.0.8 directly. Specifically, the difficult
part of the proof of Theorem 3.0.6 involves the verification that M(R) <; N (R)
implies M(L) < AN (L). This implication is not needed for the proof of Theo-

rem 3.0.8.

In the following two Chapters 4 and 5, we will define notions of input and output
equivalence for networks. We state and prove necessary and sufficient conditions
for dynamical equivalence of two coupled cell networks. We also give examples to

illustrate the results.
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Chapter 4

Dynamical Equivalence :
Networks with Asymmetric

Inputs

In this chapter, we will concentrate on networks of coupled dynamical systems
with asymmetric inputs. By asymmetric inputs, we mean that all the inputs to
each cell are of different type. We will develop the concept of input and output

dominance/equivalence for such networks.

4.1 Input equivalence

Input equivalence is applicable to coupled cell systems with linear phase space and
to scalar signalling networks (Definition 2.1.13). The basic idea is that a network

N ‘input dominates’ a network M if given a system F € M(IL), we can find a
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4.1 INPUT EQUIVALENCE

system G € N (L) which has identical dynamics to F and is such that each cell in
G is built from one cell in F together with a number of Add-Subtract and Scaling
cells (Section 2.1.3) acting on the inputs (see Figure 2.5(a)). We start with a

simple example to illustrate the ideas.

cab e

N

Figure 4.1: M input dominated by N.

Example 4.1.1 ([4]). Referring to Figure 4.1, suppose that F € M(L) is modelled
by

xl - f(xl;xlaxQ)a

':EQ - f(xQ;xlaxQ)a

where f = fr : V x V2=V is a C! function on the vector space V. If we define

the C* model g = gg for G € N (L) by g(xo; x1,22) = f(z0; 21,19 — 71 + 22), then

r; = 9($1;$1,$2)=f(931;931,$2),

vy = g(wosx1,m1) = f(22; 71, T2).

Hence we can realize the dynamics of the first system F using the second system
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G which has a different architecture. Indeed, we can build the second network
using Add-Subtract cells together with the cell used in F. See Figure 4.2 (and also

Figure 2.5(a)). Observe that the system shown in Figure 4.2 can be transformed

Figure 4.2: The system G built using the cell from F and an Add-Subtract cell.

back into the system JF by removing the outer triangles defining cells of class
B and then cancelling inputs using linearity. We say that the network M is
input dominated by N'. Finally, the arguments above apply to scalar signaling
networks (Definition 2.1.13) — regard f : V x R*>—=V and define g(xq; 21, 22) =
f(o; 21, To — &1 + 32).

We now extend the previous example and define the concepts of input domina-
tion and equivalence for general networks with asymmetric inputs. Conceptually,
the idea is quite simple: one network is input dominated by another if the dynam-
ics of any system in the first network can be realized by a system in the second
network whose cells are constructed from those in the first network by linearly

combining inputs.

Definition 4.1.2. Let V be a vector space, n > 1, and r,s € N. Suppose that
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4.1 INPUT EQUIVALENCE

f:VxV'=V, g:V x V5=V are smooth maps, m = [m!,... m"| € M(r,n;Z),
n=[nl ... n"| € M(s,n;Z) are connection matrices ! and L € M(r,s + 1;Q).

We say f is (L, m,n)-input dominated by g, written f < 90 i

1. For all (zg,z1,--- ,xs) € V X V* we have
Q(Io;xla e ,Is) = f(,TO;L(,To, T ,,Ts)).

2. For j € n, we have g(a?j;xnjl', e ,xng) = f(xj;:)sm{,--- ,xm;).

Remarks 4.1.3. (1) If f is (L, m,n)-input dominated by g then

L(mj,xn{,~-~ ,T) = (:cm{,~-~ \To) JE N,

and so a necessary condition for input domination is m’ C {j} Un/, j € n. That
is, {mJ,...,mi} C {j,nd,...,nl}, j €n. (2) fis input dominated by g if we can
find L so that f <(Lmm) 9-

(3) If we can choose L € M(r, s+ 1;Z) so that f <{; . . g, we write f <E’L‘Z’m7n) g.

Definition 4.1.4. Let M and A be coupled identical cell networks with asym-

metric inputs such that

(b) Cells in M have r inputs, cells in A/ have s inputs.

(c) If we fix an ordering Cy, ..., C, of the cells in A/, then the associated con-

nection matrix is n = [n!, ... n"].

Isee Section 2.1.1.

44



4.1 INPUT EQUIVALENCE

We say M is input dominated by N, denoted M <; N, if there exist L € M(r, s+
1;Q) and an ordering of the cells of M, with associated connection matrix m,
such that for every F € M(LL) there exists G € N (LL) for which fr <lrmn 9g- 1

N <y Mand M <; N, we say M and N are input equivalent and write M ~; N.

Remarks 4.1.5. (1) We write M <;7 N if M <; N and we can require the map
L of the definition to lie in M(r,s + 1;7Z). We similarly define M ~;z N. In
Example 4.1.1 we have M <z N (indeed, M ~j 7z N).

(2) Input equivalence and domination may also be defined for networks with sym-

metric inputs, discussed in the next chapter.

Lemma 4.1.6. With the notation and assumptions of Definition 4.1.4, in partic-

ular asymmetric inputs, we have
AM)CAWN) iff M <1 N.

Proof. It M <; N, we have M(L) <, N (L) and so A(M) C A(N) by The-
orem 3.0.6 (or direct verification). Conversely, let My = I,..., M, and Ny =
I,..., N, denote the adjacency matrices for M and N respectively. Since A(M) C
A(N), there exists L = [dj] € M(r,s+ 1;Q) such that

My=> d{N,, (€.
q=0
Suppose that F € M(L) has model f:V x V"—=V. Define g : V x V¥=V by
g(x07 Ly, ,,’L’s) = f(x(b L(,’,U(), T ,,’L’s)).
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In order to prove f <{ g, it suffices to verify that

L,mm)

L(ajiayg, - 2g) = (0 1 2p), jEM. (4.1.1)

J
ny g my m;.

Let j € n, we have

q

¢ _ q :
m;; = dyng;, © € 1.

ij
q=0

Multiply this equation by x; and sum over ¢ to obtain

n n S

¢ _ q,.q ...
Zmijxi = szﬂ’isz
=1

=1 gq=0

n S n
_ 0 § 0 E q E q
i=1 g=1  i=1

By the definition of connection matrix  and Equation 2.1.1, we have > | mfjx,- =

, n 0. — 1. n 9 p. — 7
o ter, Y njri =y, and Y 1L nlw; = Ty, q €s. Hence

Tyi = dyz; + Zdzxné, ler.
q=1
Since the ¢th component of L(x;; Tugs ) is d)z; +ZZ:1 dg:)sng, we have proved
(4.1.1), and so M <; N. O

Remark 4.1.7. Using the same proof, Lemma 4.1.6 holds for scalar signalling net-

works M(S) (cf. Example 2.1.14).

Proposition 4.1.8. (Notation of Definitions 4.1.4, 2.1.13.) N ~; M iff N(LL) ~
M(L) iff N(S) ~ M(S).

2gee Section 2.1.1
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Proof. It N' ~; M then obviously N (S) ~ M(S) and N (L) ~ M(L). Con-
versely, if either N'(S) ~ M(S) or N (L) ~ M(L), then we have A(M) = A(N)
(Theorem 3.0.6) and so N’ ~; M by Lemma 4.1.6. O
Remark 4.1.9. Lemma 4.1.6 and Proposition 4.1.8 in general fail for networks
which have (some) symmetric inputs, discussed in the next chapter. However,
there is no difficulty in extending the results to networks which have more than

one class of cell as long as the inputs are asymmetric. In particular, the algebraic

condition A(M) = A(N) is required to hold for each cell class.

4.2 Output equivalence

Output equivalence is applicable to coupled cell networks with general phase space
(manifold) and continuous models as well as some classes of discrete systems.
The basic idea is that a network N ‘output dominates’ a network M if given a
system F € M, we can find a system G € N which has identical dynamics to
F and is such that each cell in G is built from several cells in F together with a
single Add-Subtract cell and Scaling cells acting on (un-integrated) outputs (see

Figure 2.5(b)). We start with a simple example to illustrate the ideas.

Example 4.2.1. Let M, N be the network architectures of Example 4.1.1 (see
Figure 4.1). We show M < A by combining outputs rather than inputs. Suppose
that the model for F € M is

xl - f(zl;xlaxQ)y

Ty = f($2;$1,932)-
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4.2 OUTPUT EQUIVALENCE

We look for a model g for G € N, F < G, such that

g(xo; 1, 2) = Z cy fy (o 21, T2),

Y

where the sum is over all maps v : {1,2}—{0,1,2}, f,(zo; 21, 22) = f(Z0; T(1), T(2))
and ¢, € Q. In order that the dynamics of G is identical to that of F, it suffices that
g(x;z,y) = f(z;z,y) and g(z;y,y) = f(z;y,x). A straightforward computation

shows that there is a two parameter family of solutions for g given by

(w021, 02) = af(vo; @, x2) + (o — 1) f(x0; 2o, 1) +
(1 —a)f(wo; w0, 22) + (1 — B) f(w0; 71, 20) +

(B — ) f(xo; 21, 21) + Bf(w0; T2, T0) — Bf (05 T2, 71),

where o, § € Q. If we take a =1, f = 0, we get

g(xo; 1, x2) = f(xo; 21, 2) + f (20521, 20) — f(T05 21, 71),

which should be compared with the solution found in Example 4.1.1. We can build
the system G so as to realize the dynamics of F using Add-Subtract cells together
with the cell used in F. See Figure 4.3 (and also Figure 2.5(b)). Observe that
the system shown in Figure 4.3 can be transformed back into the system F by
removing the outer triangles defining cells of class B and then cancelling outputs
using linearity (of vector fields). Note that unlike the input based analysis of

Example 4.1.1, this configuration works whatever the phase space.
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Figure 4.3: The system G built using 3 cells from F and an Add-Subtract cell.

We now formalize the concepts of output domination and equivalence. For
simplicity, we work with the case of asymmetric inputs. However, the definitions
extend easily and transparently to allow for symmetric inputs, discussed in the
next chapter.

Suppose that M is a smooth manifold and f: M x M"—=TM, g : M x M*—TM
are smooth families of vector fields on M, r,s € Z*. Let A(r, s) denote the set of

all maps v : {1,...,r}—{0,...,s}. If y € A(r, s), define f, : M x M*—TM by

f(@o; @1, ... xs) = f(20;T5q)s - - - ), (To, (@1, ..., 25)) € M x M?).

(Addition is in T,,M.)

Definition 4.2.2. Let M be a vector space, n > 1, and r,s be non-negative
integers. Suppose that f: M x M"—=TM, g: M x M*—TM are families of vector
fields, m = [m!,... . m"] € M(r,n;Z), n = [n! ... n"| € M(s,n;Z) are connection
matrices and C': A(r, s)—Q. We say f is (C, m, n)-output dominated by g, written

f <?C,m,n) 9; if
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L.g=> caps C(V)f; (as a sum of vector fields on M).

2. For j € n we have g(:z:j,:vn{,--- ) = f(zj;xmgl-,--- T

).

m].

Remarks 4.2.3. (1) Just as for input domination, a necessary condition for output
domination is {m},...,m/} C {j,n,....,nJ}, j € n. (2) We say f is output
dominated by g if f <(Oc,m,n) g for some choice of C.

(3) It is possible to extend Definition 4.2.2 to apply to discrete systems defined on
compact M provided that f : M x M"— M is sufficiently C°-close to the projection
m(xo; X1, ..., x,.) = Tg. For this, we may use the exponential map of a Riemannian

metric on M so as to define uniform local linear coordinate systems at every point

of M.

Definition 4.2.4. Let M and N be coupled identical cell networks such that

(b) Cells in M have r inputs, cells in A/ have s inputs.

(c) If we fix an ordering Cy, ..., C, of the cells in A/, then the associated con-

nection matrix is n = [n!, ... n"].

We write M <o N if there exist C' : A(r,s)—Q and an ordering of the cells of
M, with associated connection matrix m, such that for every F € M, there exists
G € N for which f <?C’,m,n) g. N <o M and M <o N, we say N and M are

output equivalent and write N ~o M.

Remark 4.2.5. We write M <oz N if M <o N and we can choose the map C' of
the definition to be Z-valued. We similarly define M ~g 7 N. We have M <o 7z N
in Example 4.2.1 (indeed, M ~¢ 7z N).
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Theorem 4.2.6. (Notation and assumptions as above.) N ~o M iff A(N) =
AM) iff N ~ M.

Here, we prove Theorem 4.2.6 when the cells have asymmetric inputs. The
proof for the case of symmetric inputs is given in Chapter 5. We break the proof
of Theorem 4.2.6 into a number of lemmas of independent interest. These lemmas
also give a simple algorithm for computing an explicit output equivalence. As
remarked in Chapter 2, the non-trivial part of this result is the construction of
the output equivalence, granted that the algebraic condition A(N) = A(M) is
satisfied.

Let M be a coupled n identical cell network and suppose that cells in M
have r > 1 asymmetric inputs. Let A(M) = {My, My, ..., M,} be the set of
adjacency matrices. Given u € r, let M™ be the n identical cell network with
r — 1 asymmetric inputs and A(M™*) = A(M) ~{M,}. That is, M~ is obtained

from M by removing the uth input from each cell.

Lemma 4.2.7. (Notation and assumptions as above.) If u € r then A(M) =
AM™) iff M ~o M7

Proof. We start by showing that A(M) = A(M™) implies M ~o M™". Per-

muting inputs we may and shall assume u = r. If A(M) = A(M™"), then
M, =Y " d'M, (4.2.2)

where d°,...,d"' € Q. It suffices to show M <o M™" (the reverse order is

trivial). Suppose F € M has model f : M x M"—TM. Define g : M x M"™ ' =T M
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by

r—1
g(zo; 1, @) = Zdif(l"o;l"l, T Ty, T).

Using (4.2.2), we show easily that if j € n, then

g(zjaxm{>"' y Ly ):f(l'],l'm{, 7$mJ)7 (423)

r—1 T

where [m', ..., m"] is the connection matrix for M. If G € M~ has model g, then
f is output dominated by g. Hence M <o M™". It remains to show that if M ~¢
M™% then A(M) = A(M™*). This can either be seen by reversing the previous
argument or by observing that if M ~o M™ then certainly M(L) ~;, M~*(L)
and so A(M) = A(M™) by Theorem 3.0.6. O

Lemma 4.2.8. (Notation and assumptions as above.) If the network M* is derived

from M by removing inputs so that

(a) A(M*) = AM),

(b) A(M*) is a linearly independent set (and so a basis for A(M)),
then M* ~o M.

Proof. The result follows by repeated application of Lemma 4.2.7. O
Remark 4.2.9. For networks with asymmetric inputs, M* is automatically minimal
in the sense of Aguiar & Dias [6]. That is, the number of inputs of M* is minimal.
However, if we allow symmetric inputs then M* may not be minimal even if M*

satisfies (a) and (b) of the lemma.
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0 2
Example 4.2.10. Let M be the network with non-identity adjacency matrix
20
Here, A(M*) = A(M) but M* is not minimal in the sense of Aguiar & Dias [6].
0 1
The minimal network associated to M has non-identity adjacency matrix
10

Lemma 4.2.11. If A(M) = A(N) then M ~o N.

Proof. Tt follows from Lemma 4.2.8 that we can assume that A(M), A(N) both
define bases of A(M). In particular, cells in both networks have the same number
of inputs. Let A(M) = {My,..., M.}, AIN)={Ny,...,N,}. Suppose that there
is exactly one j € r such that N; # M; (of course, My = Ny = I). Permuting

inputs, it is no loss of generality to assume j = r. We prove M <o N. Since

M, € A(M) = A(N), we may write
M, =Y dN, (4.2.4)

where the coefficients d° € Q and are unique. Suppose F € M has model f :
M x M"—=TM. If we define g : M x M"—TM by

T
g(zo;wn, -+ @) = Y d'f(wo;wr, - 1y, 3),
=0

then g will be the model for a system G € A and ¢ will output dominate f. The
proof of the reverse order N' <o M is exactly the same. The general case now
follows by observing that we can transform M into N by modifying one input at

a time. O
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Remarks 4.2.12. (1) Lemmas 4.2.7, 4.2.11 give an iterative algorithm for construct-
ing an explicit output equivalence. Even if A(M), A(N) are both bases, the output
equivalence need not be unique — see Example 4.2.1.

(2) Using similar methods to those given above, we can show that if A(M) C A(N)
then M <o N. Indeed, we may give an explicit formula that realizes the output
domination. Suppose that cells in M have r inputs, cells in N have s inputs. For
each u € r, let M, = >"7_ d\N; where [d,] € M(r+1,s;Q). If F € M has model

f, and we define

S S

glwo;zr, - x) =Y > ([T di) faos s, i),

i1=0 ir=0 u=1
then g models the required system G € N.

Lemma 4.2.13. M ~o N = M ~ N = A(M) = AN).

Proof. It M ~g N then obviously M ~ N. Hence, M(L) ~ N(L) and so
A(M) = A(N) by Theorem 3.0.6. O

Proof of Theorem 4.2.6 The proof is immediate from Lemma 4.2.11 and 4.2.13.
O

Remarks 4.2.14. (1) Theorem 4.2.6 extends easily to networks containing more
than one class of cell. Output equivalence holds iff we can index cells so that the
condition A(M) = A(N) holds for each cell class. (2) Theorem 4.2.6 applies to

scalar signalling networks (Definition 2.1.13) — the proof is formally identical.

o4



4.3 EXAMPLES

4.3 Examples

4.3.1 Systems with toral phase space

In this section we consider coupled systems with phase space a torus T?, ¢ > 1
(more generally, everything we say works for a phase space of the form R” x
T4, ¢ > 1). Suppose that M, N are coupled cell networks. It follows from
Theorem 4.2.6 that A(M) = A(N) iff M ~o N. Soif A(M) = A(N), we always
have M(T) ~o N(T). As we shortly see, this is not necessarily so if we work
in terms of input equivalence. That is, A(M) = A(N) does not generally imply
M(T) ~; N(T). However, if M ~;7 N, then we do have M(T) ~; N(T). This
is so since adding integer multiples of angles gives a well-defined angle. Thus, the

networks of Example 4.1.1 are input equivalent.

B1 fj B2 |~— < B3 |=—A
f//

Figure 4.4: Networks M and N differ in the first input to Bs.

Example 4.3.1. In Figure 4.4 we show two networks M, N that differ only in the

first input to B,. For the network M, this input comes from Bs, for A/ it comes
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from Bs. The non-identity adjacency matrices for M are My = I,

101 001 000
Mi=10 00|, Ma=1]110]|,Ms=1]100

010 0 00 011
1 01
The adjacency matrices for N are given by Ng = I, Ny = |0 1 0], N2 =
0 00

My, N3 = Ms. Tt is straightforward to verify that A(M), A(N) both define a basis

for A. Moreover,

1
N, = §(M0 + My + My — Mj),

M1 - —N0+2N1 —N2+N3,

and so A(M) = A(N) = A. Suppose that F € M(T) has model f and G € N (T)
has model g. We assume both systems have phase space T and denote the variables
for F by 6; and for G by ¢, ¢ € 3. With these conventions the differential equations

for F and G are given by

0 = f(91;91,‘92792)7 P = 9(¢1;¢1,¢2,¢2),
0y = [f(02;05,05,05), ¢35 = g(¢a; P2, P2, ¢3),
Hé = f(93;91791793)7 (bé = g(¢3;¢17¢17¢3)-

Since A(M) = A(N), we have M ~ N and so M ~o N. In particular, if F and
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G are output equivalent then an output equivalence is given by

F(60:00,02,65) = 3 (9(60: 60, 62,65) + 9(00; 61,05, 05)
+9(6o; 02,02, 03) — g(6o; 03, 02, 65)),

9(P0; b1, 62, 03) = —[f(do; G0, D2, P3) + 2 (do; 1, @2, ¥3)
—f(Po; b2, P2, @3) + f(¢0; O3, P2, P3).

We emphasize these relations are not unique. There is a system of 24 linear
equations in 64 unknowns which determine the possible output equivalences, we
present one solution from a 40-dimensional family. Our solution is given by the
proof of Theorem 4.2.6. The question of input equivalence is more subtle. We have

F <1 G if and only if

9(Po; 1, G2, 3) = f(D0; 201 — Po — B2 + P3, P2, P3). (4.3.5)

The input equivalence is uniquely determined and well defined since coefficients
are all integers. On the other hand, G £; F since the relation for input equivalence
has to be

1
f(00;01,04,05) = g(o; 5(‘90 + 60, 4 02 — 03),09,03),

and this is not well-defined on the torus.

If instead we consider discrete dynamical systems on T, we see that if (4.3.5)
holds then M <7z N and M <oz N. Hence M(T) < N(T) for discrete dynam-
ics. The converse relation is less clear. Certainly, N' 477z M. It is conceivable

that N' <oz M if there exist output equivalences in the 40-dimensional family of
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solutions which have integer coefficients — however, it is easy to see that there are
no such solutions. Nevertheless, there remains the possibility that N(T) < M(T)
for discrete dynamics. Indeed, if we assume that there exist p € Z and ¢ € T
such that |g(6o; 61, 02,03) — (c+ pby)| < w/2, for all by, ...,03 € T, then, using the
exponential map for T3, we can define f as above so that ¢ is output dominated
by f. More generally, we can always continuously deform f, g to their lineariza-
tions and reduce the question to a problem of output equivalence of discrete linear
systems. For example, if we take g(do; @1, 02, 3) = ¢o + @1, then it is not possible
to find f realizing the same discrete dynamics as g. On the other hand if we take
9(Po; @1, P2, P3) = 2(¢o + ¢1), then we can find f realizing the same discrete dy-
namics. All of this shows that there are topological obstructions to the equivalence
of M(T) and N(T) for discrete dynamics. None of these issues arise if we assume

scalar signalling networks.

Theorem 4.3.2. Let M(T) and N(T) be coupled cell networks with asymmetric

inputs and discrete dynamics. Then the following are equivalent.
1. M < N.
2. M <o N.
3. A(M) C Z-span of A(N).

Proof. Let A(M) = {My = I, M;} and each cell in N has ¢ asymmetric inputs.
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(3= 1): Let M, = Yt ANy, where \; € Z, i € £. Define

)4
g(wo;wn, -+ we) = flzo, Y Aity).
1=0

Defining g : T x T — T as above, g is T-periodic in each variable and is well

defined. Now, it is easy to check that M <; N.

(2 = 1): Suppose a coupled cell system with network architecture M is modelled
by f: T xT — T, which is linear, that is, f(z;y) = y. Since M <o N, there exist

constants \; € R, ¢ € £ such that

l

‘ ‘
g(zo; 21, -+, m0) = Z)\i f(@o; ;) = Z)\i zi = [ (@o; Z)\i ;).
i=0 i=0

=0

Since g is 27m-periodic in each variable, for ¢ to be well defined, \; € Z, for all i € /.

By writing down in matrix form, it is easy to see that M; = Zf:o Ai ;.
(3 = 2): As above, let M; = Zf:o \;N;, where \; € Z, i € £. Define

g(xo; 21, ) = Z&f@m%)-

Defining g : T x T — T as above, g is T-periodic in each variable and is well

defined. Now, it is easy to check that M <o N.

(1 = 3): Let M <; N. Then g(zo;x1, - ,20) = f(xo,Zfzo \ix;), for Ay € R,
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i € £. Since g is 2m-periodic in each variable, for all k; € Z,

g(xos a1, - @) = g(wosxy + 2k, -+, 0 + 2km)

4 I
=0 =0

Choose kg = 1, k; = 0, ¢ € £, we must have \g € Z, hence \y € Z. Similarly, we
can show that \; € Z, i € £. Thus A(M) C Z-span of A(N).
O

Theorem 4.3.3. Let M(T) and N(T) be coupled cell networks with asymmetric

wputs and continuous dynamics. Then the following are equivalent:
1. M <o N if and only if A(M) C AN).
2. M <; N if and only if A(M) C Z-span of A(N).

Proof. Let A(M) = {My = I, M;} and each cell in N has ¢ asymmetric inputs.
(1) The statement follows from Lemma 4.2.11.

(2) («=): Let M, = Zf:o \;N;, where \; € Z, i € £. Define

4
g(xo;wr, -+ we) = flxo, ¥ Nity).
1=0

Defining ¢ : T x T — R as above, g is 27-periodic in each variable and is well
defined. Now, it is easy to check that M <; N.

(2) (=): Let M <; N. Then g(xo;x1, - ,2) = f($0,Zf:0 \ix;), for Ay € R,
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i € £. Since g is 2m-periodic in each variable, for all k; € Z,

g(xos a1, - @) = g(wosxy + 2k, -+, 0 + 2km)

4 I
=0 =0

Choose kg = 1, k; = 0, ¢ € £, we must have \g € Z, hence \y € Z. Similarly, we

can show that \; € Z, i € £. Thus A(M) C Z-span of A(N).

4.3.2 Systems with non-Abelian group as a phase space

We look at two examples where the phase space is the non-Abelian Lie group SO(3)

(what we say holds for any connected non-Abelian Lie group).

Example 4.3.4. We consider the networks M and A of Example 4.1.1. We choose
systems F € M(SO(3)) and G € N(SO(3)). Denote the corresponding models by
f and g respectively where f, g : SO(3) x SO(3)2—=T'SO(3). In this case we may

define input equivalence using the group structure on SO(3). Specifically, if we

have g(70; 71, v2) = f(Y0; 71, %071 2)s Y0, 71, Y2 € SO(3), then

g7, 7) = FOs s e) = O, ),

g(v2sv,m) = FOres v Y20 ) = f(v23 71, 72),

and so f is input dominated by g (note that the order of the composition y17; v,
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matters). We obtain the reverse relation by taking

9(v0;71,72) = F(03: 71, 117 V2)s Y0, V1572 € SO(3).

Hence M(SO(3)) ~; N(SO(3)). Exactly the same arguments show that for dis-
crete dynamics on SO(3) we have both input and output equivalence with these

network structures.

Theorem 4.3.5. Let N be a coupled cell network with asymmetric inputs and
adjacency matrices Ny = I, Ny, -+, N;. Let M be a coupled cell network with
asymmetric inputs and adjacency matrices My = I, M. Let n(M) = N = n.
Suppose there exists N; # N; such that My € Z-span of No, N;, N;. Then M(G) <

N(G), where G is a non-Abelian Lie group.

Proof. WLOG, assume that i = 1,7 = 2 and

Ml = CI,NQ + le + CNQ, (436)

where a, b, c € Z\{0}, a+b+c = 1. Also, at least one of a, b, ¢ has to be negative and
at least one of a, b, ¢ has to be positive. It can be shown that a > 0,b < 0,c < 0 is
only possible when Ny = N; = N,, which is not the case. Thus the only possibility
isa>0,b>0,c<0. It is easy to check that for each cell k € n, either k = n? or,
n? =nj or, k =n; =n;. Let F € M(G), G € N(G). Denote the corresponding
continuous models by f : G x G — TG, g : G x G* — TG. Let ¢ = —d, where
d > 0. Define

g(x;y,2,Z) = f(x;x“z_dyb). (4.3.7)
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We can check that for each k € n, z1 = agr b, . Thus, M(G) <; N(G). The
k k
same result holds for discrete dynamical systems with these network architectures.

O

Example 4.3.6. We start by considering input equivalence for the networks M, N/
of Example 4.3.1 when the phase space is SO(3) and we consider continuous dynam-
ics. Suppose that F € M(SO(3)) has model f, where f : SO(3) xSO(3)3*—T'SO(3).
We attempt to construct a model g for G € N which input dominates f. For ex-

ample, we can try g(7o;71,72,73) = f(0; 73 37 V3, 72, 73)- We find that inputs

do not match for the second cell:

9(h2; D2, Po, B3) = [(B2; 03" P32, o, 03) # [(2; b3, P2, B3).

It is easy to verify that whatever the order of composition of 75, 72, 75 ', 73,
inputs do not match for at least one cell. Consequently, M(SO(3)) A1 N(SO(3)).

Similar arguments show that N (SO(3)) 4; M(SO(3)) and that input domi-
nation either way fails for discrete dynamics. It is not clear whether or not we
have NV (SO(3)) <o M(SO(3)) for discrete dynamics though the output equiva-
lence that works for vector fields will not work for discrete dynamics. There is
nothing we can say concerning the reverse relation. In particular, for discrete dy-
namics, we do not know whether either of the relations N (SO(3)) < M(SO(3)),
M(SO(3)) < M(SO(3)) holds let alone whether or not we have equivalence.
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Chapter 5

Dynamical Equivalence : General

Networks

In this chapter, we will define the notion of input and output equivalence for
general networks; networks with asymmetric inputs are a particular case. We did
the analysis of asymmetric inputs separately because in such networks the results
are more transparent and have independent proofs. In this chapter we extend the
results of Chapter 4 for general networks. The results are more surprising and
interesting in this case on account of the symmetry in the input structure. As a
corollary of our proofs, we obtain algorithms for transforming from one network
architecture to an input or output equivalent architecture so that each cell in the
second architecture is expressed in terms of cells from the first architecture and
conversely. We illustrate these algorithms, as well as instances of the input and
output equivalence theorems and the lemmas needed for their proof, by a number of

examples. Unlike in Chapter 4, we give most examples in a form that emphasizes
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the relations of output or input domination and we do not usually write down

explicit dynamical equations.

5.1 Output equivalence

Let M and N be coupled n identical cell networks. Denote the cells of N' by
Dy, -+, D, (this fixes an ordering of the cells). Suppose cells in A/ have s inputs
and ¢ input types with s; inputs of type ¢, for i € q (s = > {_; s;). Let AN) =
{Ng = I, N; € My, (n;Z"), i € q} be the set of adjacency matrices and A(N')
denote the subspace of M(n;Q) spanned by A(N). Let n = [n',--- n"] be a
connection matrix for A/. In this section we always assume that n is the default
connection matrix ! and so the vectors n{ are uniquely determined by the condition
ngé < ngg, if ¢ < {'. We adopt similar conventions for the network M but now
suppose there are r inputs and p input types. Given an ordering of the cells of M,
we let AM) = {My =1, M; € M,,(n;Z"%), i € p} denote the set of adjacency
matrices and A(M) denote the subspace of M(n; Q) spanned by A(M). Denote
the associated default connection matrix of M by m = [m!,--- m"].

Next we formalize the concepts of output dominance and output equivalence
for networks with symmetric inputs.

Let Gy = [[L, Ss;, where S, denotes the symmetric group on s; symbols and
we have taken sp = 1 (so that S, = S) is the trivial group consisting of the
identity). We define G =[]0, S,,, where ro = 1.

We take the natural action of G on § (we regard s as identified with {s;,--- ,s,}

Isee Section 2.1.1
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and § = {0} Us). Let A(r,s) denote the set of all maps v : r—8. We have natural

left and right actions of Gy and G o on A(r, s) defined by

V= 0y, 7 EAs), o€ Gy,

7'_)767 ’}/EA(T’,S), 6€GM

A map C : A(r, s)—Q will be Gpr-invariant if C(vy) = C(o7y) for all o € Gyr.

Let M be a smooth manifold. We write points X € M x [[?_, M" in the form
X = (Xo; Xy, -+, X,), where X; = (2%, , ), i € p. We often write xo rather
than Xg as the variable belongs to a single factor rather than a product of factors.
We use similar notation for points in M x [[7_, M*. Given j € n, i € p, we let

X, € M" be the variables defined by the connection vector m’. We similarly

define an_- € Msi for i € q. Gpq acts on X € M x [[?_, M" by

BX = (Xo; 51Xy, -+, 8 Xp),

o1 1 V4 D
= (Ko a1 Ty () L,y ’xﬁp(rp))’

for = (81, - ,0y) € Gm =11y Sri. G similarly acts on X € M x [[{_, M*.
Let f: M x [[}_, M""—=TM be a family of G -invariant vector fields on the

smooth manifold M. For v € A(r,s), define f, : M x [[}_, M**—=TM by

f’y(’ro;xla o ,Is) = f('ro;x’y(l)v' te 7'r’y(1“))7

where (zo; @1, -+ ,x5) € M x [[1_, M.
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Definition 5.1.1. (Notation and assumptions as above.) Suppose that f : M X
le M"i—=TM is Gpq-invariant, g : M X H;’zl Ms—=TM, and C : A(r,s)—Q is
G y-invariant. We say that f is (C, m, n)-output dominated by g, written f <?C’,m,n)

g, if
1' g = nyéA(r,s) C(V)f“{

2. For j € n we have g(xj;Xn{,-~- ,Xng) :f(xj;Xm{,-~- vag;)-

Remark 5.1.2. Since C' is Gp-invariant, g = ZVeA(m) C(v)f, is automatically

G n-invariant, even if f is not G -invariant. We use this remark below to obtain

a useful simplification of the formula g =3 _ Agms) CONJy-

The next three lemmas (Lemmas 5.1.4, 5.1.5, 5.1.6) show that the number of
terms in the relation between ¢g and f can be reduced using the G -invariant
property of f. The reduced relation obtained will define a new G y-invariant map
C. Before we state and prove these lemmas, it may be helpful to illustrate the

ideas by means of a simple example.

Example 5.1.3. Let the single input type networks M and N have non-identity

11
adjacency matrices M; = and N; = respectively. As usual,

1 2 11
My = Ny = 1. We have M| = I + N;. If F € M has model f and we define

9(xo; w1, 02) = f(T0; o, 71, T2), (5.1.1)

then ¢ models a system G € N with identical dynamics to F. In this case, G =

Sy, Gy = (o) = Sy, where o(x1,x9) = (x9,21). Obviously, g(zo;o(z1,22)) =
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g(xo;z2, 1) = f(x0; 20, 22,71) = f(T0; X0, 21, 72) and so g is Gp-invariant. Fol-

lowing Definition 5.1.1, we may also define g by

9(zo; x1, x2) = af(zo; xo, 1, x2) + bf (T0; X0, T2, 1),

where a+b =1,a,b € R. Since f is G -invariant, the expression for g is equal to

that given by (5.1.1).

Lemma 5.1.4. (Notation and assumptions as above.) If f is G pq-invariant, then

fy = fyp for all B € G .

Proof. The model f is Gy -invariant and so we have

f(ifo;ifl, T Jr) = f(x0§fl7ﬁ(1)>"' axﬁ(r))a

for all B € G Hence, if § € Gy, v € A(r, s), we have

.f'y(xO; Ty, ,ZL’S) = f(fo; Ty), - >$7(r))>
= f(@o; Ty81), Ty
= fys(xos 1, -+, 7).
Therefore f, = f,3. O

Let A(r,s) = A(r,s)/Gaq denote the orbit space of A(r,s) under the right
action by G,. Since the actions of Gy and G on A(r, s) commute, the G-
action on A(r,s) induces a (left) Gy-action on A(r, s). Although a G-invariant

map C : A(r,s)—Q will not generally induce a map on A(r,s), we do have a
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trivial converse.

Lemma 5.1.5. (Notation and assumptions as above.) If C : A(r, s)—Q is G-

invariant, then C lifts to a Gy X G p-invariant map
C : A(r, s)—Q.

We regard the orbit space A(r,s)/Ga as the set of group orbits for the G-
action on A(r,s). It is convenient to fix a subset R = {~v € A(r,s)} such that
the {Gum7y | v € R} partitions A(r,s). That is, UyerGumy = A(r,s) and Gy N
Gmr £ 0 iff v =v.

Lemma 5.1.6. (Notation as above.) Suppose that f is Grq-invariant and C :
A(r,s)—Q is G-invariant. Then there exists a Gy X Gaq-invariant map C -
A(r,s)—Q such that

>, CNb=) CONfy

YEA(r,s) YER

Proof. We have

ST ocs=> < S C(T)fT) ,

vyeA(r,s) YER \T€G MY
By Lemma 5.1.4, f. = f, for all 7,v € Guy. Letting [7] € A(r,s) denote the

coset defined by 7, we define C([y]) = 3 C(7), v € R. This defines a G-

TEG MY

invariant map C : A(r, s)—Q. Let C: A(r,s)—Q be the Gy X G pq-invariant lift
given by Lemma 5.1.5. U

Remark 5.1.7. In the lemmas and examples in this chapter, the lifted map C will

be used to define the output relation between f and g.
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Definition 5.1.8. Let M and N be coupled identical cell networks such that
(a) Both networks have n cells.
(b) Cells in M have p input types, cells in N have ¢ input types.

(c) If we fix an ordering of the cells in A, then the associated connection matrix

isn=[nl ... n".

We write M <o N and say M is output dominated by N, if there exist an ordering
of the cells of M, with associated connection matrix m, and a G -invariant map C' :
A(r, s)—Q, such that for every F € M, there exists G € N for which fr <(OC',m,n)
gg. (Recall F is modelled by fr, and G is modelled by gg.) If M <o N and

N <o M, we say N and M are output equivalent and write M ~o N.

Remark 5.1.9. If all the inputs are asymmetric then any map C : A(r,s)—Q is a
G n-invariant map. Therefore, the above definition just reduces to the definition

of output equivalence for networks with asymmetric inputs (Definition 4.2.2).

Lemma 5.1.10. The relation <o is transitive.

Proof. Let M, N ,H be coupled n identical cell networks with r, s, ¢ inputs and
p,q,u input types, respectively. Suppose M <o H and H <o N. We show that
M <o N. Fix an ordering of cells in N/ with associated connection matrix n =
[n! .. n"]. Since H <o N, it follows by the definition of output domination that
we have an associated ordering of the cells of H, connection matrix h = [, -, h"]

and Gp-invariant map C; : A(t, s)—Q. If £ € H is modelled by k, there exists
G € N modelled by ¢ such that

70



5.1 OUTPUT EQUIVALENCE

(1) 9= ZUEA(t,s) Ci(0)ks

(2) For j € n we have g(xj;Xn{,-~- X ) =k(z;; X

g

X,,).

b Xy

Also, since M <o H, we have an associated ordering of the cells of M, connection

matrix m = [m! .- m"] and Gy-invariant map Cy : A(r,t)—Q. If F € M is

modelled by f, there exists K € ‘H modelled by k£ such that

(3) k= Z’YEA(T’,t) 02(7)]07
(4) For j € n we have k(mj;thl-, . ’Xhi) = f(xj;ijl-, e ,szj)).

For o € A(t,s), set 7 = x4(; for i € t. We have,

g(zo;x1, -, ws) = Z Ci(0)ko(zos 1, - -+, @)

o€A(t,s)

= Z Cl( ) (x07'r0(1)7"' 7x0(t))
o€A(t,s)

= Z Cl an xl y T Zlf?)
o€A(t,s)

= Y Glo) Y CMhzoa], - af)
oc€A(t,s) vyeA(rt)

= D Glo) Y GOf(moagu, )
oc€A(t,s) vyeA(rt)

= Z Cl (U)Cz(’}/)f(l'm Tooy(1)s © 7'roo~/(r))-
o€A(t,s)
yEA(r,t)

Let A(r,s) = {coy € A(r,s) |y € A(r,t),0 € A(t,s)} C A(r,s). Define
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C:A(r,s)—Q by

(o) Ci(0)Cs(y) ifp=coye A(r,s)

0 if o € A(r,s) \ A(r, s)

Let f € Gy. We have C(f(ogo7)) = C((fo) o) = C1(Bo)Cs(y) = C1(0)Ca(y) =

C(o o7). Therefore, C'is G y-invariant and the relation between f and g given by

g(xo;xlu"' ,xs) = Z C(¢)f¢($0;$1,"' 7'rs>-

(i)EA(r,s)
Hence M <o N (input matching conditions follow from (2,4)). O

Example 5.1.11. Let M, K, N be single input type networks with non-identity

11 0 2 01
adjacency matrices M, = Ky = , Ny = respectively.

11 20 10
Note that M; = I + K;/2 and K; = 2N;. We claim that M <o K and K <¢

N. Indeed, if f : M x M?—TM is the model for the system F € M, then
h: M x M?—TM defined by

h(x;y, z) = %(f(x;y,x) + f(x; 2, 2)),

models H € K with the same dynamics as F € M. Similarly, if we define g :
M x M—TM by

9(z;y) = h(z;y,v),
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then ¢ models a system G € N with the same dynamics as H. Observe that

g(x;y) = h(x;y,y) = %(f(:v;y,x) + f(x;y,7) = f(z;9, 7).

It is easy to check that g models a system G € N with the same dynamics as

F e Mandso M <o N.

Before we give the main result of this section, we state and prove a useful result
about output domination (an analogous result holds for input domination — see
Lemma 5.2.3). We continue with our assumptions on M and A and assume that
we have fixed an ordering of the cells in A. Given an ordering of the cells in M,
denote the associated set of adjacency matrices by My, My, -, M,. For j € p,
let M; denote the n-cell network with one input type and adjacency matrices

{My, M;}. Denote the connection matrix associated to { My, M} by m;.

Lemma 5.1.12. (Notation and assumptions as above). The following conditions

are equivalent.
1. M <o N.
2. There exists an ordering of the cells in M such that M; <o N, for all j € p.

Proof. Suppose first that M <o N. By definition of output domination, we have
an associated ordering of the cells of M, connection matrix m and G y-invariant
map C' : A(r,s)—Q. If F € M has model f, there exists G € N with model g

such that
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(2) For j € n we have g(z;; Xy, -+ X ) = fla;; Xy, X )

g

Now suppose that f depends only on the variables (z,X;) € M x M?%. Then
the associated system can be identified with a system in M. The input matching
condition (2) implies trivially that we have the correct input matching for the
connection matrix m; of M;. Hence M; <o N. Conversely, suppose that there
exists an ordering of the cells in M such that M; <o N, for all j € p. For each
J € p, there exists a Gp-invariant map C; : A(r;,s)—Q such that if f7 is the

model for F; € M;, there exists G; € N with model ¢’ such that
7= >, G,
YEA(r;,8)

and the input matching conditions hold (with m replaced by m;). Now suppose

F € M has model f. We define g by
9= Z o Z Ci(m) - 'Cp(7p>f71-'-7pv (5.1.2)

71 EA(Tlvs) ’YPEA(TZNS)

where we define f., ..., by making the natural identification between [[%_; A(r;, s)
and A(r,s) (that is, using the identification of r and {ry,--- ,r,}). It is straight-
forward to verify that g does define a system G € AN which satisfies the input

matching conditions (2). O
Theorem 5.1.13. (Notation as above.) M ~o N iff A(M) = AN) iff M ~ N.

In order to prove Theorem 5.1.13 it suffices to show that

(A) AM) CAWN) = M <o N.
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(B) M <o N = M < N.
(C) M <o N = AM)C AN).
(D) M <N = A(M) CAN).

Statement (B) is trivial. We prove (C,D) by reducing to the case of linear
vector fields. Most of the work involves the proof of (A) and we start with the
proof of (A) and conclude with the proofs of (C,D).

We break the proof of (A) into a number of lemmas. These lemmas also
give an algorithm for computing an explicit output equivalence or domination.
Throughout we assume that M, AN are identical cell networks and follow our es-
tablished notational conventions. In particular, we assume given orderings of the
cells of M, N and associated adjacency and connection matrices and the inclusion
A(M) C A(N). The result extends to non-identical cell networks by applying the
proof cell class by cell class (see Chapter 4 and note that the linear equivalence

results in [18] apply to networks with multiple cell classes).

Lemma 5.1.14. If p = q, and M; = N;, i ¢ {a,b}, N, = M,, N, = M, then
M <o N.

Proof. If a = b, there is nothing to prove. Suppose without loss of generality that
a < b. We have r; = s;,1 € p\ {a,b}, 7, = sp, 7, = S,. Suppose that F € M has
model f: M x [[0_, M""—=TM. Define g : M x [['_, M* — TM by

g(xO;Xla"' >Xa7”' 7Xb>"' 7Xp):f(x0;Xla"' >Xba"' 7Xa>"' 7Xp)'

It is easy to check that g defines the required system G € N. O
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Remark 5.1.15. As a consequence of Lemma 5.1.14, we see that if the adjacency

matrices of M are a permutation of those of N/, then M ~p N

Lemma 5.1.16. Let p = 2, and My = Y, ,o;N;, My = > . p€;N;, where

jeB

A, BCq, and a;,e; €N, i€ A, j e B. Then M <o N

Proof. Suppose that A = {ay, -+ ,a,},B = {b1, -+ ,by} C q. Suppose that
F € M has model f: M x [[-.; M""—TM. Define g : M x [["_, M* — TM by

9(X0§X1> 7Xk) = f(XO;Xglla T 7X357X21a e 7X23)a

where X; € M*® (variables corresponding to inputs of type i, i € q) and X¢
denotes X; repeated « times. It is straightforward to check that g defines the

required system G € V. 0O

Example 5.1.17. (Illustration of Lemma 5.1.16) Let N be the network with non-
3 0 2 1 00

identity adjacency matrices Ny = |1 2 2|, Na= 11 2 0|, and Q be the
0 20 00 2
4 0 2 2 00

network with non-identity adjacency matrices P= |2 4 2, Q=10 2 0

02 2 00 2
It is straightforward to check P = N; + Ny, @ = 2N, and so A(Q) C A(N).

Suppose that F € Q has model h : M x M%x M? — TM. Following Lemma 5.1.16,
we define g : M x M* x M? — TM by

9($0§$1a e ,1'4,1'5,1'6) = h([lfo;l'l, e ,1'4,1'5,1'6,1'0,1'0).
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It can be easily checked that g models the required system G € N.

The next two lemmas handle the most difficult cases of output domination.
Lemma 5.1.18. Let p = 1 and suppose M, = Ny — Ny then M <o N.
Proof. Set r1 = r, sy = § so that s; = r + 5. Suppose that F € M has model
f:MxM —TM. Set Z = (Xs,---,X,) € [[L_; M* (the variables represented

by Z play no role in what follows).
Define g : M x [[{_, M*" — TM by

g(l’o;l’l,"' y Lrgsy Y1, 5 Ys, Z)

= Z(—l)i Z f(l'0§ yil1> ce ’yg§’ Tjy ’xjrfz‘)7 (5'1'3)
1=0

Ci

where C; is the set of all (§ 4+ r — i)-tuples (a1, -+ ,az, j1, - ,Jr—i) satisfying a; +
etaz =14, 1 < < <gi ST+

Let .., =y;, 1 =1,---,8. It suffices to show that

g(ﬂfo;ﬂfl,"' y Lr4s, Y1, 00, Ys, Z) = f(flf(];.i(fl,"' 7']:7")’

Suppose t € r and by,--- ,b; € Z* satisfy Zle b; = t. We find the coefficient of

L0 bs :
flxo;y, -+, yst @y, -+, xj,_,), where j, €r, v €r —t.

Let (by,- - ,bs, 71, -+, Jr—t) € C; and m denote the number of b; that are greater

than equal to 1. We find that f(zg; 3%, - ,ygg, T, ,x;_,) appears in the sum

for g when t — m < ¢ <t and has coefficient (—l)i( t’fz) Hence, the coefficient of

t
i=t—m

this term is ) (=1)%(,™). This is zero unless m = 0 (¢ = 0), in which case the
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coefficient is 1 and we get f(zo;x1, -+ ,z,). Hence g defines the required system

GeWN. O

Remark 5.1.19. 1. Another way to write Equation 5.1.3 is

g(l’o;l’l,"' y Lrgsy Y1, 00 5 Ys, Z)

= (_l)i Z f(xmykn"' yYkiy Tjysw* ’xjrfi)' (5'1'4)
i=0 1< 1 <o i <T+S
i<ki<<ki<s

2. The following combinatorial identity follows from Equation 5.1.4.

T ) ~ . 1 ~
Z(—1)2<S+Z. )(HS.):L VrseN,
; i r—1
=0

Example 5.1.20. (Illustration of Lemma 5.1.18) Let Q be the network of Ex-

ample 5.1.17 and R be the network with non-identity adjacency matrix R; =
2 0 2

2 2 92|. It is straightforward to check Ry = P — @ and so A(R) C A(Q).

020
Hence, by Lemma 5.1.18, we have R <o Q. Suppose that F € R has model

e: M x M* — TM. We construct G € Q with model h such that e is output

dominated by h. Noting Remark 5.1.19, we define h : M x M% x M? — TM by

—~
—_
~—r
<.

E e(X0; Thys -~ s Thys Tgys - 1 X, ). (5.1.5)
i=0 1<j1 <+ <ja—i<6
T<k1<-<k;<8
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It can be easily checked that h models the required system G € Q. We can define a
new cell class D, built from the cells of the system F, which realizes the dynamics
of F when these cells are coupled according to the network architecture Q. See

Figure 5.1.

<+ - -

‘ 4
ool

<+ -

Figure 5.1: The cell D. The choose and pick cells are linear combinations of the
vector field f modelling F.

Lemma 5.1.21. Ifp=1 and M; = %Nl, then M <o N.

Proof. Just as in the proof of Lemma 5.1.18, the variables X; € M® play no role
if 7 > 1 and so it is no loss of generality to take p = ¢ = 1. The computations
do not use the internal variable which we also omit. Since p = ¢ = 1 and there
is no internal variable, all functions will be symmetric and we omit the overline
signifying symmetry. Since the case when m = 1 is trivial we assume m > 2.

Set r1 = r,s1 = s and note that s = mr. Let J denote the set of all tuples
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v

J = (J1, - ,ju) of positive integers such that j; > jo > --- ju > 1 and

Soi, ji = r. We define lexicographical ordering on J:
j = (.jh e 7]“) > j/ = (jiv T 7.].1/1,/)7

if 3k € u such that
Ji =ji, i <k, and jp > jj.

/

Note that j > j' does not imply v < u/. The unique maximal and minimal
elements of J are (r) and (1,1,---,1) respectively.

Suppose f: M x M" — TM models F € M. Define g : M x M"™ — TM by

9@ ) =Y ¢ Y flale 2k, (5.1.6)

JjeJ i1, iuw€Erm

where ¢; € Q are constants to be determined. For fixed j € J, define

gj(*rlv"'vme): Z f(lelvxsz)

i1, ,ly Erm

Thus
glzy, - ) = chgj(xl, e ).
JjeJ
We remark that each g; is symmetric in (21, -+, %,,). Hence g is symmetric in
(:I:la e ’:prm).

Givenj = (j1,*+ ,Ju) € J,define J(j) C J toconsistof all & = ({1, -+, £y) >
7 such that each ¢; can be written as a sum Zigt Jiy Iy C .

Suppose we are given yi,---,y, and § € J. Suppose Ti,- - ,Tp = Y1; " *;
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T(r—1)m+1," " Trm = Yr. Then there exist strictly positive integers Az such that

g ) = Y Ay ),
)

LeJ (3
where
Felyr, o) =D Fl -y,
and the sum is taken all distinct «/-tuples (i, - ,i,) of integers in r. Each fp is
symmetric in y1,--- ,y.. We have

gy =D e | D Adfely )
jeg LeJ(5)
We choose the coefficients ¢; so that g(yi*,---,y") = f(y1,---,¥). The term
f(y1,- -+ ,y,) only occurs once in the sum we have for g (when j is the minimal
element (1,1,1,---,1) of J). Hence cq,... 1y is uniquely determined. Our choice
of order on J orders the the rows of the matrix of the linear system and our
construction implies that the matrix is in upper triangular form. Hence we can

solve for the coefficients c;. O

Example 5.1.22. (Illustration of Lemma 5.1.21) Let R be the network of Ex-

ample 5.1.20 and M be the network with non-identity adjacency matrix M; =
1 01

1 1 1. We have M; = ’—;. Suppose that F € M has model f: M x M? —

010
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TM. Following Lemma 5.1.21, define e : M x M*—TM by

e(x(];xlu" , L ZCJ Z f$07 117"'7 ZZ)

JeJ i1, ,iu€4

where J = {(1,1),(2)} (Lemma 5.1.21) and we have omitted the overlines denoting

symmetric inputs. Setting a = c(1,1), b = ¢(2), we have

G(LUO; Ty, ,1’4) =a Z f(.ﬁlf(]7 l’il,l’iz) + bz f(.ﬁlf(], e Zl,’il). (517)

11,i2€4 i1€4

After substituting z; = x9 = u, xr3 = x4 = v, we get the following terms:
f(zo;u,u), f(xo;u,v), f(xo;v,v). The coefficient of f(zo;u,u) and f(zg;v,v) is
4a 4 2b and the coefficient of f(xg;u,v) is 8a. Since we require e(xg; u, u,v,v) =

1

f(zo;u,v), we obtain a = g,b = —i.

It is straightforward to check that e models
the required system G € R. We can define a new cell class D, built from the class
C cells of the system F, which realizes the dynamics of F when these cells are

coupled according to the network architecture R. See Figure 5.2.

Lemma 5.1.23. If p =1, then A(M) C A(N) implies M <o N

Proof. Since My € A(N), we may write My = >, s \iN; — 3.5 AMilV;, where
A, B are disjoint subsets of q and for i € AU B, \; = b—l where a;,b; € N, and
(a;, b;) = 1.

Let A =1lem{d; | i € AU B} and define a; = A\\; € ZT,i € AU B. If we define

P = ZiEA a;N;, Q = ZZEB a; N;, then
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Figure 5.2: The cell D, built from class C cells

Let N be the network with adjacency matrices {I, P,Q}, and M; be the network

with adjacency matrices {I, R = P — Q}. Note that
L IfQ =0, M, =N,.
2.t A=1 M; =M.
3. fQ=0and =1, N = M; = M.

We claim that

M%o/\/h%o./\/l <0N.

Assuming the claim, the transitivity of <o (Lemma 5.1.10) gives M <o N. The
claim follows since Lemma 5.1.16 implies N7 <o N, Lemma 5.1.18 implies M; <o

N; and Lemma 5.1.21 implies M <o M. O
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Example 5.1.24. (Illustration of Lemma 5.1.23.) Let N be the network defined
in Example 5.1.17 and M be the network of Example 5.1.22. We have M; =
% + % — Ny. Following the notation of the proof of Lemma 5.1.23, we have A = 2,
P = N;+ N,, Q =2N,. Note that P, are the non-identity adjacency matrices
of the second network Q of Example 5.1.17. We have Q <o N (Example 5.1.17);
R <o Q (Example 5.1.20), and M <o R (Example 5.1.22). Since < is transitive,
M <o N. By using the output relations between g and h from Example 5.1.17,
h and e from Example 5.1.20, and e and f from Example 5.1.22, it can be shown

(see Appendix — Chapter 8.1) that the output relation between g and f is given

by
1
(203 1, T, T, T6) = 4 Y. flao T ) + flae; To, 7o)
1<j1<72<6
1 1
3 Z f(gfo%f’fjp%)—§ Z f(@o; To, T5,).

1<5:1<6 1<51<6
Lemma 5.1.25. If A(M) C A(N), then M <o N (statement (A) is true).

Proof. By Lemma 5.1.12, it suffices to show that M; <o N for all j € p. By

Lemma 5.1.14, we may assume j = 1. The result follows from Lemma 5.1.23. O

Lemma 5.1.26. If M <o N then A(M) C A(N) (statement (C) is true).

Proof. Suppose M <o N. The method we use is based on the linear equivalence
ideas described in [18]. Specifically, we prove that A(M) C A(N) by restricting
to the case where phase spaces equal R and vector fields are linear. (Notice that

output domination preserves linearity of vector fields.)

84



5.1 OUTPUT EQUIVALENCE

Let F € M have (linear) model f : R x [[/_; R"" — R. Then there exists a

system G € N with linear model g : R x [[7_, R* — R such that for each j € n

we have
g(x;; > SRR , X)) = fla; Xogoo Xt ) (5.1.8)
where an_' = <In{1’ e ,xngSi), i € q, and an_' = (Imfl’ e ,xmg”), 1€p. Let kep
and take
Tk
Flao Xy, X)) =Y @,
i=1
where X, = (Zy1, "+, Tyr, ), v € p. The corresponding g given by output domina-
tion is linear and so, noting the symmetry of inputs, we may write
q Si
9(@o; X1, -+, Xy) = crozo + chi Z%’e,
=1 =1
where X; = (z;1,- -, %), © € q, and the ¢,g are constants. From (5.1.8) we get

q S; Tk
CroTj + E Cki E xn{l = E aj‘“@’ ] €n.
=1 i=1

i=1

Putting these equations in matrix form, we obtain

1=0

Hence for each k € g, we have shown that M, € A(N) and so A(M) C A(N). O

Lemma 5.1.27. If M < N then A(M) C A(N) (statement (D) is true).

Proof. (Sketch) Working within the class of C'-vector fields with phase space R,
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it follows that if F has linear model f, then there exists G € N with C'-model
g such that G has identical dynamics to F. The statement remains true if we
replace g by the derivative of g at 0 € R x R? and then the method of proof of
Lemma 5.1.26 applies (essentially we reduce to linear equivalence, cf [18]). With a
little more work, we can remove the assumption that g is C' — identical dynamics
to a linear system implies the flow is linear and from this one can show that we

can always choose g to be linear. O

Proof of Theorem 5.1.13. Lemmas 5.1.25, 5.1.26, 5.1.27 give statements A,C,D
and, as noted previously, statement B is trivial. Interchange M and N to obtain

the reverse relations. O

5.2 Input equivalence

We start by giving the definition of input equivalence applicable to networks with
symmetric inputs. This a straightforward extension of the definition given in the
previous chapter for networks with asymmetric inputs. Aside from assuming that
models are defined on vector spaces V' rather than manifolds M, we closely follow
the notational conventions established in the previous chapter. In particular, M
and N will be coupled n identical cell networks. We fix an ordering of the cells
of N. Suppose cells in N have s inputs and ¢ input types. Let A(N) = {Np =
I, N; € M,,(n;Z%), i € q} be the set of adjacency matrices and A(N') denote
the subspace of M(n;Q) spanned by A(N). Let n = [n',--- n"] be the default
connection matrix for N

We suppose cells in M have r inputs and p input types. Given an ordering of
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the cells of M, we let AM) = {My =1, M; € M,,(n;Z%), i € p} denote the
set of adjacency matrices and A (M) denote the subspace of M (n;Q) spanned by
A(M). Let m = [m',--- ,m"] be the default connection matrix for M.

Let L = (Ly,---,Lp) € [[7_; M(r;, 1+ 37_, 55 Q) and define the linear map
L:Vx][[L, Vsi—][,, V" in the obvious (V-independent) way. Recall that L is

G m n-equivariant if there exists a homomorphism h : Gy—G o such that
q
L(W(X» = h(fy)L(X), for all v E GN7 X eV x HVSz
i=1

If f:Vx]['_, V"=V is Gu-invariant, define g : V x [[L_, V5=V by
g<X07 X17 e 7Xq) = f(X07 L(X()u X17 e 7Xq))- (529>

Since L is Gy a-equivariant, g is Gy-invariant. We write f <’(L7m’n) g, if
1. (5.2.9) is satisfied.

2. For j € n, we have g(a:j;Xn]i,--- ,Xng) = f(xj;ijl’,"' ,Xm%).

Definition 5.2.1. (Notation and assumptions as above.) The coupled cell network
M is input dominated by N, denoted M <; N, if there exist a linear map L, an
ordering of the cells of M, with associated connection matrix m, such that for

every F € M(L), there exists G € N(L) for which fr <{y, . 95- f N <y M and

M <; N, we say M and N are input equivalent and write M ~; N.

Remarks 5.2.2. (1) As we shall see later (Remark 5.2.13), the map L may not pre-

serve default connection matrices. However, since inputs are symmetric, it is no
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loss of generality to require the default connection matrix of M in Definition 5.2.1.
When we come to prove our main theorem, we allow for general connection matri-
ces.

(2) We write M <;7 N if M <; N and we can require the entries of L to lie in

Z). We similarly define M ~j 7 N.

Lemma 5.2.3. (Notation and assumptions as above). The following conditions

are equivalent.

1. M=, N.
2. There exists an ordering of the cells in M such that M; <y N, for all j € p.

Proof. The proof follows by observing that

f]: <zL,m,n) gg < f]—'j <ELj7mj7n) gg?

for all j € p, where L = [Ly,--- L], L; : V x [[L, Vsi=V"i F; € M;, and w
is the connection matrix induced on M; by m. O
As a consequence of Lemma 5.2.3, it will be no loss of generality in what follows
to assume that M has just one input type; that is, p = 1. We simplify notation
by setting r; = r. With these conventions, we have G, = 5, =~ 57 X 5.
Suppose that the linear map L : V' x [[{_, V* — V" is defined by the ma-
trix L € M (r,1+ 3% 5,Q). The map L is G n-equivariant if there exists a

homomorphism h : Gnr — G = S, such that
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forall v € Gy, X € V x [, V5.
Given a G y-invariant map f: V x V" — V and G a-equivariant linear map

L as above, define the Gy-invariant map g : V x [[_, V¥ — V by
9(Xo; X, -+, Xy) = f(Xo; L(Xo; Xy, -+, X))

Let L = [Ly,---,L,], where L; € Q x []_, Q% denotes the i row of L,
i € r. Since L(y(X)) = h(y)L(X) for all v € Gy, X € V x [[_, V*', we have
Ly, , L) (9X) = k() [L1,- -+, L] (X). That is,

YLy, v L] (X) = h(y) Ly, -+ Lo [ (X)),

where vL; is defined using the natural permutation action of Gy on QQ x H;I':1 Qs

1 € r. This is true for all X, hence

[’VLla"' a'VLT’] = h('y) [Llj"' >Lr]>

for all v € Gy

Definition 5.2.4. Suppose a finite group G acts on a non-empty set X. For

x € X, let Gx = {gz | g € G} denote the G-orbit of x.

Remark 5.2.5. We have |Gz| = |G|/|G,| where G, = {g € G | gr = z} denotes

the wsotropy subgroup of G at x.

Theorem 5.2.6. There exists u(< r) € N, ty,--- ,t, € N, with > " | t; = r such

that {L1,--- ., L.} = U;_ Gy L' where |Gy LY = t;. (We allow L' = L7 for i # j,
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i,j €u.)

Proof. [yLq,--- ,vL,) = h(y)[L1, -, L, for all v € Gy. Therefore, for each
ier,vL; € {Ly,---, L.} for all ¥ € Gy. Hence, the G-orbit of L; is contained
in {Ly,---,L,}. Suppose L, = L, for some k # j, then yvL, = yL; for all
v € Gu. So if an element is repeated m times then its full orbit is repeated m
times. Therefore, there exist u(<r) € N, L;,, for ji,---, j, € v with |Gar Ly, | =1,

and ) 7, t; = rsuch that {Ly, -+, L,} = U;_, GyLj,. Define L' = L;, ;i €u. O

Remark 5.2.7. For each i € u, there are t; choices for L;,.

From now on, we write the matrix of L in the form

[GyL', - GyL"].

That is, we group rows according to the group orbits of GGr. Note that this ordering
is imposing a condition on the order of inputs of M.

01 2
Example 5.2.8. Suppose p,g=1,s =51 =2,r=3, L= {0 1 1|. Then we

0 21
can take L' = (0,1,2), L? = (0,1,1). We have t; = 2 and t, = 1. If we write L in
01 2
the form [Ga L', Gy L?], then L= |0 2 1].

011
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5.2 INPUT EQUIVALENCE

5.2.1 Splittings and connection matrices

We recall from Chapter 4 that dynamically equivalent networks with asymmetric
inputs are always input equivalent. This is not always the case for networks with

symmetric inputs as we show in the next example.

Example 5.2.9. Let M be the network with non-identity adjacency matrix M; =

4 3 6
and N be the network with non-identity adjacency matrix N; =

2 0 3 0
We have M; = 2N; and so A(M) = A(N). Suppose

g($0;$17 cet 7$6) = f($0§L(x0§$17 T 7$6))7

where L : V x V6 — V% is a Gy a-equivariant linear map. The only possible
aq bl bl bl bl bl bl

az by by by by by by
form of L is . It is easy to check that there does not

a3 bz b3y b3 bz by b3

Qg b4 b4 b4 b4 b4 b4
exist any a;,b; € Q for which f is input dominated by g. This shows M #4; N.

Similarly we can show that N 4; M (in this case, L has two possible forms).

This provides an example of network architectures M and N such that M ~o N
(A(M)=A(N)) but M 4; N and N £; M.

The previous example shows that A(M) = A(N) is not sufficient for M ~; N.
Note that M ~ N = M ~ N = A(M) = A(N). Thus A(M) = AN) is a
necessary condition for M ~; A/. In Theorem 5.2.11, we give sufficient conditions

for input equivalence to hold. The sufficiency conditions come from the structure
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5.2 INPUT EQUIVALENCE

of the Gy a-equivariant linear map L. If M <; N and we fix a connection matrix
for N/, then L determines a connection matrix for M which may not be the default
connection matrix (whatever the choice of L). In order to analyze the relationship
between connection matrices of M and N, we introduce the idea of splitting a
valency k adjacency matrix into a sum of £ valency one matrices. We find that

there is a one-one correspondence between splittings and connection matrices.

Definition 5.2.10. Let P € M, (n;Z"). A splitting (P, -+ , P}) of P is an ordered

decomposition of P into a sum P = Py + - -+ + Py, where each P; € M;(n;Z").

Suppose that the network M has one input type and connection matrix m,
where m is not necessarily the default connection matrix. Denote the adjacency
matrices of M by My = I and M;. The connection matrix m naturally determines
a unique splitting M* + --- + M" of M. Indeed, if we let M* = [mf], k € r,
then we define mfj = 1 if input k of cell j comes from cell i, else mfj = 0. That
is, mfj = 1iff m{k = 1. Conversely, every splitting of M; uniquely determines a
connection matrix m for M. All of this applies equally well if M has multiple
input types.

Let n be a connection matrix for N (not necessarily the default). For k € q,
let Ny = (Ng1,- -, Nis,) denote the splitting of Ny naturally determined by n.
Set N = {Ny,---,N,}. We refer to N as the splitting determined by n.

Let a = (ag;a1,---,a,) € Q x [[I_; Q%. We write a = (ai)jeqics;, Where

aj = (a1, - ,a;,;) € Q7, j € q If N = {Ny,--- Ny} is the set of splittings of
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5.2 INPUT EQUIVALENCE

the adjacency matrices {Vy,-- -, N,} determined by n, then we define

Sj

q
axN = qoNy + ZZCLJ'Z‘N]',' € M(?’L,?’LQ)

j=1 i=1

Theorem 5.2.11. (Notation and assumptions as above; in particular p = 1.) The

following statements are equivalent
1. M < N.

2. Suppose that n is a connection matriz for N' with associated splitting N.
There exvist u € N, L' € Q x [[!_,Q*, i € u, such that {bx N |b €

Gy L',i € u} is a splitting of M.

3. There existu € N, L' € Q x [[!_, Q®*, i € u such that for every connection
matriz v of N' with associated splitting N, {bxN |b € Gy L',i € u} is a

splitting of M;.

Before giving the proof of Theorem 5.2.11, we make two remarks, the first of

which shows how Theorem 5.2.11 simplifies in the case of asymmetric inputs.

Remarks 5.2.12. (1) If all the inputs of the networks M and N are asymmetric
then ¢ =s, s, =1, N={N; = Nyy,--- ,N, = N, } and M, is a splitting of itself.
Thus (3) of Theorem 5.2.11 implies that there exist u € N, L = (a;0; a1, ,aiq) €
Q x Q7,7 € u such that for every connection matrix n of N, {Z;I.:O a;;N;,i € u}
is a splitting of M;. Since M; € M;(n,Z), we must have v = 1. Therefore,
the condition simplifies to M, = > 7_;a;;N;. Hence M; € A(N); the condition

obtained for networks with asymmetric inputs in Chapter 4.
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5.2 INPUT EQUIVALENCE

(2) Condition (3) of the theorem shows that for computations, we can always take

n to be the default connection matrix.

Proof of Theorem 5.2.11 (1) = (2). Suppose M <; N. Then there is a linear
transformation L with matrix L = [Guy L', -+ ,GynL"]. Let n be a connection
matrix for A and denote the corresponding splittings of Ny,---, N, by N. For
each j € n, we have

L(Xji Xy 0, X) = X

7y
n m)

where m is a connection matrix for the network M. Thus {b*N | b € Gy L',i € u}
is a splitting of M;.

(2) = (3). Suppose statement (2) holds for the connection matrix n and let n
be any other connection matrix for A/. Then for each j € n, ni = vn? for some
7 € Gy (79w is the natural action of Gy on {j} x [[Z, n*). For j € n, let N’
denote the set of j™ columns of all matrices in N. Since {bxN | b € GuL',i € u}
is a splitting of My, {[y'(b) * N',--- 4™(b) x N"] | b € GyL';i € u} = {[b*
YN, - bx A" (N™)] | b € GaLi,i € u} is a splitting of M;. Hence (2) holds
for .

(3) = (1). Take L =[Gy L, -+ ,GyL"]. Fix a connection matrix n = [n* -+ n"]
for N and denote the associated family of splittings of Ny, ---, N, by N as above.
Since {bxN | b € Gy L', i € u} is a splitting of M;, we have a connection matrix

m = [m! ... m"] for M, where m’ = (m}) € n" satisfies

L(X;; X, Xp) =X, j€n.

g
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Hence for all j € n,

R L1 W )

This implies M <; N. O

Remark 5.2.13. If we have M <; N and we take the default connection matrix for
N, then the connection matrix on M given by Theorem 5.2.11(2) will generally

not equal the default connection matrix of M. For example, suppose that A is the

network with non-identity adjacency matrix N; = and M is the network

11
with non-identity adjacency matrix M; = . We have M; = Ny + N; and
11

may easily check directly that M <; N. If F € M hasmodel f : VxV? — V, then
we define g modelling G € N either by g(x;y) = f(x; T, y) or by g(z;y) = f(x; 7, 7).
10 01

Here the only choices of L are and . Neither of these choices gives
01 10

the default connection matrix for M.

Corollary 5.2.14. (Notation and assumptions as above.) Suppose that M, €
M (n; Z7), then M <; N iff My € A(N).

Proof. (=): Since M <; N, there is a linear transformation L with matrix L =
[a] € M(1,375_;5;,Q), where a = [ag;a1,---,a,] € Q x [[]_; Q%, such that
f <{wmn 9- Since L has only one row, Gya = {a}. Therefore, for j € q, we

may write a; = \;1 € Q% where \; € Q. If we take u = 1, and L' = a, then
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M1 == Z;l':(] )\ij.
(<) Let My = 377 _(A;jN;. Take L to be the linear transformation with matrix
L =|a] € M(1, ZJ 05, Q),a=lap;a1, -+, a4 € QxH?ZlQSJ’, where a; = \;1 €

Q%, j € q. Hence we have

<

55

g(ajo;Xla'” 7Xq) .CL’(], )\j Zx
7=0 1

where sg = 1, gy = xo and X; = (241, - - , 45, ) denotes variables corresponding to

the inputs of type i, ¢ € q. It is straightforward to check that f <(Lmn 9- O

Corollary 5.2.15. (Notation and assumptions as above.) If My has a splitting
(Qla e 7@7’) such that {Qla e >QT’} g A(N)7 then M =1 N

Proof. For each i € r, let Q; = 37 A\i; N;. Define

q S5 q Sj
g(wo; Xy, -+, Xy) = f(ﬁo;ZAljZ%’i, e ,Z)\mzﬁjz),
7=0 =1 7=0 i=1

where sg = 1, gy = o and X; = (241, - - , 45, ) denotes variables corresponding to

the inputs of type i, ¢ € q. It is straightforward to check that f <(Lmn 9- O

Corollary 5.2.16. (Notation and assumptions as above.) Suppose that M, €
A(N,Z"), that is, My = Z] 0y N;, a; € Zt, j€q. Then M <; N
Proof. Define
9(@o; Xy, -+, Xg) = flao; 2% X7, - -+, X71),
where X; = (x;1, -+, x;s,) denotes variables corresponding to the inputs of type 4,

1 € q. It is straightforward to check that f <(Lmn 9- O
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Corollary 5.2.17. (Notation and assumptions as above.) If we can write M; =
A+ S where A € AN, Z"), and there exists a splitting (S, -+ ,Ss) of S such that
Sie AN),i€t, then M <; N.

Proof. Define the S component of M; using Corollary 5.2.15 and the A component
using Corollary 5.2.16. O

Theorem 5.2.18. (Notation and assumptions as above except that we allow p >

1.) The following statements are equivalent
1. M=, N.

2. Suppose that n is a connection matriz for N'. For j € p, there exist u; € N,
Ly e Qx[I!_, Q%, i € uj, such that {bxN | b € Gy L}, i € ws} is a splitting
Of Mj

Proof. The result is immediate from Theorem 5.2.11 and Lemma 5.2.3. O

Corollary 5.2.19. Let M and N be coupled n identical cell networks. Assume
cells in M have r inputs, cells in N have s inputs. Suppose that M has adjacency
matrices Mo = I, My, --- , M, and N has adjacency matrices No = I, Ny, -+, Ny.
We assume that for each i € p either vy =1 or s; > r; > 1, for all 5 € q. Under

these conditions the following statements are equivalent
1. M=, N.

2. For alli € p, there exists a splitting (P;1,-- -, P;,,) of M; such that P, ; €
A(N), forall j €r;.
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Proof. (Sketch.) (2) = (1) is trivial. In order to prove (1) = (2), we may assume
p=1. Set r = ry. For every a € QQ x H?zl Q% , Gaa has one element or at least

minjcq S; elements. Since r < s; for all j € q, we have < minjeq ;. Therefore L

must be of the form [L!,--- | L"] where L' € Q x H;I-:1 Q1%. O

Remark 5.2.20. If the network M has asymmetric inputs and A(M) C A(N),
hypothesis (2) of Corollary 5.2.19 is automatically satisfied (and so we recover the
result for networks with asymmetric inputs — see Lemma 4.2.13 of Chapter 4.
However, if M has symmetric inputs and A(M) C A(N), then it need not be the

case that (2) is satisfied (see Example 5.2.9, note that the only splitting of M is

11 11 01 01
+ + + ) and so M may not be input dominated

0 0 0 0 10 10

by N, even if we assume linear phase spaces or scaling signalling. We give some

examples in the next section.

5.3 Examples

We conclude with two examples of network architectures that are both input and

output equivalent as well as an example of self-output equivalence.

Example 5.3.1. If p=¢ =1, N; = bS, and M; = aS for S € M,(n;Z"), a,b € N,
then M ~o N and M ~; N. Here r = a, s = b.

(a) Suppose F € M has model f: M x M* — TM. Define g : M x M* — TM
by

S

go(wo; T1, -+, Tp) Lf (wo; %) + - - + f(wo; 23)]
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where x® signifies that x repeated a-times. It is easy to verify that go and g; give
the required output and input dominations of f. Hence, M <o N and M <; N.
The reverse order is obtained by interchanging a and b. Note that the input

relations are same as were defined in Corollary 5.2.15.

Example 5.3.2. Let M be the network with non-identity adjacency matrix M; =

11 2 2
and N be the network with non-identity adjacency matrix Ny =

11 2 2
Note that Ny = 2M; and so A(M) = A(M). We show that M ~p N and

M ~; N. (a) Suppose that G € N has model g. Let the system F € M have

model

f(l”o;l”l,fz) = 9(930;931,932>$1,932)-

Then f output and input dominates g and so N’ <; M and N <o M.

(b) Suppose that F € M has model f. Define g by

1 1
90($0;$17 s 7$4) = - f(xo;%’,xj) -3 f(ﬁo;%,%)a
4 8
1<i<j<4 1<i<4
1+ To+ T3+ Ty
2

91($0;$1>$2,9§3,9§4) = f(IL"o;l"o, —!L"o)-

Then go and g; give the required output and input dominations of f and so

./\/l<o/\fand/\/l<1]\/'.
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5.4 Universal network

Definition 5.4.1. ( [4]) Suppose that we consider the set Net(k) of networks with
k identical cells. We can construct a maximal or universal network U € Net(k) for
the order <. That is, for every F € N € Net(k), there exists F* € U such that F

and F* have identical dynamics.

Remarks 5.4.2. (1) We assume that the state of the cells in the network depend
on their internal state. Consequently, the identity matrix is one of the adjacency
matrices.

(2) We denote the minimum number of inputs required to construct a universal
network in Net(k) by n(k).

(3) In general, even if U is universal and has the minimal number of inputs, U
will not be unique (even up to isomorphism of associated graph structure). For
example, in Figure 4.1, networks M and N are both universal in Net(2).

(4) By definition, all universal networks in Net(k) are equivalent.

Now we will find the precise value of n(k) for each k. We divide the class Net(k)
into five groups N;(k) C Net(k) and find the minimum number n;(k) of inputs

required to construct a universal network in N;(k), 1 < i < 6.
1. Ni(k): Networks with all inputs of different types and no self loops.
2. N3 (k): Networks with all inputs of different types with self loops allowed.
3. N3(k): Networks with different input types and no self loops.

4. Ny(k): Networks with different input types with self loops allowed.
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5. N5(k): Networks with all inputs of same type and no self loops.
6. Ns(k): Networks with all inputs of same type with self loops allowed.

Note that ./\/’1(]{5),./\/’5(]{,’) C ./\/’3(]{3)7 Ng(k?),%(k) C N4(k)

Networks with all inputs of different types and no self loops

Let A, .. ;, denote the £ x k£ 0 — 1 matrix with unique non-zero entry 1 in row i;
of the jth column. Let A = {(iy, - ,ix) | 1 < i, < k,i, # p,1 < p < k}. The set
A={A; |i= (i1, - ,ix) € A} is the set of all possible adjacency matrices, with
|A| = (k — 1)*. We want to find the number of linearly independent matrices in
the set A. Consider

B=) a4 =0, a€eR
icA

Thus we have k(k — 1) equations in (k — 1)* unknowns. Hence, the set A has at

most k(k — 1) linearly independent elements (matrices). Note that

k k—1
By = Y Bu—)Y By, 2<j<k,
=8
Bi-1y = Y _Bau—> Ba.
A =1

Therefore, A has at most (k — 1)? linearly independent elements (matrices).
We show that A has exactly (k — 1)? linearly independent elements (matrices).
The equations are: By =0,2<i<k, B, =0,1<p<k—-12<gq<k,p#q.

Define a mapping ¢ : A — {1,2,---, (k—1)*}. Let a = (ag-1¢1, - Qg1 ((k—1)8))’
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B;; = Pja, where P;; € RE=D" Let

> t;Py =0, t;; €R.

j
The entry at ¢((i1,k,---,k)) place is t;;1, and must be equal to 0, for all i; =
2,-+- k. The entry at ¢((i1,42,k, - ,k)) place is t;,2, and must be equal to 0, for
all i = 1,3,--- k. Similarly, observing the entries at ¢((iy, 2,43, k, -, k)), -,
Gy, -+ ,ik—1, k) place, we get t;; = 0, for all 4,j. Therefore, there are (k — 1)

linearly independent matrices in the set A. Thus, ni(k) = (k — 1)

Networks with all inputs of different types and self loops

allowed

Let B;, ... ;, denote the k x £ 0 — 1 matrix with unique non-zero entry 1 in row
i; of the jth column. Let A" = {(iy,---,ix) | 1 < i, < k,1 < p < k}. The
set B={B;|i= (i1, - ,ix) € A’} is the set of all possible adjacency matrices.
A similar proof, to that given above, shows that there are k?> — k + 1 linearly
independent matrices in B. Since the identity matrix is included in the set B, so
if the state of the cells in the network depends on the internal state, then k2 — k

inputs are required to form a universal network. Thus, ny(k) = k* — k.

Networks with different input types and no self loops

For a general network with identical cells where we allow symmetric inputs, an

adjacency matrix is of the form M = [m;;]. Since the cells are identical, the

102



5.4 UNIVERSAL NETWORK

@

Figure 5.3: Universal network of 2 cells - (a) without self loops, (b) with self loops
allowed.

column sum of M is constant. Therefore, M can be written as a sum of matrices
in the set A. Therefore, A spans the set of all possible adjacency matrices for

networks in A3(k). Hence, nz(k) = (k — 1)%

Networks with different input types and self loops allowed

A similar argument shows that ny(k) = k* — k.
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1
2
3
4 -
5
6

Figure 5.4: Universal network of 3 cells. The network with edges labelled 1,--- .4
is a universal network without self loops; together with edges labelled 5,6 is a
universal network with self loops allowed.

Networks with all inputs of same type (or, homogeneous

networks)

(1) No self loops: Let U € N5 be a universal network with adjacency matrix

M = [m;;]. Note that I is unique in N;(k). Let

d = ged{mi; | j #i}.
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Since U has minimum number of inputs and has no self loops, d = 1 and m;; = 0,
foralli =1,--- k. Since, U is universal, for every F € N' € N5(k) with adjacency
matrix N, N is a non-zero multiple of M. This is not true; there exist networks
in N5(k) whose adjacency matrices are not multiples of M. Hence, there is no

universal network in Nj(k).

(2) Self loops allowed: Let U € Ng(k) be a universal network with adjacency

matrix M = [m;;]. Note that U is unique in Ng(k). Let

d=ged{m;; | j #i}, a=min{m; |i=1,--- k}.

Since Y has minimum number of inputs, d =1 and @ = 0 (See [6, Theorem 10.3]).
Let m;,;, = 0. Since, U is universal, for every F € N € Ng(k) with adjacency
matrix N, N = pl + ¢M for some p,q € R. Consider a network N' € Ns(k) in
which just the if* cell has a self loop then the adjaceny matrix N of A/, N can
not be written as N = pI + gM for some p,q € R. Hence, there is no universal

network in Ng(k).

Remark 5.4.3. Networks in N5(k) and Ng(k) have universal networks in N3(k) and

Ns(k), respectively.
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Chapter 6

Inflation of Strongly Connected

Networks

Inflation is the process of naturally embedding a smaller network into larger net-
work so that the dynamics of the smaller network can be realized in the dynamics
of the larger network restriced to an invariant subspace or synchrony subspace.
Inflation can be viewed as inverse to the process of forming the quotient network
as defined by Stewart et al. [23],[25, Chapter 9]. Inflation can also be used to
construct and identify networks that support, for example, heteroclinic cycles or
heteroclinic switching networks (we refer to [4] for more details, examples and
background). The main goal of this chapter is to provide a simple necessary and
sufficient condition for the existence of a strongly connected inflation.

Associated to every coupled cell network, there is an underlying directed graph
or digraph whose vertices are cells and the directed edges are the connections in the

network. A network is strongly connected or transitive if the associated graph is
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strongly connected in the sense of graph theory; that is, between any ordered pair
of nodes, there is a path of connections joining the first to the second node. In this
chapter we restrict to strongly connected networks. It is well known that strong
connectivity plays an important role in understanding the dynamics of coupled cell
systems. For example, it is proved in [49] that synchronization of all the cells is
possible in a strongly connected coupled cell network if the coupling strength is
sufficiently large. Timme [47] has observed that the partition of a network into
strongly connected components is important in understanding network dynamics
and synchronization. In particular, cells tend to synchronize faster within strongly
connected components.

The inflation of an undirected graph is also defined in graph theory (for exam-
ple [22, 41]) but the definition of inflation we use here is different, is specific to
directed graphs and was introduced in [4] in the context of coupled cell networks.

A coupled cell network can be viewed as a graph where vertices correspond
to the cells, edges to connections. We regard two cells as being of same class if
the same inputs result in same output. In diagrams, we will typically follow the
linear systems representation of Figure 2.8(b) and use triangles for representing
cells. We refer to Chapter 2 for general background on this approach to coupled

cell networks.

Definition 6.0.4 ( [4]). Let M be a coupled cell network with cell set C =
{C1,--+,Cy}. A coupled cell network N is an inflation of M if there exists a
surjective morphism (of graphs) II : N' — M sending cells to cells (preserving

class) and connections to connections (preserving type) such that

(1) {IT=Y(Cy)|| - - - [[TT1(C%) } is a synchrony subspace of N.
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(2) II maps the set of connections in N onto the set of connections in M. More
precisely, there is a connection of type ¢ from C; to Cj, if and only if there exist
cells Cy, € II7Y(C;) and Cjg € II7H(C;) such that there is a connection of type ¢

from Cj, to Cjs.

Definition 6.0.5. (unidirectional ring) Let M be a coupled cell network with cell
set {C4,---,C,} and p inputs (symmetric or asymmetric). We say that M is a

p-input unidirectional ring if there is an ordering of cells C;,, - - - , C,

in

such that C;,

has all the inputs from Cj 2 < k < nand Cj, has all the inputs from C;, . In

k—17
other words, there is a relabelling of cells such that the adjacency matrix A takes

the form

0p—1,1 pl—

P Oina
Lemma 6.0.6. Suppose that I1 : N — M defines an inflation N of the network
M. IS -+ |ISp} is a synchrony subspace of M, then {TT71(Sy)| -+ ||[TT7*(S,)}

is a synchrony subspace of N .

Proof. The proof amounts to showing that if i € p and D,,, D are cells in II71(S;),
then for all j € p, D,, Ds see the same set of inputs from cells in II7'(S;). This
is an immediate consequence of part (2) of Definition 6.0.4 together with our

assumption that {Si||---||S,} is a synchrony subspace. O
Definition 6.0.7 ( [4]). A coupled cell network N is a p-fold simple inflation of

(1) the cell set of N is given by (C\ C;) U{Ci,---,Cip}, where {Ciy, -+, Cip}

are of same cell class as C;.
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(2) {Ci1,-+,Ci} ={C1]| -+ |Ci1, -+ ,Cipl| - - - [|Ck } is a synchrony class of N
and the induced network structure on the synchrony subspace {Ciy, - - -, Cip }

is equal to that of M.

Remark 6.0.8. If I : N' — M is an inflation of the network M, then A is a
simple inflation of M iff there exists i € k such that II7'(C;) = {Ciy,- -, Cj,} and
I4(Cy) ={C}, j # 1.

A strongly connected network which has no self inputs and with every cell
having exactly one output is (after relabelling of cells) a one-input unidirectional
ring ¢4 — Cy — -+ — () — (] and has no simple inflations. A network M
will have a p-fold simple inflation at C; iff either C; has a self loop or C; has at
least p > 1 outputs. If A is a simple inflation of M, we write M <=g N. In
Figure 6.1, we give diagrammatic illustration of the process of simple inflation. In
the figure, N is a 2-fold simple inflation of M at Cs (Cy has two outputs). Other

properties and examples of inflation are given in [4].

Definition 6.0.9. Let 1 = (ny,---,n;) € N¥. If [T : N/ — M is an inflation of
M such that #I171(C;) = n;, @ € k, then N is said to be an T -inflation of M.

Remark 6.0.10. m-inflation of a network need not be unique. In Example 6.0.11,

M, i € 9 are distinct (2, 2)-inflations of the network M.

We will now look at the form of the adjacency matrix of the inflated network.

Let NV be an inflation of a given network M with adjacency matrix A = [a;;]. The
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C C, Cs M
Figure 6.1: N is a 2-fold simple inflation of M.

adjacency matrix of N is

Apgr - Ak

where A;; is a n; X n; matrix, the columns are enumerated as n; inflated cells of
C; and the rows are enumerated as n; inflated cells of C;. By the definition of
inflation and Remark 2.3.1, the column sum of each A;; is constant, and is equal
to a;;. This leads to the result of Aguiar et al. [7, §2]. Thus, A is an inflation of

M if and only if M is a quotient of N.
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INFLATION OF STRONGLY CONNECTED NETWORKS

Table 6.1: Inequivalent (2, 2)-inflations of M (symmetric inputs).

System Non-trivial synchrony classes Comments
M z) = f(x1;22,22) two-input unidirectional ring
zh, = f(x2;21,21) C;1 —Cy —Cq

Mo xiy = f(x11; @21, T21) {z11,x12]|T21, T22} not connected
x|y = f(x12; @22, T22) {z11, z21]|T12, T22}
xhy = f(z21;211,%11) {z12, 222}

Thy = f(x22; 212, 712) {z11,221}

Mi || 2fy = f(@11; 221, 222) {z11,z12]|221, 222}
@y = f(x12; @21, T22) {z11,712}
xhy = f(x21;®11,711) {z21,722}
xhy = f(x22;212,%12)

Mz || 27y = fz11;221, 222) {z11,z12]|221, 222}
xhy = f(x12;221,%21) {z21, 222}
xhy = f(x21;®11, T12)
xhy = f(x22; @11, T12)

Mz || @)y = f(z11; 221, T22) {z11, z12]|T21, T22}
x|y = f(z12; @21, T21)
xhy = f(x215211,711)
xhy = f(x22;®12,T12)

My xi; = f(x11; @21, T22) {z11,x12]|T21, T22} the synchrony class {11, x22]||z12, 221}
zhy = f(@12;221, 722) {z11, z22]|T12, 21} depends on symmetry of inputs
xhy = f(z21;211, %12) {z11, z21]|T12, 222}
xhy = f(x22;211,712) {z11,212}

{z21,z22}

Ms x); = f(x11; @22, T22) {z11,z12]|T21, T22} two-input unidirectional ring
x|y = f(x12; @21, T21) C11 — C21 — C12 — Cog — C11
xhy = f(z21;211,%11)

Thy = f(x22; 212, 712)
Me || iy = f(@115 221, 222) {z11,z12]|221, 222}
@y = f(x12; @21, T21) {z12,721}
xhy = f(x21;®12, T12)
xhy = f(z22;®11,211)
Continued on next page
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Table 6.1 — continued from previous page

System Non-trivial synchrony classes Comments

My || 2y = fr11; @1, 22 {z11, z12]|T21, 22}

rhy = f(z12; %21, 221

xhy = f(za1;211, 211

Thy = f(x22; 211, 712
Ms || iy = f(z11; 221, 222 {z11, z12]|221, 222}
= f(z12; w21, 21 {z11, z21]|T12, T22}

225211, T11

My =f
=f
=f

Thy = f

T11;%21, %21 {z11, z12]|T21, 22}

{z11, 221|212, 22}

o

T

Th = f
7,

T, T12;T21, T2
THy

2215211, 211

)
( )
( )
( )
( )
( )
= f(wo1; 711, 712)
( )
( )
( )
( )
( )

Z22;T11, T12

Example 6.0.11. Let M be a two-input unidirectional ring (symmetric inputs)

with adjacency matrix

0 2
20

In this case, M is a two-input unidirectional ring. Let N be a (2, 2)-inflation of
M with adjacency matrix A of the form described above. Then A;; and Ay, are

square zero matrices of size 2, A15 and A,y take either of the following forms

02 20 22 12 10 21 01
20 02 00 10 12 01 21
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Using [18] and Chapter 5, it can be shown that M has exactly 10 dynamically
inequivalent (2,2)-inflations, M;, i € 9 (we refer to Chapter 4 and [4, 18] for dy-
namical equivalence which is an invariant of network architecture. Our example
is used for illustrative purposes and we do not make any use of dynamical equiva-
lence in the statement and formulation of our main results). We show the network
architectures of these inflations in Figure 6.2.

We can clearly see that M;, i € 4 are all dynamically inequivalent since the
number of synchrony classes is different for all of them (dynamically equivalent
networks have same number of synchrony classes). The only inflation that is
not strongly connected is M, which consists of two copies of the original net-
work M. There are no non-trivial synchrony classes of the network M and so
{211, 212||x21, 222} is the only non-trivial synchrony class of the strongly connected
networks M,, i € 9, that lifts from M. We remark that the constructions that we

describe later (in Theorem 6.1.7) only generate the inflations My, My, and M.

Table 6.2: Inequivalent (2,2)-inflations of M (asymmetric inputs).

System Non-trivial synchrony classes

M zh = f(z1;22,22)

zh = f(z2;21,21)

Mor 2y = f(z11;221,221) {z11, 221|212, 222}
xy = f(x12; 722, T22) {z11,221}
xhy = f(x21;®11,711) {z12,722}
xhy = f(x22; 12, T12)

M 2y = f(rir; @21, e2)  Miz xfy = f(z11;221, T22) Mii : {z11, 212}
xhy = f(z12; @21, T22) zhy = f(z12; 22, 221) {z21,222}
xzhy = f(z21;211,211) xhy = f(xa21; 211, 211)

Continued on next page

113



CHAPTER 6. INFLATION OF STRONGLY CONNECTED NETWORKS

Table 6.2 — continued from previous page

System Non-trivial synchrony classes
xhy = f(x22; 12, T12) xhy = f(r22; 12, 212)
Mor  zhy = f(zir;221,222) Moz 2 = f(@11; 221, 222) Moy {z11, x21]|z12, 22}
xhy = f(x12; @21, 221) @y = f(r12; @21, 221) {z21,722}
zhy = f(z21;211,%12) zhy = f(z21;211, T12) Moz : {z11, 21 ||212, 222}
xhy = f(z22;211,212) xhy = f(x22; 212, 211)
Mz 2y = f(z11; 221, 222)
xy = f(x12;T21,%21)
13/21 = f(1321;961179611)
xhy = f(x22; 12, T12)
Mar 2y = f(rir;@e1,202)  Maz 2y = f(z11;221, T22) My {z11, z21]|z12, 222}
xhy = f(@12;222,721) zhy = f(@12; 221, T22) {z11, z22||z12, T21}
xhy = f(x21;711,712) xhy = f(x21;711, 12) Magz : {z11, 21]|z12, 22}
xhy = f(x22; 12, 711) xhy = f(ra2; @11, 212) {z11,712}
Mz 2y = f(rir;2e2,201)  Mag 2y = f(z11;221, T22) Mauyy : {z11, z21]|T12, 222}
zhy = f(z12; 221, 222) xhy = f(r12; 221, 222) {211,212}
xhy = f(x21; @11, T12) xhy = f(ro1; @11, 212)
xhy = f(x22; 12, 711) xhy = f(r22; 12, 211)
Ms1 2z = f(ri1; 221, %21)
xhy = f(x12; w22, T22)
xzhy = f(z21;211,211)
xhy = f(x22; 12, T12)
Me1  zh; = f(w11; 221, 221) {z12,221}
xhy = f(x12; @21, 721)
xhy = f(x21; @12, 712)
xhy = f(x22;711,711)
Mz 2y = f(riy @21, 22)  Mre 2y = f(z11; 222, 21)
zhy = f(z12; 221, 221) xhy = f(r12; 221, 221)
1"21 = f(1321;961179611) 1"21 = f(x21;x11,:c11)
xhy = f(x22; @11, 712) xhy = f(ra2; @11, 212)
Mgy = f(rir;@21,222) Mg iy = f(z11; 222, ®21) Mg : {z11, z21]|z12, 222}
zhy = f(z12; 21, 221) xhy = f(z12; 21, 221)
xhy = f(x21;711,712) xhy = f(x21;711, 212)
xhy = f(x22;®11,711) xhy = f(ra2; @11, 211)
Continued on next page
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Table 6.2 — continued from previous page

System Non-trivial synchrony classes

Moy = f(r11; 221,221 Moz = f(z11; 221, %21 Mo : {z11, z21]|z12, 222}

/ . ! —_ .
xhy = f(x12; 21, 222 xhy = f(x12; 222, 21

zhy = f(z21;211, 211

) )
f( ) )
zy; = fzo1;211, 211) )
f( ) )

xhy = f(z22; 211,212 zhy = f(z22; 211, 12

Example 6.0.12. Let M be a two-input unidirectional ring (asymmetric inputs)

01
with both edge type adjacency matrices equal to . The network M has
10

exactly 18 inequivalent (2, 2)-inflations. We list these in Table 6.2. Note that M,;
is obtained from M; in Table 6.1 by labelling the inputs (so that they are asym-
metric). The non-trivial synchrony classes of M,;, other than {x11, z1a||z21, T2},

are listed in the last column of Table 6.2.

The composition of simple inflations need not be a simple inflation (for example,

if different cells are inflated). However, composition of inflations is an inflation.

Lemma 6.0.13. If N is an inflation of M and K is an inflation of N then K is
an inflation of M.

Proof. Let 11, : N — M, Il : K — N define inflations N and K of M and N,
respectively. It suffices to show that the composition II =1I; oIl; : K — M is an
inflation. We start by verifying that I satisfies Definition 6.0.4(2). Let C1,-- -, Cy
denote the cells of M. There is a connection of type ¢ from C; to C}, if and only if
there exist cells Cy, € II;(C;) and C;5 € II;1(C;) such that there is a connection

of type ¢ from C;, to Cjs. Also, there is a connection of type ¢ from Cj, to Cjg, if

115
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Figure 6.2: Network architectures of Mg, -+, M.

and only if there exist cells Cjo, € I1;'(Cio) and Cjs, € I, (Cj5) such that there
is a connection of type ¢ from Cj,, to Cjss. Thus, there is a connection of type ¢
from C; to Cj, if and only if there exist cells C,, € II7H(C;) and Cjg, € IT7H(C})
such that there is a connection of type ¢ from Cj,, to Cjgs. Finally, we must
show that {IT"'(Cy)|| - - - [[TT"*(Ck)} is a synchrony subspace of K. This follows by
Lemma 6.0.6 applied to Il since {II;(Cy)|| - - - |[TI7*(Cy)} is a synchrony subspace
of V. O
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Remark 6.0.14. Let 0" = (ny, - ,n,) € NP. Set ¢ =Y. n; and let

—
m = <m117"' sy Mapy, s Mppy, -t 7mpnp) ENq

Label the cells of M by Cy,---,C,. Fori € p, let r; = Z?:1 mij. Set T =

(r1,---,7,) € NP. Suppose A is an m'-inflation of M. Label the cells of N by
C'117 e 7CITL17 e 7Cpn17 e 7Cpnp7

where Cjy,-- -, Cy,, are obtained by inflating C;, for i € p. Suppose K is an m-
inflation of A/, where m;; is the number of cells by which Cj; is inflated, for j € n,,

i € p. Then K is an T -inflation of M.

Let M be a coupled cell network and S be a synchrony subspace of M. The
network obtained by restricting M to S is called the quotient network of M. If
N is a quotient of M then M is an inflation of A/ defined by IT : M — N. In
Example 6.0.11, Mo, - -+ , My are inflations of M and S = {C1;, C12]|Ca1, Cao} is
a synchrony subspace of M;, i € 9. Each network M; restricted to S yields M
(identify Cy1, Cio, and Cyy, Cyy). Hence M is the quotient network of M;, i € 9
(see also [49, 7, 4, 20]).

6.1 Networks with a single input type

For the remainder of the paper, we assume all networks are strongly connected
and we only consider strongly connected inflations of strongly connected networks.

Typically we use the term ‘inflation’” to mean ‘strongly connected inflation’. In
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this section we consider networks with only one type of connection (inputs are

necessarily symmetric).

6.1.1 Networks with no self loops

We first consider networks with no self loops.

Definition 6.1.1. Let M be a coupled cell network with cell set C and C, D € C.
The cell C' is said to be path connected to D, written C wﬁ/‘ D, if there is a path

from C to D.

Definition 6.1.2. Let M be a coupled cell network with cell set C and suppose
ACC. If C,D € A, then C is said to be path connected in A to D, written

C w;}\j‘A D, if there is a path from C to D containing only cells from the set A.

Remark 6.1.3. Both relations wlf,\/‘ and wﬁ”tA are obviously transitive.

Lemma 6.1.4. Let M be a coupled cell network with k cells, labelled Cy,-- -, Cy.
Let A be the adjacency matriz of M. If N is a strongly connected 1 -inflation of

M then A > 1.

Proof. Let 0 = (ny,--- ,ny). Suppose that IT : A” — M defines the given inflation
of M. Since N is an m-inflation of M, II7}(C;) has n; cells, for all i € k. For
each 7,7 € k, there are a;; outputs from C; to C;. By the definition of inflation,
there are a;; outputs from IT7'(C;) to each cell of II"'(C;). Hence C; has a total
of Zf:u# a;;n; outputs (a; = 0, no self loops). Since N is strongly connected,
each cell of TI7!(C;) must have at least one output. Thus, n; < Z?Zl a;;nj. This

is true for all 7 € k. Therefore, An > 7. O
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Figure 6.3: ] is a strongly connected 3-fold simple inflation of M; N5 is a strongly
connected 2-fold simple inflation of M.

e A

Lemma 6.1.5. Suppose that M is a strongly connected network containing a cell
C with p > 1 outputs. Then for 1 < q < p, there is a q-fold strongly connected

simple inflation of M at C.

Proof. Let the cell set of M be C = {C1,---,Cy}. By relabelling of cells, assume
that C' = (. Let I be the set of cells that have at least one output going to C'; and
O ={Cy, -+ ,Ci,,} be the set of cells that receive inputs from C;. If a cell receives
multiple (say d) inputs from C then we repeat that cell d times in the set O. Thus,

p=#0 = 2?22 ai;. Let 1 < ¢ < p. We construct a g-fold simple inflation N of
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M at Cy which is strongly connected. Inflate Cy by ¢ cells, Ciy,---,Cy,. Draw
connections from Ciq,---,C, to cells in O so that all the inputs of cells in O are

filled and each C1;, j € q has at least one output. For example, Cy; — C;;, j € q,
C

Cyy — G ino- We show that N is strongly connected. Fori € 1,5 € q,

VRN
draw a;; connections from C; to C};, and for ¢, j # 1, draw a;; connections from C;
to C; (there is a unique choice to draw these connections). It suffices to consider

three cases.
(1) if 1,J € {2, s ,]{Z} and C;j W]'/)\’/é\cl Cj then C; ng Cj.

(2) suppose 7,5 € {2,---,q} and there is a path
Ciﬁ..._>Cl_>CT1H...HCIHCII‘t—)...HCj

from C; to C; such that r, # r,, u # v. In NV, all the inputs of cells in O are
filled and C,, € O. By the construction of N, for each u € t, there exists
s, € q such that there is a connection from C1,, to C,.,. Thus, N has a path
Ci— - —=Cy, —Cp — - = O, — Cp, — -+ — (. This shows that

(3) for each i,j € q, there are u;,u; € {2,---,k} such that Cy; — C,, and

C.; — Cy;. From previous parts, C., w;{,\f Cy;- Therefore, Cy; Wé\/ Cyj.

Thus, N is strongly connected. O
In Figure 6.3, we give two examples illustrating the construction of a strongly

connected, simple inflation as described in Lemma 6.1.5.
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Given 0’ = (ny,--- ,ng), m = (my,--- ,my) € N¥, we write m < 1 if m; < n;,
for all ¢ € k and m; < n;, for some j € k.

Let M be a strongly connected coupled cell network which is not a one-input
unidirectional ring, with adjacency matrix A. Let m = (ny,---,n;) € NF sat-
isfy Am > 1. Let A be a strongly connected m-inflation of M defined by
IT: N — M where m = (my,---,m;) € N* satisfies m < m'. By Lemma 6.1.4,
Am >m. Let D = {II"}C;) | i € k} be the cell set of the network A'. Let
I={iek|m; <n;} and D =D, U (D\ D), where D; = {II"}C;) | i € T}.

Lemma 6.1.6. (Notation and assumptions as above) There exists a cell C' € Dy

such that C' has more than one output.

Proof. We will prove the result by contradiction. Assume that all the cells in
D; have exactly one output. Note that D\ D; # 0 otherwise M is a one-input
unidirectional ring.

Claim 1: For each i € I, there exists j € I such that a;; > 0.

Proof of Claim 1: Suppose that there exists 7 € I such that a,; = 0, for all j € I.
Then m; = 3 cp\p, ayny (for if, m; < 3 . p\p, aijn;, then there exists some
C € II7Y(C;) with more than one output). Also, we have n; < > jep\py @1y
Therefore, m; = n;, which is a contradiction.

Claim 2: There is no chain contained in D;.

Proof of Claim 2: Let C be a chain in D;. Since each cell in the chain C has
exactly one output, there is no path from E to F', for all cells £ € é, FeD\D
which contradicts the fact that A is a strongly connected network.

Claim 3: If Dy, Dy € II7Y(C;) for some i € I, then there is no path from Dy to Dy
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which 1s contained in D;.

Proof of Claim 3: Suppose Dy — C} — -+ — C! — Dy is a path from D, to D,
and that C}! € D, for i € s. Since Dy, Dy € II7Y(C;), i € I, there is, by Claim 1, a
path

where C}, C? € II"1(C},) for some j; € I. Since C] receives an input from Dy and
Ct,C? e II71(C},), C% receives an input from D3 where D3 € II71(C;). Since there
is no chain contained in Dy, by Claim 2, D5 is distinct from Dy, D,. Iterating this
construction, we see that II71(C}) is an infinite set, which is a contradiction.
Let

A ={D € D, | The output of D is to a cell in D\ D;}.

Since M is strongly connected, A # 0. Let A = {Dy,---,Dy}. By Claim 1, for
each i € s, there exists D; € II7'(II(D;)) such that there is a connection from D;
to some cell in D;. Let A = {51, e ,55}. Then AN A = (). Since we assumed
that the cells in D; have exactly one output, D, ¢ D\ Dy, for each i € s and there
is a path from D; to some cell in D \ Dy, the path must pass through D;, for some
7 € s. Thus, there is a map o : s — s such that D; wﬁfpl D, iy, for i € s. Also note
that o(i) # i, for all i € s else, D; W?,/Dl D;, which contradicts Claim 3. Thus,
for any i € s, the set {Dyrsy | 7 = 0,1,---,s} C A consist of distinct elements,
otherwise, there is a chain in D;. Thus, #.A > s, which is a contradiction. Hence,

there exists a cell C' € D; having more than one output. O

Lemma 6.1.7. Let M be a strongly connected coupled cell network with at least

one cell having more than one output. Let A be the adjacency matriz of M.
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Let M = (ny,---,ng) be such that Am > 0. Then there is a sequence of k-
tuples, m° = (1,---,1) < m' < M2 < --- < OP? = 1 and simple inflations
M= My =g My <=5 -+ =g M, where M, is a strongly connected nr-

inflation of M, for r € p.

Proof. Let C = {C4, - ,Cy} be the cell set of M. Suppose that for some r € N,
we have obtained the sequence n° < m'' < --- < W' < and My = M <—=g
M =g -+ <=g M,_,. I n"' =1, set p=r—1 and we are done. Else,
assume that m" ! < . We will find 0" € N* such that n" ! < m” < 71 and a
strongly connected simple inflation M, of M,_; such that M, is an n"-inflation
of M.

Let m" ! = (n]7?,--- ,nz_l). Let II,_; : M,_; — M define the inflation with
4 (C) = {Ci7 - Ol

forall v € k. Foriek, j¢€ n’i”_l, let d{ denote the number of outputs from the
cell C’fj_l. Since mM"~' < T, by Lemma 6.1.6 there exists 4, j such that n} ™' < n,
and ! > 1. Let n = min{d’,n; — n]~' + 1}. Using Lemma 6.1.5, we may con-
struct a strongly connected n-fold simple inflation M, of M,_; at C’fj_l. Set
nf=n+n"t—1,n =n"! foru € k\ {i}, 0" = (n},---,n;). Thus, noting

Remark 6.0.14, M, is a strongly connected n’"-inflation of M. O

Lemma 6.1.8. Let M be a one-input unidirectional ring with k cells Cy,--- , Cy

and adjacency matriz A. Let N be a strongly connected W = (ny, - - -, ny)-inflation
of M. Then
(1) ny =mng =+ =mny.
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(2) N is a one-input unidirectional ring with nk cells, where n = n;.

Proof. By relabelling of cells, we can assume that M = C; — (Cy — -+ —
Cr — C,. Let m = (ny,---,n;) € N*. By Lemma 6.1.4, An > 1 that is,
ny > ng > -+ > ng > ny. Therefore, ny = ny = --- = ny. Since each cell of M has
exactly one input, each cell of A has exactly one input (by definition of inflation).
For N to be strongly connected, it must be a one-input unidirectional ring with
nk cells. Let IT : N' — M defines the inflation. For each i € k, let II7}(C;) =
{Ci1, -+ ,Cin}. Then, by relabelling of cells, N is of the form Cy; — -+ — Cyy —

= Cyy— - = Oy — Ch H

Theorem 6.1.9. (no self loops) Let M be a strongly connected k cell network with
adjacency matriz A. Let W = (ny,--- ,ng) € N¥. There is a strongly connected 1 -

inflation N of M if and only if

Am >, (6.1.1)

Proof. (=): By Lemma 6.1.4, if N is a strongly connected m-inflation of M then
(6.1.1) holds.

(«<): Either M is a one-input unidirectional ring or M has at least one cell
having more than one output. In the latter case, if T satisfies the (6.1.1), then the
construction of N follows from Lemma 6.1.7. If M is a one-input unidirectional

ring, Lemma 6.1.8 gives the construction of N. O

Example 6.1.10. Let M be a network with adjacency matrix A = [a;;]; jex Where
a;; = 1 — 6;; (9 denotes the Kronecker delta function). In this case, every cell has

exactly one output to every other cell and there are no self inputs. We call M a
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Step 2:

Step 1:

Figure 6.4: The composite of two simple inflations

complete network (in graph theory, the underlying graph is known as a complete

graph). For a complete network M, (6.1.1) reduces to

Remark 6.1.11. Suppose M is a strongly connected network with adjacency matrix
A. Let m € NF satisfy (6.1.1). Theorem 6.1.9 guarantees the existence of a
strongly connected m-inflation of M. However, an n-inflation of M satisfying

(6.1.1) need not be strongly connected. For example, let M, M;, i € 9 be as

ClZ

Cis

Ca

C
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Cis
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'
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02
in Example 6.0.11. The adjacency matrix A of the network M is and
20
n = (2,2) € N? satisfies condition (6.1.1). The networks M;, i € 9 are strongly
connected (2,2)-inflations of M but M, is a (2,2)-inflation of M which is not

strongly connected.

6.1.2 Networks with self loops

We stated Theorem 6.1.9 for networks with no self loops. The theorem also holds
for networks with some or all of the cells having self loops. Condition (6.1.1)
requires that Z?:l a;jn; > n;, for all i € k. If there is an ¢ such that a; > 0 (that

is, the 7' cell has a self loop) then the condition

k
E a;ng = n;
j=1

is trivially satisfied. Note that if n;, j # 4, are fixed, then there is no upper bound
for n;. For the case of networks with self loops, we modify the construction in

Lemma 6.1.7 in the following manner. Let
S={iek]|ay; >0}

The set S consists of indices of the cells that have self loops.
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Construction of N/

(1) for each i € S, inflate the cell C; by n; cells, Cyy, -+ ,Cip,. Then (a) for
i, € S, draw a; connections from Cj; to Cyjy1), for j € k — 1 and, Cy,
to Ciy, (b) for i € S,j ¢ S, draw a;; connections from C;; to Cj, (¢) for
i ¢ S,je S, draw a;; connections from C; to Cj, for all p € n;, and (d)
fori,j ¢ S, draw a;; connections from C; to C;. Thus we have obtained a
strongly connected inflation of M with no self loops. It is easy to see that
connections drawn in (¢) — (d) are unique but there are many choices for the

connections drawn in (a) — (b).

(2) now proceed using the construction in Lemma 6.1.7 to obtain the required

T -inflation A/ of M.

Example 6.1.12. Let M be as in Figure 6.4, having adjacency matrix A =

12
. The cell € has a self loop. Figure 6.4 shows the construction of a

10
strongly connected (3, 2)-inflation N of M along the lines described above. Note

that M = (3, 2) satisfies (6.1.1).

6.2 Networks with multiple input types

Let M be a coupled cell network with & cells labelled C', - - -, C). Suppose there
are £ > 1 input types. Then M has ¢ edge type adjacency matrices Ay, -, Ay

and the adjacency matrix A of M is equal to the sum A; 4 --- 4+ A,.
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6.2 NETWORKS WITH MULTIPLE INPUT TYPES

Figure 6.5: A strongly connected (4,3,2)-inflation My, of M (with symmetric
inputs)

Theorem 6.2.1. Let M be a strongly connected k cell network with edge type

adjacency matrices Ay, -+, Ay, Let 0 = (ny,---,ng) € N*. There is a strongly
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6.2 NETWORKS WITH MULTIPLE INPUT TYPES

connected 1 -inflation N' of M if and only if
An = (A +---+A)n > 7. (6.2.2)

Proof. The proof is identical to the proof of Theorem 6.1.9. First assume that
all the connection types in M are identical and construct a strongly connected
T-inflation NV of M defined by I1 : N' — M. For each cell in II7}(C;), there
are Y0, ay; inputs from cells in II7'(C;). For each r € £, regard af; of these
connections as connections of type 7. U
Remark 6.2.2. The necessary and sufficient condition obtained in Theorem 6.2.1 is
independent of the types of edges, it only depends on the total number of inputs
and outputs to each cell. Thus, there is no distinction between networks with

asymmetric inputs and general networks in the construction of (strongly connected)

inflation.

C111<” N

Figure 6.6: A strongly connected (4, 3, 2)-inflation A, of M (asymmetric inputs)
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6.3 Examples

Example 6.3.1. (Illustration of Lemma 6.1.7) Let M, M;, i = 1,2,3,4, be as

in Figure 6.5. The network M is a three-cell bi-directional ring with adjacency

011

matrix A= | 1 0 1 |. The vector I = (4,3,2) satisfies (6.1.1). In Figure 6.5

110

we show the construction of a strongly connected m-inflation N of M, using the

method of Lemma 6.1.7.

(1)

in M, C; has two outputs, let m'* = (2,1,1) and construct a strongly con-
nected 2-fold simple inflation M; of M, at C; by inflating C'y into two cells
CH and Clg.

in M, C, has three outputs, let m? = (2,3,1) and construct a strongly
connected 3-fold simple inflation My of M, at (5 by inflating C5 into three

cells Cy1, Cyy and Csz. At this step, ns is achieved.

in My, Cy has five outputs, let n'® = (2,3,2) and construct a strongly
connected 2-fold simple inflation M3 of My, at C3 by inflating C3 into two

cells C'3; and Csy. At this step, ns is achieved.

in Mj, Cy; has three outputs, let m* = (4,3,2) and construct a strongly
connected 3-fold simple inflation M, of M3, at C}; by inflating C}; into

three cells C11, Ch12, and Cyis.

Thus, n* =1 and N = M, is a strongly connected m-inflation of M. This

serves as a good example to illustrate how the number of synchrony classes may
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rapidly increase with inflation. The network M has 2, M; has 4, M5 has 11, M3

has 22, and My has over 60 non-trivial synchrony classes.

Example 6.3.2. Figure 6.6 shows a strongly connected (4, 3, 2)-inflation N of M
with asymmetric inputs. The only difference between M, M, in Figure 6.5 and
M, N in Figure 6.6 is that we have changed the type of the second input to each
cell. If we permute the inputs of any cell in N, we still have an inflation of M

though the new network may no longer be dynamically equivalent to N

Remark 6.3.3. Theorem 6.2.1 extends immediately to general networks of non-
identical cells where the number of input types can depend on the cell class. The
statement is identical (with A defined as the adjacency matrix of the network).
For the proof, it suffices to note that the construction of the strongly connected
inflation A of the network M given in Lemma 6.1.7, only requires information
about the number of connections and connection type. The class of the cells plays

no role in the construction.
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Chapter 7

Switching in Heteroclinic Cycles

7.1 Introduction

Let ey, -+, e, be hyperbolic equilibria of saddle type of a vector field 2’ = f(x),
where f : R™ — R™. If there exist trajectories I'y(t),---,I',(f) such that for
i=1,.m,

lim Fz (t) = €11,

t—o0

t—o0

with the convention that e,,; = e; then the union of trajectories (I';, ;) is known
as a heteroclinic network.

Krupa and Melbourne [36, 37] have found necessary and sufficient conditions
for the asymptotic stability of the heteroclinic network in the presence of symme-
try. But their proof depends mainly on the assumption that for each i =1,--- | n,

there is a flow-invariant subspace P; such that W"(e;) C P; and e;,; is a sink in P;.
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This condition guarantees robustness of the heteroclinic network for vector fields
for which P; are flow-invariant. Another remark is that the necessary and sufficient
condition does not depend on the radial directions. Heteroclinic networks occur
commonly in dynamical systems with symmetry and trivially are robust under
perturbations that preserve the symmetry. They have been found to be relevant in
a number of physical phenomena that include population dynamics [29], ecological
models [28], in differential equations that are symmetric (or equivariant) [19, 21]
and networks of coupled oscillators [10]. Heteroclinic cycles or networks occur in
coupled cell systems and population dynamics. Ashwin et al. [13] and Broer et
al. [16, 15] analyze the unstable attractors and heteroclinic cycles between them
that can occur in global networks of pulse-coupled oscillators. Kirk and Silber [34]
gave an interesting example where there are two heteroclinic networks with a hete-
roclinic connection in common and discuss about the competition between the two
cycles. There are many examples relating to switching dynamics when the vector
field is symmetric, given in [5, 30].

Recently Homburg and Knobloch [30] proved an interesting result about switch-
ing in a heteroclinic network in R® using equivariant dynamics. We are interested
in constructing dynamics on a coupled cell network without using equivariance;
instead extracting information from the network architecture. We have an exam-
ple of a 3-cell network with 2-dimensional dynamics on each cell — see [4]. The
example illustrates some interesting dynamics that can occur on an asymptotically
stable robust heteroclinic network. In addition, there is forward switching behav-
ior between the cycles. There is also numerical evidence of interesting bifurcation

behavior in this network.
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Consider a vector field on R™ given by

¥ = f(x). (7.1.1)

Suppose there is a heteroclinic network I' consisting of heteroclinic connections
Y1, ,Yn joining a set of equillibria. We now give the definition of switching
([30]) in a heteroclinic network. Define the connectivity matrix C' = [¢;;] where
¢;; = 1 if the end point (the w-limit set) of 7; is equal to the starting point (the
a-limit set) of 7;, else ¢;; = 0, for i = 1, - -- , n. Define the following set of symbolic
sequences

Yo={r=(k) €{1, - ,n}Z | Crimsir = 1},
Eg ={r= (k) €{1, - ,n}N | Cosrips = 1}

Let N be a tubular region around I'. Take cross-sections S; transverse to each
vi, ¢ = 1,--- ,n and let R be the first return map on S := U ,S;. Let k € ¥¢.
We call a trajectory T of ( 7.1.1) a realization of x in N if there exists a point
z,, € T such that R'(z,) € S,,, i € Z. In other words, we say that a realization of
a sequence k is a trajectory that follows the heteroclinic connections in the order

prescribed by k. For k € ¥f, we can similarly define a forward trajectory.

Definition 7.1.1. A heteroclinic network I' is a switching (forward) if for each
k € Yo (k € BE) and each tubular neighbourhood N of T, there exists a realization

of kin N.
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7.2 Example

Figure 7.1: The network M

Consider the network architecture M with 3 cells and 2 asymmetric inputs to
each cell (Figure 7.1). Assume that the cells are identical and the phase space of
each cell is S. Let F € M be modelled by f: S xS x S—TS so that the coupled

cell system is

x' = f(x;y,2), ¥ = fyix.z), 2 = f(zy x).

Case 1: S =R.

Let X; denote the associated vector field on R®. Let p be an equillibrium of X.
If A= %(p), B = %(p) and C = %(p). Then the linearized system has the

Jacobian given by

A B C
B A C|,
¢ B A

which is a 3 x 3 matrix with eigenvalues given by A — B;A—-C, A+ B+ C. By

choosing the appropriate A, B, C, we can construct a vector field f such that the
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system support heteroclinic cycles but there is no possibility of switching in this
case since the invariant subspaces are of codimension one. For more details about
the construction, we refer to [4, Section 5.3|. If the inputs are symmetric, then the
eigenvalues are given by A — B, A — B, A+ 2B. In this case, there is no choice of

A, B, C (and therefore f) that can support heteroclinic cycles.

Case 2: S = R?

The total phase space is six-dimensional. When the phase space is two-dimensional,
A, B, C are 2 x 2 matrices, and so the eigenvalues of the Jacobian are given by the
eigenvalues of A — B, A — C, A+ B + C. Thus there is a possibility of choosing
the vector field so that there are complex eigenvalues. The synchrony subspaces
of M are {x =y = z}, {x =y}, {x = z}. With two-dimensional cell dynam-
ics, the constructions are simpler since one-dimensional connections generically do
not intersect in the four-dimensional synchrony subspaces {x =y} and {x = z}.
Complex eigenvalues may occur for linearizations at equilibria in the maximal
synchrony subspace and with associated eigenspaces transverse to the maximal
synchrony subspace {x = y = z}. Since the synchrony subspaces {x = y} and
{x = z} are of codimension two, there is also the possibility of heteroclinic switch-
ing. The example points out interesting dynamics that can occur in a coupled cell

network with a simple architecture. Let f = (f1, f2) be given by

1 1
fixy,z) = mi(l—af —yi —2) + g(yi’ +27) + ayl(yl — 2)
3 1
+§$1(y2 — ) — 1(2@ —yp— 2) (Y + 23) +y — 2
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7.3 SWITCHING IN A HETEROCLINIC NETWORK

+(y5 + 23),

1 5
fo(xy,z) = —xo+ 1—0(312 + 29) — 31 (y1 — 21) + 6%@2 — 23)
+y% — zf.

There are three hyperbolic equillibria £p, O on the two-dimensional synchrony

subspace {x =y = z} given by

1 1 1
p— —_— _ - O _ .
g <\/; " \/; 0, \/; 0) . 0=(0,0,0,0,0,0)

The equillibria +p have one-dimensional unstable manifolds and complex con-
tracting eigenvalues contained in the four-dimensional synchrony subspaces {x =
y} and {x = z} and transverse to {x = y = z}. There are heteroclinic connec-
tions 71,7 from p to —p, and connections 73,7y, from —p to p. The eigenvalues
at each equillibria +p satisfy the necessary and sufficient condition of Krupa and
Melbourne [36, 37], and thus the heteroclinic network constituting the cycles ~;,
1=1,---,4 is asymptotically stable and robust under perturbations that preserve
the network architecture M. The heteroclinc network and the dynamical behavior

— switching mechanism and asymptotic stability is shown in Figures 7.2, 7.3.

7.3 Switching in a heteroclinic network

Consider a coupled cell network with architecture M shown in Figure 7.1 (assume
identical cells). Let (x',y’,z') = F(x,y,z) be the associated dynamical system.

Assume that the system has two hyperbolic equillibria P,Q € {x =y = z}. We
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x2

-0.6 -0.4 -0.2 0 0.2 04 0.6
x1

Figure 7.2: Plot shows the time evolution of x and the trajectories close to the
cycles v;, i = 1,--- ,4 projected on the (x1,zs)-plane.

make the following assumptions on the spectrum of DF(P):

1. two real eigenvalues —ry; < 0, —rjp < 0 with eigenspaces contained in {x =

y =1z}
2. two real eigenvalues py > 0, —d; < 0 with eigenspaces contained in {x = y}.

3. a pair of complex conjugate eigenvalues —A; + ¢, A\; > 0 with eigenspace

contained in {x = z}. Let p; = 1/ A1.
Similarly, we make the following assumptions on the spectrum of DF(Q):

1. two real eigenvalues —rg; < 0, —r99 < 0 with eigenspaces contained in {x =

y =1z}
2. two real eigenvalues ps > 0, —ds < 0 with eigenspaces contained in {x = z}.
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x1,x2

05 M
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t

Figure 7.3: The time series of x coordinates. Switching can be observed between
connections and increase in the time to intersect ¢ axes shows the asymptotic
stability of the network.

3. a pair of complex conjugate eigenvalues —Ay + 7, Ao > 0 with eigenspace

contained in {x =y}. Let py = ua/As.

We make the following conditions on the eigenvalues of P and Q.

(A1) For i = 1,2; 0 < p;, \; < 7i1,7i2,d;. That is, p;, —A; £ 4 are the leading

eigenvalues.

We assume that there are heteroclinic trajectories I's from P to @ contained
in the invariant subspace {x = z} and heteroclinic trajectories I'y from @ to P
contained in the invariant subspace {x = y}. Since the connections are contained

the invariant subspaces, the intersection of the unstable manifold of P and the sta-
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ble manifold @ is transverse. Similarly, the intersection of the unstable manifold
of @ and the stable manifold P is transverse. Also, the trichotomy condition [43,
Chapter 6] holds by (A1). Thus, using the center manifold reduction for hetero-
clinic cycles [43, Theorem 6.6], we can reduce the above system to a 3 dimensional

system having two hyperbolic equillibria P, (). The linearized system at P, () is as

follows:
ro= =\ir ro= =X,
0 = 1 0 = L,
2= ez 2= ez,

where (x,y) ~ (r,0) using a polar change of coordinates. We construct local 3

dimensional neighbourhoods of P, Q) as follows:

Np = {(r,0,z) | r<rp,|z] <9,0 €0,27)},

No = {(r,0,2)|r <ro,lz| <6,60<c(0,2m)}.

We define Nj := Np N {z > 0}, N := NpN{z < 0}. Similarly, N;. We have
Npn{z =0} C W*(P), Ngn{z =0} C W*(Q). Suppose that the connection I'7
from P to @) passes through (0,0,60) € ONp and (rg,0,0) € Ny and the connection
I'; from @ to P passes through (0,0,d) € ONg and (rp,0,0) € Np. Define the

cross-sections Hp!, HE', HE", HE" as follows:
HEY ={(rp,0,2) | 0] <9,|z| <6}, HZ" ={(r,0,%5) | r <rp,0 €0,27)},

HE ={(rq.0,2) | 10] <0,|z| <0}, HY" ={(r,0,£0) | r <rq,0 € [0,2m)}.
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Define the local maps ¢p : Hp' \ W*(P)—Hg", ¢q : HE \ W*(Q)—Hg" and the
global connecting diffeomorphisms ¢pq : Hp*—H{', gp : HE"—H}. Using the

linearizations at P, (), we can compute that

op(rp,0,2) = <7~P (g)f 06— ilog (g) ,5) ,
Pq(rq,0,2) = (7’@ (g)a 0 — ilog (g) ,5) .

We assume the the connecting maps are affine invertible maps given by

Ypo(r,0,0) = (rg,arcos(f) + brsin(f) + 6, cr cos(#) + dsin(h)),

op(r,0,0) = (rp,a'rcos(8) + b'rsin(f) + 6, c'r cos(9) + d’sin(h)),

where (7, 6y, 0) is the point of intersection of I'y with W*(Q), and (rp, 8, 0) is the
point of intersection of I'y with W#(P). For simplicity, we assume a,d,a’,d = 1,
b,c,b',d =0, 0y,0, =0. See Remark 7.5.2 for comments about the general case.

Let g1 = ¥pg o ¢p : HE \ W*(P)—H{ and ga = Ygp 0 ¢q : HF \ W*(Q)—Hp.
The map ¢1(rp, 0, z) intersects W*(Q) if 0 — i log (%) =nm, n € Z. Forn €N,

define the strips

1
H,={(rp,0,2) | 0] < 6, nm < 6 — —log (g) < (n+ 1)},

H1

If nis even, g1(H,) C {z > 0}, and if n is odd, ¢1(H,) C {z < 0}. Also,
g1(0H,,) C {z = 0}.
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I

Figure 7.4: Local neighbourhoods and cross-sections at P and Q).

The curves (rp, 6, 5e/1 @) N H# accumulate onto the stable manifold of P,

{z = 0}. Therefore, there exists N € N such that H, N H2' # (), for all n > N.

Hence,
Hy = | J (H, 0 HE).
n=N

Similarly, for n € N, define the strips

1
U, ={(ro.0,2) | 10] <6, nm<0——1log (g) < (n+1)7}.

K2

If nis even, ¢g2(U,) C {z > 0}, and if n is odd, g2(U,) C {z < 0}. Also,
g2(0U,) C {z = 0}.
The curves (rq, 6, Ser20=nm)) N ng accumulate onto the stable manifold of @),

{z = 0}. Therefore, there exists M € N such that U, N Hg # 0, for all n. > M.
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Hence,

3

m
Hgy =

(U NHE).

3
[
g

7.4 Forward switching

Figure 7.5: Geometrical explanation of forward switching.

Choose the smallest n; > N such that e#1(®="™ < 1 consider the strip H,,.
Without loss of generality, assume that n; is even, then ¢;(H,,) C {z > 0} and
91(Hpy41) C {2z > 0} and ¢1(90H,,, N OH,,+1) C {z = 0}. Note that however small
d > 0 we choose, such n; always exist since H,, accumulate on W*(P), {z = 0}.

The ¢; image of H,, is the region delimited by two half spirals. Since the

~—

strips U,, accumulate on W*(Q), {z = 0}, there exists ny > M, ny even such that
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g1(H,,) intersects U,, in two disconnected squares Sii,Ssp. Thus we have two
disjoint strips H1 and H2 contained in H,, such that g,(H} ) Soiy 1 = 1,2.
Since two sides of the squares Ssi, Soy are contained in OU,,, we have go(Sa1)
and go(Ss2) are two disjoint regions delimited by half spirals. Again, since the
strips H,, accumulate on W*(P), {z = 0}, there exists ng > N, n3 even such that
g1(Hy,,) NU,, intersects H,, in four disconnected squares Sy;, i = 1,---,4. Thus
for i = 1,2, we have two disjoint strips H.! and H? contained in H}, such that
g20g1(Hyp) = S, g2 0 g1(HyY) = Sha, g0 gi(H2Y) = Sis, g2 0 1 (H22) = Sia. Tt is
easy to see that H,, . is also partitioned into thinner strips.

There is a bijection between the symbols {F, O} and {P, N}, where E is
mapped to P and O is mapped to N, that is, even number is identified with
positive connection and odd number is identified with negative connection. Thus
we have a natural bijection between the one-sided shift on two symbols E, and O,
and the path of connections.

Given a path (p,), we choose the sequence of H,,,, Uy,, Hy,, Uy, ... such that n;
is even if p; = P, and odd if p; = N. Hence we have proved forward switching in

the network.

Theorem 7.4.1. If (A1) holds and pips > 1, then T = I't UT5 is a robust

asymptotically stable heteroclinic network which is forward switching.

Proof. The asymptotic stability is clear by analyzing the return maps g; o g2 and

g2 © g1 to the cross-sections H%' and Hé” O

Remark 7.4.2. The condition p;ps > 1 is the necessary and sufficient condition of

Krupa and Melbourne [36, Theorem 2.7] for asymptotic stability of heteroclinic
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network.

7.5 Horseshoes

Lets make the following assumption on the eigenvalues : (A2) p1py < 1.
Let

1 ™

M2

Lemma 7.5.1. Consider H, for fired n ‘even’ sufficiently large. Let m be the
minimum ‘even’ such that US, intersects g1(H,) at at least two points. Let S =
Un N g1(Hy,). The innermost boundary of go(S) intersects the upper horizontal
boundary of H; in at least two points, for i > n/a, where 1 < a < 1/pips.
Moreover, the preimage of the vertical boundaries of g(H,) N H; are contained in

the vertical boundary of H,.

Proof. The z coordinate of the upper horizontal boundary of H; is Z = det (0=,
The point R = (rp, 0, z) on the innermost boundary of g,(5) closest to (rp,0,0) is
when ¢ — i log(Z) = mm+m/2. That is, 7 = /0? + 22 = zP"P2_ where ¢ = nm+u,

z = Jet(=0=%) for some /2 <u<m Wewant zZ <,

~

zZ < r

eul(é—iﬂ) < 6u1p1p2(—6—n7r—u)

K emali—pipen)
The term K is a constant, therefore K e™1(=P1P2n) > | means we want i — p; pan to
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be sufficiently large (positive). Choose 1 < o < 1/p1pe and ¢ > k/a then i — pypon
is positive, and for k sufficiently large, K e™(i—pip2n) > 1

The map g = g2 o g1 maps vertical boundaries of Hj to the spirals. The
vertical boundaries of g(H,,) N H; are contained in the spirals, hence the preimage

is contained in the vertical boundary of H,. O

Remark 7.5.2. If we take the connecting maps to be general affine invertible maps
then the point R = (rp,é, Z) closest to (rp,0y,0) has 7 = C7, for some constant
C > 0,7 = V62 + 2. Thus solving for Z < 7 gives us the same result as in

Lemma 7.5.

Theorem 7.5.3. For n sufficiently large, H, contains an invariant Cantor set,

A,,, on which the map g is topologically conjugate to a full shift on two symbols.

Proof. The proof is similar to the proof of [48, Theorem 4.8.4]. O
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Chapter 8

Conclusions

We conclude the dissertation by pointing out some interesting observations from
our work and possible future directions. The notion of dynamical equivalence —
input and output developed in the dissertation provides a tool for understanding
the dynamics of the coupled cell dynamical systems using the network architec-
ture. The results presented here lead to the construction of universal networks,
described in Section 5.4. The important observation here is that the number of
inputs can be significantly reduced using dynamical equivalence results. This has
a straightforward application to electrical engineering where the cost and labour
to construct a device having some dynamical behavior can be reduced using these
results.

The proofs of Theorem 4.2.6, 5.1.13 are algorithmic in nature and give a sys-
tematic way to convert a network into another dynamically equivalent network by
a sequence of simple moves — changing one input at a time. Similarly, the proof

of Theorem 6.2.1 provide a clear algorithmic procedure to construct a strongly
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connected inflation using a sequence of simple inflations — inflating one cell at a
time.

Another interesting observation from Theorem 4.2.6 is that for every network
M we have M ~p M. We call this self equivalence and illustrate it with the

following example.

Example 8.0.4. There may be many ways of achieving self output equivalence.
For example, consider the two-cell network M with asymmetric inputs shown in

Figure 8.1.

Figure 8.1: A two-cell network M with asymmetric inputs

Suppose F € M has model f. It can be shown that the two-parameter family
defined for ¢,d € R by

Jea(®o; 1, 22) = cf (w0; T, To) + df (x0; To, 1)
— (c+d) f(xo; x0, v2) — (¢ +d) f(w0; 71, 70)
+ (14 c+d) f(xo; 21, 22) + df (x0; 22, 20)

- df(x07 €2, xl))

gives all output equivalences M ~gp M. For example, if we take c=0,d = —1/2,
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then

g(xo; 21, 22) = fo,—1/2($0;56’1756’2)
1
= 5(_f(330;$0,$1)+f($o;$0736’2) + f(xo; 21, 70)

+f(xo; 21, 22) — f (205 T2, w0) + f(20; 22, 71)).

In terms of ordinary differential equations, if the model for a cell is f(xg; z1,z2) =

Tox122 + 1, and we define
0 2 0

g($0;$1,$2) = fo,—1/2($0;$1,$2)

_ 2.2, 22 3 2 _ 3 2
= —(—zix] + x5e; + THT1 + TeT1T; — TXe + TeTaxi + 2X),

2

then 2/ = f(x;z,y),y = f(y;z,y) and 2’ = g(x;x,y),y = g(z; z,y) have identical
dynamics, even though the models f and g are quite different. Note, however, that
if f is a linear vector field, or is of the form f(x;y,2) = au(x;y) + bv(z; z), then
f = g. In particular, it seems we cannot usefully develop this idea using the
concept of linear self-equivalence [18].

Continuing with our choice of ¢ =0, d = —1/2, define the new cell class A* as
in Figure 8.2. Although the new cell is different from the original cell A, when it

is incorporated in the network M, it will give the same dynamics.

This construction leads naturally to a number of observations and questions

and we conclude by briefly discussing some of these issues.

e To what extent can this process be reversed? That is, given a network of

‘complex’ cells, when is it equivalent to the same network but built of simpler
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)

A
®

Figure 8.2: The cell A*
cells?

e [s there a way of choosing the specific output equivalence so as to protect
against failure of individual units comprising the new cells? For example, if
we build the network M from the cells A*, what is the effect on network

dynamics of the failure of a single A-cell in A*?

e [s there an optimal way of choosing the output equivalence so as to minimize

the effect of failure of individual units?

e Are there potential applications to numerical analysis (for example, in the

solution of partial differential equations)?

e There are also questions related to the effects of inflation (see Chapter 6, [4])
on A-cells in A*.
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e Another potentially interesting question is to extend the notion of input
equivalence to allow for nonlinear combinations of inputs. This would seem

to be of particular interest for scalar signalling networks and self-loops.

e Determining an estimate for the number of synchrony classes which increases
with inflation is also useful. Example 6.0.11 shows that even for a network
with a simple architecture, the number of synchrony classes can rapidly in-

crease.

e Another interesting problem is related to inflation of dynamically equivalent
networks. More precisely, whether there is a correspondence between the set
of inflations of two dynamically equivalent networks? The answer is NO and

we illustrate it with Example 8.0.5.

Example 8.0.5. Let M and A be as in Figure 4.1. The adjacency matrices of M

11 0 0 11
are Mo =1, M, = ,and M, = and N are Ny = I, N; = ,
00 11 00
0 1
and Ny = . Here, Ny = M, + My — M. Since both the cells in M have
10

self loops, M has an T = (ny,ny)-inflation for each m" € N2. But the condition

for existence of a strongly connected T -inflation of A is that ny > na.
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8.1 Relation between ¢ and f in Example 5.1.24

Using Examples 5.1.17, 5.1.20, we get

g(xo;xh'" 7$47$57$6) = h(xO;'rh"' 7$47$57$6,$07$0)

= Z e(*ro;lev"' 7‘75]'4)

1<j1<+-<ja<6

—2 E €(x0;l’0,l’j1,l‘j2,l’j3)

1<j1<-<j3<6

+3 g e(xo0; To, To, Tj1,Tj5)

1<1<j2<6

—4 E e(xo; To, To, To, Tj,)
1<21 <6

+5 e(xo;Tg, -+, To)-

Using Equation 5.1.7 obtained in Example 5.1.22 (writing e in terms of f), we get
the following terms f(xo;Tj,, %;,), f(z0;T0,25,), f(x0:Tj,25,), and f(xo; Zo, Zo),

for 1 < j; < jo < 6. Table 8.1 gives the coefficients of these terms.
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Term Coefficient

F a0 T3, 75) () —20)+3) =3
f 0 T3 75,) —((5) =20) +3() -4 = —
f (wo; T, 75,) 1(=20) +32.() —43) = =

flro;To,mo)  L(3(5) —4.3.(5) +5.6) — L(—2(5) +3.2.(5) —4.3.(3) +54) =1

Table 8.1: Coefficients

Thus we obtain the relation (mentioned in Example 5.1.24)

1
9203 1,70, T5,T6) = 4 o T ) + e T, 7o)
1<j1<j2<6
Y Z fx07xj17xj1 Z fl’(),l’(),[lfjl
1<]1<6 1<31<6

With some more calculations, it can be checked that

$/1 = 9($1;$1,$1,$17$27$17$2) = f($1;$17$2),
$/2 = 9($2;$2,$2,$37$37$27$2) = f($2;$27$3)7
fé = 9($3;$1,931,932,$2,$3,933) = f(xs;xl,fz)-
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