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Abstract

For the pricing of options on equity shares, the Black-Scholes equation has become
an indispensable tool for agents on the financial market. Under the assumption that the
value of the underlying share evolves in time according to a stochastic differential equation
and some further assumptions on the financial market, the equation can be derived by an
application of It0’s calculus. It represents a deterministic second order parabolic differential
equation backward in time with the price of the option as the unknown and the interest rate
and the volatility entering the equation as coefficient functions. Since analytical solutions
in explicit form are only available in special cases, in general the equation must be solved
by numerical methods based on appropriate discretizations in time and in space where the
spatial variable is the value of the share. This can be done by finite difference techniques or
finite element methods with respect to suitable partitions of the time interval and the spatial
domain. If the volatility depends on the independent variables, sudden changes of the
volatility may imply rapid local changes of the solution as well so that a solution-dependent
time-stepping and space-meshing is appropriate in order to keep the computational work
at a moderate level while maintaining the accuracy of the computed approximate solution.
During the past thirty years, such an adaptive choice of the discretizations in time and in
space based on reliable a posteriori estimators of the global discretization error has been
developed for finite element methods and achieved some state of maturity for standard
partial differential equations. This thesis is devoted to an application of adaptive finite

element methods to the numerical solution of the Black-Scholes equation.
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Chapter 1

Introduction

1.1 Preface

For the pricing of options on equity shares, the Black-Scholes equation has become an
indispensable tool for agents on the financial market. Under the assumption that the
value of the underlying share evolves in time according to a stochastic differential equation
and some further assumptions on the financial market, the equation can be derived by an
application of It0’s calculus. It represents a deterministic second order parabolic differential
equation backward in time with the price of the option as the unknown and the interest rate
and the volatility entering the equation as coefficient functions. Since analytical solutions
in explicit form are only available in special cases, in general the equation must be solved
by numerical methods based on appropriate discretizations in time and in space where the
spatial variable is the value of the share. This can be done by finite difference techniques or
finite element methods with respect to suitable partitions of the time interval and the spatial

domain. If the volatility depends on the independent variables, sudden changes of the



volatility may imply rapid local changes of the solution as well so that a solution-dependent
time-stepping and space-meshing is appropriate in order to keep the computational work
at a moderate level while maintaining the accuracy of the computed approximate solution.
During the past thirty years, such an adaptive choice of the discretizations in time and in
space based on reliable a posteriori estimators of the global discretization error has been
developed for finite element methods and achieved some state of maturity for standard
partial differential equations. This thesis is devoted to an application of adaptive finite

element methods to the numerical solution of the Black-Scholes equation.

The thesis is organized as follows: In the remaining part of this introductory first chap-
ter, we will briefly sketch the issue of option pricing for plain vanilla European options
and review the classical Black-Scholes model as well as the derivation of the Black-Scholes
equation. Moreover, we will introduce to the basic concepts of adaptive finite element
methods including a discussion of the crucial properties of reliability and efficiency of a
posteriori error estimators.

The second chapter is devoted to a more detailed exposition of the Black-Scholes model
followed by the variational formulation of the Black-Scholes equation in a suitable Sobolev
space setting which provides the basis for its numerical solution by finite element methods.
In the third chapter, we will be concerned with the discretization of the Black-Scholes equa-
tion using an implicit discretization in time and standard P1 conforming finite elements in
space with respect to a simplicial triangulation of the spatial domain.

The main part of this thesis is the fourth chapter where we present a residual-type a pos-
teriori error estimator consisting of a time error estimator and a space error estimator
which will take care of the combined space-time adaptivity. We will establish both the
reliability and the efficiency of the estimator as well as its local efficiency in the sense

that the local contributions of the space error estimator can be bounded from above by



appropriate norms of the discretization error on local patches associated with the elements
of the spatial triangulation.

The fifth chapter deals with a description of the remaining basic ingredients of the adap-
tive cycle which are - besides the a posteriori error estimation - the solution of the fully
discretized problem, the marking of the time intervals as well as of the elements of the
triangulation for refinement, and the technical realization of the refinement strategy.

The following sixth chapter provides a detailed documentation of the numerical results for
selected text examples illustrating the performance of the suggested error estimator.

Some concluding remarks are given in the final seventh chapter.

1.2 Pricing of Options

1.2.1 Vanilla European Options - An Economic Model

A European vanilla call option (put option) is a contract giving its owner theright to buy
(sell) a fixed number of shares of a specific common stock at a fixed price K at a certain

date T.

The specific stock is called the underlying asset or the underlying security. The price of

the underlying asset will be referred to as the spot price and will be denoted by S or S;.

Since an option gives the holder a right, it has a value which is called the option price.
Denoting by C; = C(t)(P; = P(t)) the value of the call-option (put-option) at time ¢, we

are interested in evaluating C;(P;) for 0 <¢ < T.

In order to do that we make the following assumptions:

(i) There is no-arbitrage, i.e. an immediate risk-free profit is not possible.



(ii) The transactions have no cost and are instantaneous.

(iii) The market is liquid and trade is possible at any times.

For simplicity we assume further that:
(i) There is no dividend on the basic asset.

(ii) There is a fixed interest rate r > 0 for bonds/credits with proportional yield.

Pricing the option at maturity is easy. If St is the spot price at maturity, and if

(i) Sp > K, then the owner of the call option will make a benefit of S7— K by exercising

the option and immediately selling the asset,

(ii) St < K, then the owner of the call option will do nothing.

In summary, at maturity the value of the call is given by the payoff function

Cr = (St — K)4 = maz (St — K, 0).

Similarly, we obtain the value of a put at maturity. Here the payoff function is given by

Pr = (K — S7)4 := max(K — Sp,0).

Theorem 1.1. (Put-Call Parity) Let K, S, P(St,t) and C (S, t) be the value of a bond
(with constant interest rate v > 0 and proportional yield), an asset, a put option and a call

option. Under the previous assumptions, for 0 <t <T there holds

Sy + P(St,t) — C(St,t) = Kexp(—r(T —t)).

Proof. A proof is given in [37]. O



This formula tells us that as soon we know the price of the call option we know as well the

price of the put option, or vice versa.

Without any additional assumptions, e.g. on the behaviour of the underlying share price,

we have the following structural result.

Theorem 1.2. (Lower and Upper Bounds for Call/Put Options). Let K,Si, P(Si,t) and
C(St,t) be the value of a bond (with constant interest rate r > 0 and proportional yield),
an asset, a put option and a call option. Under the previous assumptions, for 0 <t < T
there holds

i) 0= (S — Keap(—r(T — )+ < C(Si,t) < Sy,

i) 0< (Keap(—r(T —t) = S))+ < P(Si,t) < Keap(—r(T — 1)),

Proof. A proof is given in [37]. O

1.2.2 The (Classical) Black-Scholes Model

The Black-Scholes model is a continuous-time model involving one riskless asset and one
risky asset. We take the time dynamics of the price 5; of the riskless asset to be given by

the ordinary differential equation

d,@t = Tﬂtdt, (11)

and the time dynamics of the price S; of the risky asset to be given by the stochastic
differential equation

dSt = St(udt—l-O'dBt), (12)

where r, u and o are some constants, o > 0 and B; stands for a (standard) Brownian

motion. For an accurate mathematical meaning of (L2]) we refer to [30] B} [36, [41].



We can interpret the drift parameter u as an average rate of growth and o as the volatility

of the asset price. Setting 8y = 1 we find that
/Bt = eth

and set S(0) = Sy we obtain

2
Sy = Spexp(ut — %t + oBy).

We remark that S; is a geometric Brownian motion, i.e. logS; is a (not necessarily standard)

Brownian motion.

1.2.3 Option Pricing

The basic idea in the computation of the option price is to consider a replicating portfolio
consisting of a; units of the risky asset and b; units of the riskless asset. The value of our
portfolio is then given by

Vi = a1 St + bi By (1.3)

Denoting by h(S7) the payoff function we have the terminal replication constraint Vp =
h(ST). Because the option has no cash flow until the terminal time, the replicating portfolio
must be continuously rebalanced in such a way that there is no cash flowing into or out of
the portfolio until the terminal time 7'. In terms of stochastic differentials, this requirement

is given by the equation
self-financing condition: dV; = a;dS; + bid ;. (1.4)

This equation imposes a strong constraint on the possible values for a; and b;. When
coupled with the termination constraint Vp = h(St), the self-financing condition turns out

to be enough to determine a; and b; uniquely.



Assuming the portfolio valueV; can be written as V; = u(Sy,t) where u is an appropriately
smooth function, applying Ités formula respectively u and using the self-financing condition
we obtain by a coefficient matching argument the backward-in-time parabolic boundary

value problem with terminal Cauchy-Condition

ou 0252 9%u ou .
5 + —5 552 + TS% —ru=0, inRy; x[0.7) (1.5a)

U= = up, in Ry (1.5b)

where ug = h(St). We shall refer to (L.5al) as the Black-Scholes equation. The derivation

of the Black-Scholes equation reveals further that the portfolio weights are given by

_ Ou 1 0u 1 5 0%
a =52 andbt_rﬂt(8t+20 St(?S?)' (1.6)

The Black-Scholes equation yields a formula for pricing the option at t < T

Theorem 1.3. The price of the European vanilla call (put) option is given by

C(S,t) = SN(dy) — Ke "T=IN(dy), (1.7)

and
P(S,t) = =SN(—=dy) + Ke "IN (—dy) (1.8)

where
log(2) + (r+ % )(T —t

4, = 9% U(_T_2t)( Jand dy = dy — oVT =7 (1.9)

and
N(d L ‘ _ﬁd 1.10

= 2 . .

W=y ) e (1.10)
Proof. A proof is given in [28]. O



One of the main features of the Black-Scholes model is the fact that the pricing formulas
(7)) and (L8) as well as the hedging formulas (.6 depend on only one non-observable

parameter - the volatility o.

As the heading already suggests there are more general stock and bond models. It is

possible to work with
dS; = ,utStdt + 04S:dB; and dﬁt = rtﬂtdt (111)

where one assumes nothing about the coefficients in the SDEs except that the processes
(r¢)i>0 and (0¢)i>0 are both nonnegative and (St)¢>0 and (B¢)i>0 are both diffusion pro-

cesses.

This leads one to the pricing formula

Vi = BEq(X/Br|Fr) (1.12)

which establishes a counterpart to the Black-Scholes equation. Here Q is the unique prob-
ability measure equivalent to P such that the discounted asset price (S¢/f;)i>0 is a Q
-martingal on [0,7] and X is a random variable which can be interpreted as the value on
the underlying portfolio. The existence of Q is a consequence of Girsanovs Theorem. In
the special case of constant volatility o, constant drift parameter p and constant interest

rate r one can derive again the pricing and hedging formulas seen above.

1.3 The Black-Scholes Equation

In the early seventies of the last century, F. Black, M. Scholes, and R. Merton achieved
a major breakthrough in the history of modern financial economics: they published their

groundbreaking papers The pricing of options and corporate liabilities [3] and Theory of



rational option pricing pricing [32], where they developed an option pricing formula which
later became known as the Black-Scholes formula. The foundation of their research relied
on works developed by scientists such as L. Bachelier, A. J. Boness, S.T. Kassouf, E.O.
Thorp, and P. Samuelson. The Black-Scholes formula had a huge influence on pricing
derivatives and hedging risks. It also gave rise to the growth of financial engineering in
the eighties and nineties. Merton and Scholes received the 1997 Nobel Prize in Economics
for this and related works. Though ineligible for the prize because of his death, Black was

mentioned as a contributor by the Swedish academy.

There are several assumptions underlying the Black-Scholes model of calculating options
pricing. The most significant one is that the volatility, a measure of how much a stock
can be expected to move in the near-term, and the risk-free interest rate are constant over
time and the underlying assets. The Black-Scholes model also assumes that stock prices
follow a log-normal random walk in continuous time, and that stocks pay no dividends
until expiration. The assumptions on the market conditions include no arbitrage and no
transaction costs or taxes in buying or selling the stock or the options. It is possible to
borrow and lend cash at a constant risk-free interest rate and to short sell underlying

stocks.

As time went on, the Black-Scholes model had been found as being too simple to fit the
market prices in practice. Much research has been conducted to modify the Black-Scholes
model based on geometric Brownian motion in order to incorporate two empirical features

of the stock prices:

e asymmetric leptokurtic features, i.e., the return distribution is skewed to the left and

has a higher peak and two heavier tails than those of the normal distribution.,

e volatility smile. The volatility of the stock price is assumed to be a constant in the

10



Black-Scholes model, but it has been observed that the implied volatility curve which
is a function of strike and maturity resembles a ’smile’ with respect to strike price

25].

Several more elaborate models have been proposed to fit the empirical features. Popular

ones include

e a Black-Scholes variant known as ARCH (Autoregressive Conditional Heteroskedasticity).
This variant replaces constant volatility with stochastic (random) volatility. A num-
ber of different models was developed after that like GARCH, E-GARCH, N-GARCH,

H-GARCH [9],

e a generalization of the Black-Scholes approach by assuming the spot price is a Levy

process (financial modeling with jump processes [23]),

e the use of local volatility, i.e., assuming that the volatility in the Black-Scholes model

is a function of time and of the prices of the underlying assets.

1.4 Adaptive Finite Element Methods

1.4.1 The Adaptive Cycle

Adaptive Finite Element Methods (AFEMs) for Partial Differential Equations (PDEs) on
the basis of a posteriori error estimates have been intensively studied during the past
decades and successfully applied to technologically relevant problems (cf., e.g., the mono-
graphs [2] [4], [5] 26, 34] [40] and the references therein). A convergence analysis of AFEMs in

case of standard Lagrangian type finite elements for linear second order elliptic boundary

11



value problems has been initiated in [24] and further studied in [33], whereas the issue of
optimal complexity has been addressed in [7) 19, [38]. A convergence analysis of nonstan-
dard finite element methods such as nonconforming and mixed elements as well as edge
elements has been provided in [I7] 18] and [29]. As far as parabolic initial-boundary value
problems are concerned, adaptivity in space has to be combined with an automatic time-
stepping. We refer to [6] 10) 11, 12] and [20] for details.

An adaptive edge finite element method (AEFEM) consists of successive loops of the cycle
SOLVE — ESTIMATE — MARK — REFINE .

Here, SOLVE means the numerical solution of the fully discretized problem. The following
step ESTIMATE involves the efficient and reliable a posteriori error estimation of the
global discretization error. This area has reached some state of maturity documented by a
bundle of monographs and numerous research articles published during the past decade (cf.
[2, 4, 5] 26, 40] and the references therein). The third step MARK deals with the selection
of the next time step and the selection of elements of the triangulation for coarsening
and refinement based on the information provided by the error estimators. The final step
REFINE is devoted to the technical realization of the coarsening and refinement of elements

selected in MARK.

1.4.2 Reliability and Efficiency of Error Estimators

Given some fully discrete approximation uj a; of the solution u of a time-dependent partial
differential equation, we want to gain information on the error e,(t,) = (u — up a¢)(tn)
at the time instant ¢, in some suitable norm || - || in order to improve the quality of the
approximation by an appropriate choice of the next time step and by eventually refining or

coarsening the finite element mesh. An a posteriori error estimator ny as is a computable

12



quantity that may depend on the data of the problem (computational domain, coefficients
of the equation, right-hand side, boundary conditions), on the underlying triangulation,
and on the available approximate solution uj o+ and that provides information on the error

in terms of upper and/or lower bounds.

In particular, an error estimator n a; is called reliable, if it provides an upper bound

for the error up to possible data oscillations osc;flm, i.e., if there exists a constant C,.; > 0,

independent of the time-steps and mesh size of the underlying triangulation, such that
lew(tn)ll < Cret mhar + oscﬂt. (1.13)

On the other hand, an estimator 7, a¢ is said to be efficient, if up to possible data oscilla-

tions osczf gt it gives a lower bound for the error, i.e., if there exists a constant C,ry > 0,

independent of the time-steps and mesh size of the underlying triangulation, such that
e < Cepgllea(tn)|l + osci/4 (1.14)

At = LeffllCulin h,At* :
Finally, an estimator ny, a¢ is called asymptotically ezact, if it is both reliable and efficient
with Ce = c

eff

The notion reliability is motivated by the use of the error estimator in error control.

Given a tolerance tol, an idealized termination criterion would be
llew(tn)]] < tol. (1.15)
Since the error ||e, ()] is unknown, we replace it by the upper bound in (L13)), i.e.,
Creinn,at + osc;flm < tol. (1.16)

We remark that the termination criterion (LI6]) both requires the knowledge of C,¢; and

the incorporation of the data oscillation term osc’;flAt. In the special case C, = 1 and

13



osczelAt = 0, it reduces to

Nh,ae < tol.

Due to (LI3)), the termination criterion (LI6]) guarantees the error control (LIH]) which
justifies to call the error estimator reliable.
An alternative, but less used termination criterion is based on the lower bound (L.14)), i.e.,

we require
1

Ceyy

(mae = os’4,) < tol. (1.17)

Typically, the criterion (LI7) requires less computational time than (LI6) which motivates

to call the estimator efficient.

14



Chapter 2

The Black-Scholes Model

2.1 Derivation of the Black-Scholes Model

Before deriving the generalized Black-Scholes model, we recall some notions of probability

theory:

Given a set (2, let A be a o- algebra of subsets of {2 and P a nonnegative measure on 2

such that P(2) = 1. Then, the triple (2,4, P) is called a probability space.

A real-valued random variable X on (9, A,P) is an A-measurable real-valued function on
Q; i.e., for each Borel subset B of R, X ~'(B) € A. A real-valued stochastic process (Xt)t20

on (2, A,P) assigns to each time t a random variable X; on (2, A4, P).

A filtration Fy = (A;);~ is an increasing family of o- algebras A, i.e., for ¢ > 7 we have
A, € Ay C A. The o-algebras A; usually represents a certain past history available at

time ¢.

A stochastic process (Xt)t20 is said to be Fi-adapted, if X, is A;-measurable for any ¢ > 0.

15



A stochastic process w is called a Wiener process, if the following conditions hold true:
(i) w(0) = 0.

(ii) The process w has independent increments, i.e. if r < s <t < u, then w(u) — w(t)

and w(s) — w(r) are independent stochastic variables.

(i) For s < t, the stochastic variable w(t) — w(s) has the Gaussian distribution

N[0, vt — s].
(iv) w has continuous trajectories.

Theorem 2.1. Let g be a process satisfying

b
/ Elg(s))ds < ox,

i.e., g is adapted to the ftW—ﬁltmtion. Then, there holds

b
E[/ g(s)dws] = 0.

Theorem 2.2. [Itd'sformula) Assume that the process X has a stochastic differential
given by

dX (t) = p(t)dt + o(t)dwy, (2.1)
where . and o are adapted processes. For a CY2-function f consider the process Z defined
by

Z(t) = f(t, X(1)).
Then Z has the stochastic differential
of o2 0%f of of

df(t,X(t)) = (E + 78—2172 + /L%)dt + O'%dwt. (2.2)

16



We consider a security, henceforth called a stock, with price process
dS(t) = S(t)r(t)dt + S(t)o(t, St)dw;

under risk-neutral probability P. The price B is the price of a risk free asset, if it has the

dynamics

where 7, o are any adapted continuous, bounded, and nonnegative functions.

Lemma 2.3. For a European put option with price
_ — ['T r(r)dr
u(S,t) = E(e” uo(S(T))|Fy) (2.3)

and payoff uo(S(T')) := (S(T) — K)— at maturity time T, where K stands for the strike, if

function P = P(S,t) satisfies the Cauchy problem

0 o2(S,t)5?% 62 0 B
an easy application of Ito’s formula shows
u(S,t) = P(S,t). (2.5)

Proof. For f(S(t),t) = el (1) p(S(t),t), Tto’s formula gives
df (S(1), 1) = dPel T _ p(s(t), t)eli "D (1)dt (2.6)

Since

0.2 2 2
dP(S(t),t) = (%P(S,t)+%%P(5,t)+r(t)S%P(S,t))dt+

(S, t)%P(S, t)duwr,

17



we have

2 2
df(S(t),t) = el <>df(g P(S,t) + %%P(s £)
+r(t)S a‘?qp(s t) — P(S, t)r(t))dt +
o (S, 1) 885 (S, t)ek T g, (2.7)

By assumption, P(S,t) actually satisfies (2.4]) and hence, the drift part of (2.7]) vanishes.

If o(S, t)iP(S, t)eftT (747 4y, is sufficiently integrable, we obtain

oS

T T
P(S(T),T) = el "M p(S 1) + / o(S,t) 8‘95 (S, t)ek T g, (2.8)
t

Taking the expectation of P(S(T'),T), the stochastic integral will also vanish, whence
P(S,t) = E(e~ ' "4 p(S(T), T)). Comparing with (Z3) yields (23). O

For convenience, we replace t by 1" — t which transforms the final time to an initial value

problem which reads as follows

02(8,t)S? 92

S - — 5

0
u(S,t) —r(t )585 u(S,t) +r(t)u(S,t) =0, (2.9a)
u(S,0) = up(S). (2.9b)
The problem (2.9a)),([2.90) has a unique strong solution u € CO(Ry x [0,T]) which is C*
-regular with respect to ¢ and C? -regular with respect to S and satisfies 0 < u(S,t) <

C(1+ S) for some constant C' € Ry, if the following assumptions are satisfied (cf., e.g.,

[35])

(A1) The function (S,t) — So(S,t) is Lipschitz continuous on R4 x [0,77], bounded

from above on R X [0,7] and bounded from below by a positive constant.
(A2) The function r is bounded and Lipschitz continuous.

18



(Ag) The Cauchy data ug satisfies 0 < ug(S) < C(1+ S) for some C € R,.

For later discretization purposes, we truncate the domain in the variable S and consider

([29a),([2.98) on Q x (0,T), where Q := (0, 5)

02(S,1)S2 97

0

—u(S,t) — ﬁu(

S,t) + r(t)u(S,t) =0, (2.10a)
u(S,t) =0, (2.10Db)

u(S,0) = up(S). (2.10c)

2.2 Variational Formulation of the Black-Scholes Equation

We use standard notation from Lebesgue and Sobolev space theory and denote by D(2)
the space of infinitely often differentiable functions with compact support in 2 C Ry and
by L?(Q),Q C R, the Hilbert space of square integrable functions on 2 with inner product
(-,-)o.o and associated norm | - [lo.o. We further refer to H'(f2) as the Hilbert space of
square integrable functions with square integrable weak derivatives equipped with the norm
| - ll1,0- The Hilbert spaces L2((0,7)) and H'((0,7)) are defined analogously.

In order to derive an appropriate variational formulation of (ZI0al)-(ZI0c), we introduce

the weighted Sobolev space

V={v:ive LQ(Q),SS—Z € L*(Q)}, (2.11)
endowed with the inner product
(v, w)y = / (w(S)w(s) + 522 ()29 (5))ds (2.12)
VT g FERE ’ '
where g—; stands for the weak derivative, and we refer to || - ||y as the associated norm.

We define Vj as the closure of D(£2) in V. Then, it is easy to see that Vj is a closed

19



subspace of V with v(S) = 0 for v € V5. Moreover, the following Poincaré-Friedrichs

inequality holds true:

Lemma 2.4. (Poincaré-Friedrichs inequality) For all v € V{y there holds

”U”Lz < 2”[)’\/ (2.13)

Proof. Since D(Q) is dense in Vj, it suffices to prove (ZI3)) for v € D(2). Obviously, we

v
2 _ 2 o
[oll2(q) = /Qv s = —2/951;%(5)615

An application of the Cauchy-Schwarz inequality to the right-hand side gives

|| svga(s)asi < ([ (55(5)7as) ([ os)Pas)

Q

have

from which we deduce the desired result. O

Consequently, the semi-norm
ov
vy = (| S*(55)%dS)" 2,
ol = ([ 5*(55)%as)
is in fact a norm on Vj equivalent to || - [|y. We refer to V' as the dual of V with norm

| - [lvy and to (-, -)v v; as the dual pairing between Vp and V.

We further denote by L2((0,7); L?(2)) the Hilbert space equipped with the norm

A / Ju(t)]R g

and define L*((0,T); Vo) and ||-[| £2((0,7);v;,) analogously. Moreover, we introduce H'((0,T); V")

as the Hilbert space with the norm

(eI + e )17, )

lullZrn o) =

St~

20



where [[ullv; = sup,ey; {52

Now, multiplying (2.I0al) by v € V{ and integrating over {2, we obtain

2(8,1)8% 02
/—uSt dS/ S (S, u(S)ds

/ S—u S, £)0(S)dS + r(t) / w(S, )v(S)dS. (2.14)
Q
Integrating by parts and applying the fact that v(S) = 0 results in

(St)Szf)u v
/a (S 6) dS+/ O (5,1) g (5)ds

o )
/Q (02(S,£)Sa(S, 1) + a5(5 t) = r(£) S5 zu(S, hu(S)ds

Fr(t) /Q u(S, )o(S)dS. (2.15)

In view of (2.I5]), we introduce the bilinear form a;(-,-) : Vy x Vo — R according to

2
ar(uv) = (2524 §9%) 4 (40 4 5097508

Consequently, the boundary value problem (2.10al)-(2I0c) has the following variational
formulation: Find u € H((0,T); Vy) N L?((0,T); Vo) such that for all v € Vg

ou
<8t V) Vo +a(u,v) = 0, (2.17a)

(u(+,0),v)0,0 = (u0,v)o,0 (2.17b)

We note that H*((0,T); Vy) N L2((0,T); Vp) is continuously embedded in C°([0, T]; L?(£2))
(cf., e.g., [39)).

In order to prove existence and uniqueness of a solution of (2.I7al),([217hl), we impose the

following assumptions on ¢ and r

(A4) The function o is continuously differentiable, and there exist constants
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0 < omin < Omaz and C, > 0, such that for all (S,¢) € Q x [0,7T] there holds

Omin < 0(5,t) < Omazs (2.18a)
Oo
— < . .
555 (S0 < Co (2.18b)

(As) The function r is continuous and nonnegative on [0, 7.

We first prove that under assumptions (A4) and (As) the bilinear form a;(-,-) is bounded

and satisfies a Garding’s-type inequality.

Lemma 2.5. Under assumptions (Ay4) and (As) there exists a constant p > 0 such that

for all v,w € Vi there holds

las(v,w)] < plvly|w|y. (2.19)
Proof. In view of (A4) we obtain
o? Ou _0v 02 0
‘(75%75'%)’ =7y vlv [ulv,

Let R = mawc(or)7(t). Then, by (A4), (As) and the Poincaré-Friedrichs inequality

0
(= + 0%+ 502)S 52, 0)| < |R+ 070 + CotmasllulvIlol] 20

< 2|R+ 0200 + CoGmaz|[ulv|v]yv.
The Cauchy-Schwarz inequality and the Poincaré-Friedrichs inequality imply

|7 (u, v)| < [R[[ullo.llvlloe < 4R[ulv|vly

2
Finally, (219) follows with p = UT;M +2|R+ 02, + CoOmaz| + 4R.
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Lemma 2.6. (Garding’s inequality)

Under assumptions (A4) and (As) there exists a nonnegative constant A such that for
all v € Vy there holds

O min |V[3 = Allv]|*. (2.20)

=

at(Ua U) 2

Proof. Using (A4), (As) and R = max,c(o.1)7(t), straightforward computations reveal the

following three inequalities

o2 Ov _0v o2
2 gPY g2V > Zmin
0o, 0u
(=7 40>+ S5 0D)S S 0)| < IR + Fan + Cotmaalluly o2y

< Tmin

4

oy + Alvlvllzz @),
where A = (R4 02,45 + CoOmaz)?/02,;,- Since

[r(v,0)] < 4RIo[{,

(Z20) follows with A = maxz(0, A — 4R). O

The previous results immediately give rise to the existence and uniqueness of the solution

of (2I7al), 2I7D).

Theorem 2.7. Suppose that the assumptions (Ay4),(As) are satisfied and ug € L*(Q).
Then, the variational formulation [2I7al),[2I7D) has a unique solution. Moreover, for all

0 <t<T there holds

t
1
—2X —2A
Pt + 0k [ Pl ds < Juolf o (221)
0

Proof. Existence can be shown by the Galerkin method, i.e., by constructing a sequence

un € CH(0,T);V;),n € N, of solutions of ([ZI7al),(2.17h) in finite dimensional subspaces
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Vi, C Vy that are limit-dense in V[, and then passing to the limit. For details of the existence
proof we refer to [35]. Uniqueness readily follows from (2.21]). For the proof of ([2.21]), we

choose v = u(t)e~?M in ([2ITa) and integrate over (0,¢) which gives

t ou _ONT ! —2AT _
/O(E,U(T)e )dT—l—/O ar(u(T),u(r)e Ydr = 0. (2.22)

Integrating by parts, we obtain

t 6 t
Hu0||2 = ||u(t)||2e_2>‘t —/0 (u, 6—?6_”\7— — 2)\ue_2AT)dT —I—/O 6_2)\Tat(u(7'),u(7'))d7'.

Now, setting

[00)0) = ) + 3R [ e ho(an),

an application of Garding’s inequality yields

[[ug||?

2 _oxt LooOu gy, —oar LRIV 2 2
> lu@)7e™" — | (u, e =2 e T)dr + [ e (o luly — Allul[%)dT
0 ot 0 4
1 t t
[P - & / L S / (1, L2 _ 93y~
t t 811,
> []2() — / e dr — / (u(r)e=2", 27
= [[]* (1),

from which we deduce (2.21). O

The stability estimate (2.2I)) motivates to consider the norm

[0) = (oI + 503 | o)), (2:23)

so that (2.21)) reads

[[w]](®) < [[uol|- (2.24)
Similar techniques as in the proof of (2:2]]) allow to establish the following estimate.
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Lemma 2.8. For any u € HY([0,T]; Vg) N L*(0,T; Vy) € C°([0,T]; L3(£2)) there holds

wdu
ot

1

Omin

e L2 o,ryve) < V2 [[uoll- (2.25)

Proof. In view of Lemma 2.5 and (2:22)) we get

T ou

]«

o ot’

t —2AT
< /0 lar (u(T),u(T)e )ldr

U(T)€_2)\T)d7'|

whence

i
ot

7

Omin

e lr20,mvp) < V2 [[uoll-
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Chapter 3

Discretization of the Black-Scholes

Equation

For the discretization of the variational formulation (2I7al),(2.17D]) of the Black-Scholes
equation we use Rothe’s method, i.e., we first consider a semidiscretization in time by the
implicit Euler scheme which amounts to the solution of an elliptic subproblem for each
time step. The elliptic subproblems are then approximated by continuous, piecewise linear

finite elements with respect to simplicial triangulations of the spatial domain €.

3.1 Semidiscretization in Time

We consider a partition of the interval [0, 7] into subintervals [¢,—1,t,], 1 < n < N, such

that

O=tg<t1 <---<ty=T.
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Set Aty :=t, — tp—1, At := max{At, | 1 <n < N} and

At,
PAL = Max

. 3.1
2<n<N At,_1 (3-1)

For continuous function f on [0, 7], we introduce the notation f™ = f(t,). The semidiscrete
problem arising from the implicit Euler scheme is as follows: Find (u™)o<p<n € Vp such

that

(u™ —u" " w)oa + Atpay, (u"0) =0, vEVy, 1<n <N, (3.2a)
u® = ug. (3.2b)
The existence and uniqueness of the solution u™ € Vj of (3.2al),(3.2h) can be shown for
sufficiently small time step At,.
Theorem 3.1. Under the assumptions (Ay4), (As) and the time step restriction
At, < ! (3.3)
T2 ‘

the semidiscrete problem ([B.2al),([3.2D]) admits a unique solution.

Proof. We note that ([B.2al) can be equivalently written as

Cn(u ,U) = (un 7’0)0,9 3 v E ‘/07
where the bilinear form ¢, (+,-) : Vo x Vy — R is given by

cn(v,w) = Atpay, (v,w) + (v,w)n , v,w e V.

Due to (Ay4), (Asp), the bilinear form ¢, (-,-) : Vj x Vi — R is bounded. Moreover, taking
additionally (B3] into account, it is Vp-elliptic as well, i.e., there exists a constant o > 0

such that
cn(v,0) >l veW.
Hence, the assertion follows from the Lax-Milgram Lemma (cf., e.g., [13]). O
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For the sequence (u™)1<m<n,n < N, we introduce a discrete norm [[u™]],, as the discrete

analogue of [[u]](¢) (cf. (223])) according to

((ﬁ 1— 20AL) >\|u"||37Q + (3.4)
i=1

n m—1
o\ 1/2
2 o2 Z At ( [] @ -2xa )\u \%) . (3.5)
= i=1
As a counterpart of (2.24]) we obtain:

Lemma 3.2. Under the assumptions of Theorem [31] there holds
[ ]]n < [[u°[lo.0- (3.6)

Proof. By Young’s inequality we have

[u i < lu" i g (3.7)

man

(1— 22A8,) a2 ¢ + %Atno—

Multiplication of @) by [['={ (1 — 2A\At;) and summation over n gives the assertion. [J

Given the sequence (uy,)1<n<n of solutions of (3:2al),(B.2h), we introduce the function
uat on [0, 7] by

unt ()it 1an) = Un—1 + (Atp) 71t = tp_1)(un — up—1), 1<n <N, (3.8)

which obviously is affine on each interval [t,—1,t,],1 <n < N.
The following result establishes the equivalence of [[u™]],, and [[ua¢]](t,,) which will be used

later in chapter @l

Lemma 3.3. Suppose that (A4), (As) hold true. Then, there exists a positive constant
a< % such that for

(3.9)
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and for any family (vV")o<n<n € VON+1 there holds

SIOME < [oadl(tn) < maa(2,1+ pad[@™ + 502, (310)

where pay is given by (B1]).

Proof. (i) Proof of the left inequality: In view of (B.8]) we have

N )
- /t e~ up | ()7 = (3.11)
m m—1

/01 e AT (|ym 222 4 |pm L2 (1 — )2 4 200 0™ T (1 — 7))dr
where
(o™ / Sa”m : S—mdS
If At,, =0, for the right-hand side in (3.I1]) we obtain

(Ivmlv+llv+( mom ),

which can be estimated from below by %|vm|%/ due to the inequality ab > —‘2—2 — b2
If At,, # 0, we use that e 227 i continuous with respect to 7. The mean value
theorem of integral calculus implies the existence of a positive constant 7 € (0, 1] such that

the right-hand side in (B.I1]) is equal to
. 1
280 [N o (1 7 2 (L 7)),
0

Consequently, there exists a constant a < % such that for At < § there holds

G A 2 Lo
o g
e | = G

whence

tm At
/ e M uafir(r)dr < 8m e~ Pbm-1 V[ (3.12)
tm—1
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By Taylor Expansion, for 2AAt < 1 we get

m—1
[] (0 —2xa8) < e?m—,
1=1

which together with ([312]) yields

n m—1 tn
2 mzn Z Aty H 1 - 2)‘At ‘Um‘\/ < 8(2 mzn/ 6_2)\T’uAt’%/(T)dT)‘
m=1 =1 0

Since [[v'g, || = [lv™ ], it follows that

m—1
(T (@ = 2228 0" 2 < e 2 ||u, .

=1

The inequalities (3.13]) and ([B.I4]) give rise to the upper bound for [[(v")]],.

(3.13)

(3.14)

(ii) Proof of the right inequality: In view of the identity (B.11I), we obtain the estimate

e2Atm—1 /tm —2)\7'| |2( )d

e UAL Vv T)aT

Aty Sy,
1 1

< |vm|%// e_QAAtdeT—|—|vm_1|%// 6_2)‘&’"(1 —T)dT
0 0

1 _
< S+ R,

from which it follows that

t n
no 1 _
A TNCTIES D Sp e  (
0 2 m=1

We can find a constant ag < % such that

At < —=.
A

—2MAt; (Z —1..

Taylor expansion for e yoo.ym — 1) gives

m—1
e Pmt <o TT (1 —22A8),
i=1

(3.15)



from which we deduce

. m—1 m—1
/ e Aol ()dr < D7 At [T (1= 2288) (0" + [0™})
0 n 2

=1
n m—1
< (14par) Y Aty [T (1= 220A8) 0™ + Aty 00
m=1 i=1

For At < %2 we have
m—1
e Mmtlym 2 < 2 TT (1 — 22At)|[v™ ).
1=1

We conclude by choosing o := min(aq, ag). O

From (B.6) and ([B.10), we get the following relation for all n, 1 <n < N,

[[uat])(tn) < C(uo), (3.16)

where

1
Cluo) = (maz(2,1+ par)[uoll” + 50min At [uolf) 2. (3.17)

3.2 Fully Discretized Problem

Given a null sequence H of positive real numbers, for the discretization of the semidiscrete
problems (3:2al),([3.2D]) in space, we use continuous, piecewise linear finite elements with
respect to a family of simplicial triangulations T,5,1 < n < N, of Q. For T € T,pn, we
denote by Spin(T), Smaz(T) the endpoints of T and refer to hp := Sya2(T) — Smin(T) as
the length of T" and to h, := max{hy | T € Tnp} as the maximal size of the intervals in
Tnn- Moreover, for D C Q we refer to NV, (D) as the set of nodes of T, in D and associate

with each T" € T, the patch wr according to

wr = J{T" € Ton | Nun(T') N N (T) # 0} (3.18)
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We assume that the family of triangulations is locally quasi-uniform in the sense that there

exists a constant p > 0 such that for two adjacent elements T T' € T, there holds
hr < phy , heH. (3.19)
For each h € H, we define the finite element spaces by

Von = {vf, € C°(Q) | vii|r € PY(T), T € Tan}, (3.20a)

Vi i= Van N V0, (3.20b)

n

where P!(T) stands for the linear space of polynomials of degree 1 on 7.
Assuming that uy € Vip, the fully discrete problem reads as follows: Find (u})i<n<n,
up € V9 1 <n <N, such that

(upf —up = o) + Atpay, (uf,vp) =0, v, € VY, (3.21a)

u) = ug, (3.21Db)

Theorem 3.4. Assume that (Ay4),(As) and B3) hold true. Then, the fully discrete
problem admits a unique solution. Moreover, for the sequence (u}')1<m<n,1 < n < N, we

have the stability estimate

(1) < [u°llo,0- (3.22)

Proof. Existence and uniqueness follow from the Lax-Milgram Lemma, since V,?h Cc V1<

n < N. The estimate is an immediate consequence of Lemma O

As in section B (cf. (3:8)) we define uj s+ as the piecewise affine function
wh ALty ] 7= Prup " 4 (Abn) TNt = to1)(ufp — Pup™!), 1<n <N, (3.23)
where P[L’uz_l is the L?-projection of uz_l onto V,fh.

32



Chapter 4

A Posteriori Error Analysis

In this chapter, we will provide a residual-type a posteriori error estimation for the error
[[u—unadl(tn) , 1<n<N,

where [[]](¢) is the norm given by (2:23]). It consists of computable error estimators re-
flecting the contributions to the error due to the discretizations in time by the implicit
Euler scheme and in space by the finite element approximation described in the previous
sections [3.1] and The error estimators will be presented in section [41] followed by an
a posteriori error analysis which establishes the reliability of the estimators in section

and their efficiency in section
The a posteriori error analysis requires more assumptions on the data of the problem:

(Ag) The functions o and S g—g are Lipschitz continuous on [0, T] uniformly in S € €,

and the function r is Lipschitz continuous on [0,7]. In particular, there exists positive
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constants C;, 1 < i < 3, such that for all ¢, ¢’ € [0,T] there holds

182.8) = 22 < Cult — ], @)
= v+ () + 2D LCD 500022y )L

< Colt — '], (4.2)
Ir(t) —r(t")| < Cslt —t']. (4.3)

Throughout this chapter, for quantities A, B € R, we will use the notation A < B, if there
exists a constant ¢ > 0, independent of At,, and hp,T € T,n,1 <n < N,h € H, such that

A < ¢B.

4.1 The A Posteriori Error Estimator

For the fully discretized Black-Scholes equations (3.21al) and (3.21bl), the global discretiza-
tion error u —up A¢ can be assessed by a time error estimator and a price error estimator.

The time error estimator is local in time and global in price. It is given by

M = /At e M1 JL\/g upy —up My, 1<n <N, (44)

where 0, > 0 and A > 0 are the constants from the ellipticity assumption ([2.I8al) and

Garding’s inequality (2.20]).

On the other hand, the price error estimator is local both in time and price. It is given by

h _
T Hmﬂﬁlw@MT, TeTwm,1<n<N, (4.5)

T G D)

where Ry (u} ™!, u}?) stands for the residual with respect to the strong form (ZI0al)-(ZI0d)

of the Black-Scholes equation

n—1
1 n up —u ouy! n
Ry (uy Lupy = hAth S@Sh + rup. (4.6)



Remark 4.1. Since u}l € V9 is piecewise linear, we have 9*u} /0S?|r = 0,T € Ton(S2),
and hence, this term does not occur in ([A8). However, if higher-order finite elements are
used for the discretization in space, this term has to be included in the residual, i.e., the
residual then reads

el n uy —u 0°5% 0%u ou n
Ry(uf=t upt) o= L A7 h 5 852h —rS 86? + ruy,. (4.7)

Remark 4.2. Compared to residual-type a posteriori error estimators derived for parabolic
initial-boundary value problems on bounded domains of dimension > 2 (cf., e.g., [20]),
the price error term n, 1 does not contain jumps [Ouf /0S|s, of the derivatives Ouy [0S
in the nodal points S; € Nypp(Q),1 < i < Nyup. The reason is as follows: For conforming
finite element discretizations, residual-type a posteriori error estimators are usually derived
by taking advantage of Galerkin orthogonality (cf. (@258 below) and by using suitable
interpolation or quasi-interpolation operators Pj' : Vo — Vr?h with specific stability and
local approzimation properties such as the Scott-Zhang interpolation operator [16] or the
Clément quasi-interpolation operator [{0]. The standard interpolation operator I}’ : Vo —
th from finite element analysis [16] can not be used, since Vi is not continuously embedded
in C%(Q). The situation is different, however, in one space dimension, where due to the
Sobolev embedding theorem [16] the embedding Vo — C°() is continuous indeed. In
particular, it will be shown in section below (cf. Lemma [{.9 and Proposition [].6])
that an interpolation operator can be constructed such that the jump terms vanish in the
evaluation of the residuals (cf. ([A27)). However, if the Scott-Zhang interpolation operator
or the Clément quasi-interpolation operator is used instead, the jump terms do not vanish
and enter the price error term n, T according to

hr n—1 ,n th/2 2 20
it = gy B el + = D o S)SHGg s (49)
maxr SZENnh(T)mNnh(Q)

We emphasize that for parabolic problems in spatial domains of dimension > 2 such as
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the Black-Scholes equation for European basket options [37] the jumps n - Vullr of the
normal derivatives n - Vuy across interior faces F' of the simplicial triangulation of the

computational domain always enter the price error term.

4.2 Reliability of the Estimators

The main result of this section is the reliability of the error estimators.

Theorem 4.3. Under the assumptions (A4) — (Ag) and ug € V), let u € HY((0,T); V)N

L2((0,7); Vo) be the solution of [2ITa),2ITH) and let upas be given by [B.23) in terms
of the solution (u})o<n<n of the fully discrete problem [B.21)),[B2Ial). Moreover, let ny,
and 1y, be the time error and price error estimators given by [A4) and (LX), respectively.

Then, there exists a positive constant a < % such that for A\At < « there holds
[[u — upad)(tn) S (4.9)

c 2o At e 2 12
(02—C(u0At <§:1 02mm ~par) ljll (1=22At) Z nm’T) )’

min mzn TETwn

where C' := 4Cy + 2Cy + Cs3, C(ug) is given by BIT) and

k(pat) == (1 + pAt)2||uo||2 + maz(2,1 + pae)- (4.10)

The proof of Theorem [A.3] will be provided by splitting the error [[u — up a¢]](tn) ac-
cording to

[[u = unad)(tn) < [[u—uad)(tn) + [[uar — unad](tn) (4.11)

and to estimate the two terms on the right-hand side separately.

Proposition 4.4. Under the assumptions of Theorem [{.3 there exists a constant o < %
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such that for At < 5 there holds

n

e —uadlttn) S (o= Cluo)At+ [use - unadl(t) + ——(32) 7). (@12)

min min gm—1

Proof. For any t € (t,—1,t,] and v € V we have

(grvanlt),0) + afusi(t), )
u — un—l

= ( AL ) 4 ag(uae(t),v) — ag, (uae(t), v)+

at, (uag(t) —u",v) + ag, (u"™,v).

Subtracting the previous equation from (2.I7al) it follows that

o u — un—l

(5 (@ —uar)(®),v) + ar((v = uar)(®),v) = —(—x—

ar(uae(t),v) + ag, (uac(t),v) — ar, (uar(t) — u", v) — ag, (u”,v).

,U)—

In view of (B.2al) we obtain

(o

= —a(uae(t),v) + ar, (uae(t),v) — ag, (uae(t) — u™, v).

u—uag)(t),v) + ar((u — uag)(t), v) (4.13)

We choose v(t) = (u — uaz)(t)e”?M and integrate the first term on the right-hand side of

#I3) over (t;,—1,t,) which results in

/t m1 %(u —uad) (8)(u = uag)(t)e At =

1 tm
(a0 i, 21 / (1~ uar) (e ).
tm—1

m

Summation over m from m = 1 to m = n and observing (u — ua)(to) = 0 yields

n tm a B
D (e a0 @), (u - wad e Pt = (4.14)
m=1"tm-1

n tm
%Hu —uneP(tn)e P H XD / lw — uae|®(#)e=2Mdt).
m=1"tm-1
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Integrating both sides of (£I3]) over (¢,,—1,t,) and summing up, we get

Z/tm (%(u—uu)(t)vv)dtz (4.15)

m=1
n

Z(_/m ar((u—uag)(r),v)dr—

m=1 tm—1

/tm (ar(uae(7T),v) — ar(ua(T),v))dr — / " ag, (uae(T) — u™, v)dT.

tm—1

Combining (£14) and (£15), it follows that

1 _ tL i _
Sllu— uat|P(tn)e” M A / |u — uagl?(t)e2Mdt] = (4.16)
m=1"tm-1

n

Z(_/t e (u - uar) (), v)dr — / " (ar(uar(r),v) - ar(us(r), v))dr-

m=1 m—1 tm—1

tm
/ ag,, (uae(T) —u™, v)dr.
t

m—1

Due to Garding’s inequality there holds

n

Z ar((u—upg)(7),v)dr > (4.17)
m=1"1tm-1

1 tm tm
Z (= / 02w —upe A dr — )\/ |u — ung|?e”2dr).

m=1 tm—1 tm—1

Using (4.16]) and (417, we get

([ — uad*(tn) < (4.18)

Now, we will evaluate each term on the right-hand side of (4I8]). Using the assumptions
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(Ag), (A7) and (Asg), it follows that

| / " (ar (uae(r), 0) — aa, (uae(r), v))dr]

tm 2
< Atn[5t [ TamisToa sk
m—1

2Cy [ dun 9Ls [tm
i O-Em'n /tm1 Ugnm“SW’U” T o2 / Jrzn,m|(uAt,v)|]

min Y tm—1

= T;’m luaelvu — uadlve > dr

man

<201+02+C3/2/tm o2
tm—1

2C1 + Cy + C3/2 tm 52 —onr
< — / (/ rgzn|uAt|%/e 2\ d7)1/2
tm—1

min
tm 52
(/ mm|u—’LLAt|%/€_2>\TdT)1/2.
tm—1 2

Setting C' := 4C7 4+ 2C5 4+ C3 and taking

Clw) = [feadl(tn) = (0hun | € uae(r)fpir)'?

into account, we obtain

n

m=1
L - bm 52
S Clun)at(Y" [ Ty e )2
m=1"tm-1

IN

L Ouo) At — uadlt.

min

IN

(4.19)

(4.20)

For the second term on the right-hand side of (4.19]), Lemma [2.5] and the Cauchy-Schwarz

inequality give

tm
\/ ag,, (upae(T) — u™, v)dr|
tm—1

tm—1

tm—1
V2u

tm tm
<ul [ uadr) = e an B[ gean 2
tm tm 52
([ Juselr) = wm e any i [ Cming -
Omin

<

tm—1 tm—1
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Since

use(r) = = BT (),
m
we have
tm .
( / lun(r) — um e dr)d
tmfl
| m—1 m| (/tm (tm_T)2 —2)\Td )%
=lu —u"y T
tmfl Atm
At
< (- 3m‘)l A [y ™y
whence

1

( / " \uAt(T)—um\%e—%TdT)? (4.21)

tm—1

< Aty 20 (o= =+ ™ = 4 = i ly)?).

Using (3.15]) and (BI0), for the sum over m of the last two terms on the right-hand side
in (421)) we find

n m—1
2(1+ par) 3 Aty [T (1 = 2)At) ™ — up'[,
m=1 =1

< i;’—2(1 + pad) [uar — unadl*(tn),

from which we derive the following upper bound for the last term of the right-hand side of

E.I),
|2Z/m ay, (uae(T) — u™, v)dr| (4.22)
m=1"tm-1

< i—“(w(l + pan)[[uat — wn adl]? (tn)+

min

n 2
S Aty Pt Tmin U221 — i ) b).

m=1

Finally, the desired estimate follows from (£20) and (£.22)). O
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Referring to the discussion in Remark 4.2l above, for the estimation of the discretization
error ua¢ — up A¢ from above, an interpolation operator I VOS5 v p, With appropriate

local approximation properties will be provided by the following lemma.

Lemma 4.5. Let S;,0 < i < Ny, be the grid points of the triangulation T,n such that
0=5 <8 <---<8n, = S and define Iy - Vo - Vr?h according to
S1

Io(Ss) = 0(S)) , 1<i < N / (v — ITv)dS = 0.
S

0

Then, for T € Ty there holds

hr
o = Ivllor S m HS(‘)SHO T, (4.23a)

1S (v = I70) oo Shy!? HS HOT (4.23b)

Proof. The local approximation properties follow from standard linear interpolation in

Sobolev spaces [16]. O

Proposition 4.6. Under the assumptions of Theorem [{.3 there holds

([uar — unadl*(tn) S (4.24)
n m—1
J;L?n max(2,1 + pat) Z Aty H (1 —2X\At;) Z nfmw.
m=1 =1 wWETnh

Proof. Taking advantage of the Galerkin orthogonality

(" —uff — (" =, )00 + Atpay, (Wt —uf,vp) =0, vy € Vi, (4.25)

for v € VO and vy, € V5 o, we deduce

(U™ —up, v —vp)o0 + Atpag, (U —up, v — v)

=@t —ul v —vp)oa + (U — ul v —vp)og — Atnay, (Ul v — vp).
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Integration by parts yields

(u" —uy,v—vp)oq + Atpay, (" —up, v —vp) (4.26)

= (" =y o =)o + (uf —up v —vn)oat

Aty Z </( S(‘)aqg; rup)(v — vp)dS—

Tetrrl,h

1 (S5, 1) S2]

S’i ENnh (T)mNnh (Q)

ouy
Fals (v —wm)(5).

Choosing vy, = I}'v with the interpolation operator I;' from Lemma A.5] we have

1
Y e - w)(s) =0 (4.27
SiENnh(T)ﬂMLh(Q)

whence

ull —up! ou
]—/ThAith(v—vh)dS—F/(TSﬁ—Tuﬁ)(v—vh)dS

1 9 o Ouy
-4 Z:J (&r tn)& 5 1(€0) (0 — o) (&)

-1
S (gt S — S 4 oIS o
< rllS onfor-
In particular, for v = (u™ — u}}) we obtain
(1= AL " — [+ Anoi " —
S gl = S P+ At il — )
+202 At, Z nnT+ SAmmlu —ul?.

Tetrnh

It follows that
1
(1= 2008 [ = | 4 3 8n07i " = i

< vt - uZ_IH2 +402 At, Z 17,217T.
Tetrnh
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Multiplication of the previous equation by H;:ll 1 — 2MAt;) and summation over n yields

n m—1
[0 =il S O D At [T =20A8) > 1
m=1 i=1 TETmn
Finally, utilizing (3.10]) we arrive at
n m—1
[(uar — unadl(tn) S opamax(2, 1+ pae) Y Aty [J (1 —20A8) > 0k r
m=1 i=1 TETmn

4.3 Efficiency of the Estimators

This section is devoted to the proofs of the efficiency of the estimator 7, and the local
efficiency of the estimator 7, 7. The efficiency of 7, will be shown in subsection [£.3.1]

whereas subsection [4.3.2] is devoted to the proof of the local efficiency of n, 7.

4.3.1 Efficiency of the estimator 7,.

For (v™)1<n<n,v™ € Vp we introduce the norm

2 n—1
(]2 = Ufgm At, [T —2xa8) 0"} (4.28)
=1

By means of this norm we now establish the efficiency of 7,.

Theorem 4.7. Suppose that u® € Vy and AAt < a as in Lemmal3.1. Then, for2 <n < N

there holds

o S ([ = upll? + pad[u" ! —up Y + (4.29)
—2Atp 1
€ 2 2
oz <||§(“ = uat) 22ty eyvgy Tl — vallTo(, 1 pyve) +
max(1,oa¢)
TR (At ).

main
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whereas for n =1 we have

1 0
S [t = bl + —— (I (= wad) Bagosnyag) + (430

man
(Atq)?
llu — UAt||%2((07t1);VO)) + PG (HUOH2 + Ugm’n At1|u0|%/).

man

Proof. We split n,, according to

T < Atne‘””*l% <\u" —ully + T — w4t — u"—l\v), (4.31)
whence
O'2 :
7 < 30y e M1 Zuin (yun Y, e LA I S ) (4.32)

Taking advantage of (3.1I5]), for the first term on the right-hand side we obtain

2 n
3At, e~ 2Mn-1 UTSJIU" — [} < 34, [T — 2M5) 02, 0" — uf 3 < 6 [[u” — )],

i=1

(4.33)

Likewise, for the second term it follows that

2
3At, e\ ”gﬂ!u"‘l —up Y < 6paflu Tt —up R, (4.34)

Using Garding’s inequality, for the third term we find
Wtn_1 7 i 12
3At, e M-t %\u” —u" My

< 6At, e P01 <at (u™ — ™ u — w4 Au” — u"_l\\2>

n

In view of
tn — T T —tpn_
-1 n n n—1
U =u" U , o th <7 <th_1,
At( ) tn - tn—l tn - tn—l " ol
we see that
tn n—1 Atn n n—1 ., n n—1
ap, (uae(T) —u u™ — " )dr = —Tatn(u —u"T " — W),
tn—1
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Moreover, there holds

() ™)+ an(u(r), " — ) =,
T
() ™ =) g, (" — ") =0,

whence
o2
6AtL 6—2)\tn,1 min ’un . un—l‘2 <
n 2 1%

tn
24 Ptn—1 / %(u —uag) (7)) (U — u"Ydr +
tn—1

=1

tn
24 tn—1 / ar(u—upg,u" — u"_l)dT +

tn—1

=1II

246 2Atn—1 / ar(uag, u™ —u"t) —ag, (uag, u™ — u" ) dr +

tn—1

= 1II

12\At, e~ 2 Mn-1 [|u" — u”_1||2 .

=1V

(4.35)

We will estimate the four terms on the right-hand side of (4.35]) separately. This will be

done in the following four Lemmas. Using the results these lemmas in (4.35]) together with

(#33) and (434]) gives the assertions.

O

In the derivation of upper bounds for the terms I,II,11] and IV from (@35]), we will

frequently make use of Young’s inequality

ab < 1/(4e)a® + eb?.

(4.36)

Lemma 4.8. Under the assumptions of Theorem[{.7], for the term I from (A35]) we obtain
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the upper bound

1 n n n— n—
1] < 2+ 6l — ) + Gparlfu" — w2

10
192 oy, ot ) @ 2
< 1<1+60e ' 1>H§(u—uAt)”L%tnmtn%Vo*)'

main

Proof. We have

(4.37)

(4.38)

24+/2At, —2\t,_ Omin -1
1] < E— ! Ha(u —unt)ll 22ty ,tnsvip) i [u —u" "y <
8\/6 Aty 0 “AMp—1 Imin
e ! HE(U = ua)|| L2 (s tn)ivy) VAL, € ! i [u" —uplv +

=1
BVE maunes

Omin

0 _ Omi _ _
—(’LL . uAt)HL2 A ;V*) /3Atn e Atp—1 AN |un 1 UZ 1|V +
8t (( ) 0

= Iz

0 Omin | n n—
|57 (w = wan)l L2 (-1 tn)vy) VAL Jupy —up =y
ot V2

24+/2 2\

Omin

= I3

Applying Young’s inequality (£36]) with ¢ = 1 as well as (£33]), we get

96 0 _ o2,
I < > e~ 2Atn—1 Ha(u - uAt)H%%tnfl,tn;Vo*) + 3At, e 2Mtn—1 % |un _ um%/ (439)
min
9% _ 0
< poa 2xtn-1 Ha(u - uAt)H%Q(tnflytn;VO*) +6 [[u" — ull]]?.

min

Likewise, but with (434]) instead of (£.33]) we obtain

96 0 o2
I < 6—2)\1‘%,1 “(u—u 2 ey 3At 6—2)\1‘%,1 min un—l
2 < o2 g = vadlZe vy + 300 =5
96 _on, 2 -1 —1772
Sz ¢ 1 Ha(u —uad)Z2 (e, vy T6 pac [[u" —up )%

min
Observing ([4.4]) and applying Young’s inequality (4.36]) with € = 1/10, we get

11520
2

man

Summing up the upper bounds in (£39]),([@40) and (£41]) allows to conclude.

0
6—4)\tn,1 H

1, 2
I3 < g T a(u - UAt)HLz(tn,l,tn;vo*)-

(9
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Lemma 4.9. Let the assumptions of Theorem [{.7] hold true. Then, for the term 11 from
(A38) we have

1
I < 35 i+ 6[[u" — up])? + 6pad[u" ™t —up )P+ (4.42)
164

2
30min

et (1430072 ) flu— ut | Fags, 0

Proof. Straightforward estimation yields

4\/ 2,LLAtn e_2>\t"71 ||u

Omin

|[IT] <

Omi _
— uadl L2,y vy —e U — u" Ty (4.43)

V2

44/2p

V3 / - Tmi

—e )\tniluu—UAt”L2(tn—17tn§V0) BAt,e Nt :’/"%"]u"—umv i

<
Omin
=: 11
2
4 3Me—)\tn,1Hu_u ” /3At “Mp_1 Imin| n—1 _,n—1
] At L2(tn,1,tn;V0) n€ ”U/ uh ‘V +
Omin \/5
=: 11y
4/2u o _
PR M’HHU—UAth(tn,l,tn;vo VA z/nin’ Py
min

=: 113

The same estimates as for I, Iy and I3 result in

8 _
I < 3 2# e A |y — uAt”%?(tnthn?VO) 6l[u" — ]I, (444)
O min
8 _
I < o= ety — g 2ag, v + Opadlle” — ], (4.45)
O min
1 160p _
IIg S 10 g + 2 ,U, At —1 Hu — U’At”%?(tnflvtn;‘/o)' (446)
mln
The upper bound (£42))follows by summing up (4.44),([@.45) and (Z.40]). O

Lemma 4.10. Suppose that the assumptions of Theorem [{.7] hold true. Then, for n > 1
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the term II1 from ([A38) can be bounded from above according to

1
(11| < 1—0% +6[[u" — uf)? + 6palfu" " —up P + (4.47)
48C"*
= maz(1, pat) (1 + 606_2>‘t"*1) (Atp)?|u®|2.
min
In case n =1, we have
1
11| < 1—017% +6[[ut —up))? + (4.48)
23232C? o2
T (An)? ()P + 2R AR ).
min
Proof. Case n > 1: As in (£20) it follows that
2
III| < 6\/_CAtn "2t lua |z gy U — u Ty 4.49
( n—1, n7V0
Omin
4C\/3At, _ _
27"6 Mhﬁl”uAt”LQ(tn,l,tn;Vo) /3Atn6 An—1 mm’ n_umv +
Omin \/_
= IIL
4C/3At, _ _ _
—— e uad 2, 17tn,Vo)\/me Ny Zmin =t g1y,
Umzn \/5
=: I,
12C/At, _ Omi
¢ 2At”’l||UAt||L2(tn,1,tn;v0)\/Atn%ltﬁi —up v
O min 2
= III3
Estimating 117,111, and 1113 as before, we obtain
12C%At,
I < ——=e 2" luadlFaq, 10w + 6lu™ — upl))?, (4.50)
Omin
12C2%At, _ _ _
III < —— =" 2 1”uAtHL2(tn LtniVo) T 60, [[u” PP, (4.51)
Omin
1440C2At,, _ 1
Iy < ———"e M *IHUAtHZL%n,l tiVo) T 1—77%- (4.52)
O min Y 0
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For the estimation of the first terms on the right-hand sides of (€50),(£51) and (4.52]) we

use (315 and obtain

&P Aty uadlEage, e (459
n—1
<2 [0 —2)A8) AtplluadlFzq, oo (4.54)
i=1
n—1
< max(1, par) Ay, (Atn [T - 2xAt) Aty u"(2)
i=1
n—2
TN <Atn_1 T[] -2xat) Atn_1|u"_1|%/)
i=1
< 2max(1, pac) (Atn)*[[(u™)]]7
< 2max(1, pa¢) (Aty)?[u|?.
Using (£53)) in (4.50),(4.51]),(@52]) and summing up, we deduce (£.47]).
Case n = 1: As in the case n > 1, we obtain
6v2C
[IT| < —5- Aty [[uacll 20,0 lu' = wlv (4.55)
40\/ 3At1 Omin
< THuAtHLZ(O,tl;Vo)V 3At, /2 jul —uply +
= IIL
12C/ Atl Omin
THUAI‘/HLZ(OJ“VO)V Atlwmi - u?l Vs
= IIl,
from which we deduce the upper bounds
12C2 Aty
ITI < THuAtH%Z(O,tl;VO) +6[[u’ —uy))?, (4.56)
1440C% Aty 1
I, < Z17‘||UAt||%2(0¢1;V0) + 1—077% (4.57)

49



On the other hand, we have

luselao ) < 208002 (Ju' -+ [’ ) (4.58)
16 o2,
< o At ([} + 722 Anf)
O min
16 2
< o Aty ()2 + 222 Aty ).
O min 2
Inserting (A58) into (A506]),(L57) and observing (A.5H) gives (4.4])). O

Lemma 4.11. Under the assumptions of Theorem [[.], the term IV from (A35) can be

bounded from above by means of

1
[TV] <z + 120" = wi])” + 12pa0[[u” = wj]]* + (4.59)

64X2 oy, 5 _on 94 9 2
T tn—1 (14—1 e 2n 1) (Aty) HE(U—uAt)HL%n,l,tn;vo*) +

min
64212 15
304 I 62)\T (1 + ZE—2AT) (Atn)z ||U0H2

min

Proof. We have

[TV] < 2At, Ae” M-ty — L2 (4.60)

ou

tn
< 2)\6_2)‘%*1] (u™ —u"t — Atng)(

tn—1

u —u"Ndr| +

=: IV
o

ot

=: IV,

2\e Atn-1 Aty (u™ — u" Hdr| .

tn—1
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Straightforward estimation of IV} gives

tn

IVi = 2 e M-t Ag | %(um —w)(u" — u"Y)dr| (4.61)

tn—1

- 0 no o
< 207 (At) Y |l (u = wadllze, e 0" = u" T v

N n—1,tn;
2\/§>\ Y 0 —A Omin
e n—1 At — (U — UuUA 2 . 3At e tp—1 Cmin R -

\/go-min " HAt( t)HL (tn—1,tn;Vy) \/—n \/5 | h|

= IV1’1
2\/5)\ A 0 —A Omin _ ]
e "1 AL, ||l-—(u — ua 2 . 3AL, ¢ Mn—1 Wl v

V30min w5 (= uad) s gy V3Bt | "

= IVLQ

22\
n V2 o2\

Omin

0 Omi _
-1 At, HE(U_um)HLz(tnfleJ) Atn% uf —u My

= IVi3

As before, by applying ([4.36), we obtain the following upper bounds for IV; 1,1V; 2 and

IV1,3
320 v 9 0 2 2
Vi < gog e 20 (Btn)? g = v o, gy + 6l —wf), (462)
32)\2 N\t 2 8 2 —1 —1112
IVLQ S 30_?27“”( e n—1 (Atn) HE(U — uAt)HLz(tnfl,thVo*) + 6pAt[[un — UZ H s
(4.63)
1, 80N — At 9 0 2
IV1,3 S 1_07711 + % e 1 (Atn) HE(U — uAt)HLz(tnfl,tn;Vo*)' (464)
Using (4.62)),([.63)),[@.64) in (£.61)) results in
1
I < 1—0777% +6[[u” — up]]® + 6pacl[u” " —up 1 + (4.65)
640 oni 5 _otn_ 2 0 2
—303nln e 1 (1 + Z e 1) (Atn) ”E(u - uAt)”L2(tn717tn§Vo*)'

o1



As far as IV is concerned, in view of (2.25]) we find

0
IVy < 2\ (Aty,)%/? Xt He‘”a—?jHmn,l,tn;v;) " —u" "y (4.66)

24/2)

< ZYML (g 972 o) o — Yy
Omin
242\ ;

< \/_2,U e)\tn,l Atn”UOH me—Atn,l Omin ‘un_umv +
\/go-min \/i

=:IVa
242\ i
\/_2,U e)\tn,l AthUOH me—Atn,l Omin ‘un—l_uz—1’V +
\/go-min \/i
=: IVa

2\/5/\ O _
8 Aty |0 /At T b=y

min

=:IVa3

Applying Young’s inequality ([A30]) gives

32222

Va1 € S5 T ()2 ) + 6[fu" — uf])?, (4.67)
32222

IV € S5 e (At)? [l + Gpa [l — i), (4.68)
1 8022

1w335ﬁ+(# (At)? uO)2. (4.69)

man

Using (4.67)),[68) and [69) in (Z66]), we obtain

1
IV < som + 6[[u” — up])” + 6pail[u” — wp]]” + (4.70)
64N°1% oy 15 _oxr 211,002
s (1 =267 (At)? )
The estimate (£59) now follows from (4.65) and (Z.70]). O
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4.3.2 Local efficiency of the estimator 7, 7.

Local efficiency means that we can estimate the local contributions of the error estimator

from above by some local error norms. To this end, for T' € T,,() we denote by
wr = J{T" € Tan(Q) | Nan(T") N Non(T) # 0} (4.71)

the patch around T consisting of all neighboring elements that share at least one vertex

with T'. We introduce the local space

V(wr) :={v:wr =R |ve L (wr), Si% € L*(wr),1 <i<2}, (4.72)
equipped with the norm || - [|y(,,) and semi-norm | - |y (). We further refer to Vo(wr) as

the closure of Cj°(wr) in V(wr) and to V' (wr) as the associated dual space.

Under these prerequisites, we can prove the following local efficiency of 7, 7.

Theorem 4.12. Let n,7,T € Ton(2),1 <n < N, be the given by [@T). Then, under the

assumptions of Theorem [{.7] there holds

mir S (6™ (w0 =i = @ = wi ™)) g o) + 4 10" = Whlpn) ) (473)

Proof. The local efficiency can be shown by standard arguments from the a posteriori error
analysis of residual-type a posteriori error estimators [40]. In particular, for T € T, ()

we refer to )\ZT, 1 <1 < 3, as the barycentric coordinates and introduce

3
Y= H A
i=1

as the associated edge bubble function having its support in 7. Then, we use (£.20]) in the
proof of Proposition with v =0 and v, = z}%ﬁ;/ ? where zpt € Pi(T) is given by

n
ouy

2= (D) 7N ufy —up ™) = S 52

+ rup,
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satisfying the inverse inequalities

llor S NAvE 2l 1S5k for < Zmee )y (4.74)
a8 hr

With this choice, (£20]) results in

_ _ _ 1/2
(Aty) " (W =™l = (@ — uld), 0)or + an, (uff — u,v) = [olZ 7 = |2por 12 -

The inverse inequalities (£.74]) imply
Smam (T)

”#H&T S T hp <”(Atn)_1 <Un —up — (U — u;‘_l)> v (ry + 1 0™ — Umvo(wT)> |z llo,7

which gives the assertion. O
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Chapter 5

The Adaptive Cycle

As we have pointed out in chapter 2, adaptive finite element methods consist of successive
loops of a cycle involving the basic steps SOLVE, ESTIMATE, MARK, and REFINE.
While the concepts for an a posteriori error estimation based on residual-type estimators
have been dealt with in detail in the previous chapter, here we focus on the numerical
solution of the fully discretized Black-Scholes equation. As we shall see in section [5.1] the
structure of the resulting linear algebraic systems to be solved is such that we are faced
with tridiagonal N x N coefficient matrices. Hence, the solution by LU decomposition is
the method of choice, since it is of optimal arithmetic complexity O(N).

In Section 5.2, we will describe two different strategies for the realization of the adaptive
process. The first strategy has been suggested in [I]. For each adaptive step, either a
refinement in time or a refinement in space is done based on the information provided by
the time and space error estimators. This strategy is the one which has been implemented
in this thesis. Alternatively, we will describe a second strategy due to [20]. In contrast to

the first strategy, a progressive time-stepping is realized with an adaptive choice of the next
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time step combined with a simultaneous refinement and coarsening of the spatial mesh.

This strategy requires an additional estimator for coarsening which will be described in

subsection [5.2.2]

5.1 The steps SOLVE and ESTIMATE

We obtain the fully discretized problem by applying the Crank-Nicolson scheme in time:

Find (PM)o<n<n, PP € V9 satisfying

P = Py,
and for alln, 1 <n <N,
0 n n—l At n—1
Yo, € Vo, (Pp— Py up) + T(an(Ph ) + an—1 (P, vp)) = 0.

where a,, = ay,,, and a;(v,w),v,w € VY is given by

al S252(8S;,t)  Ov S
Z 2 %](Sz)w( —r(t / S—w+r )/0 vw.

=1

Here, [g—g](Si) denotes the jump of g—g at S;.
Let (w');—o...n be the nodal basis of V},, i.e.,
0, S <S5

5-8;_
551 Si-1<S<S

Sit1=5 . .
Sit1—51" Sz S S S Sz—i—l

0, S > Si1

56

(5.1)

(5.3)

(5.4)



Moreover, let M and A" in RVTDX(N+1) be the mass and stiffness matrices defined by

Mi,j = (wi7wj) )

Setting P = (u}(Sp), - ,uf(Sn))T and P° = (ug(Sp), -+ ,uo(Sn))T, (E2) is equivalent

to

M(P" — P"1) + At, A"P" = 0.

(5.5)

The shape function w' defined in (5.4) has its support in [S;_1,S;+1]. This implies that

the matrices M and A" are tridiagonal. Furthermore, we have

' S — 8- ow' 1
'UJZ(S) = B 1 85 = E’ VS (- (Si—lysi)v (56)
i Si;1—S  owt 1
i) hi1 95 = Thay 75 (SuSi), (5.7)
which results in
/g wlwt = hi S Swiawi_l . _Sz—l _ i
0 6’ a9 6 3
S B )
2 : il s v v i+1 . .
- - f
/0 (w ) 3 ) S'UJ 85 6 i P> 0,
§ 5 0
h ow h
0\2 1 S 0 1
== Suw’— = —
/0 (w ) 3 w 55 o
_ . A h =5 '8wi+1 S S
i+1, 1 i+1 S Sw' i+1 _z‘ -
/0 w' T w 6 w 53 c + ; (5.8)

o7



From this, straightforward calculations show that the entries of A™ are given by

_52-202(757“51') r(tn)Si

Zi_l = o0, + 5 1<i<N,
S202(t,, S;) 1 1 r(t
AZZ = i (2n 2)(h_+h 1)+%(hz+1+hi), 1<i<N,
i it
t
00 = r(;)hb
S202(t,,, S; tn)S;
A = - 27 U 50) 1S <oy, (5.9)
' 2hit1 2
whereas the entries of M™ are as follows
h; .
Mi,i—l = E 1<Z§N,
M;; = hi+13+ hi' 1<i<N,
h
Moo = ?1
B
M1 = —p- 0<i<N-1, (5.10)

Hence, the fastest method to solve (5.5)) is by LU decomposition.

As far as the ingredients of the step ESTIMATE are concerned, we refer to section [4.11

5.2 The Steps MARK and REFINE

In this section, we briefly describe the marking and refinement strategy from [1] as well as
the strategy suggested in [20] for the adaptive finite element solution of initial-boundary

value problems for parabolic problems.

5.2.1 Refinement in space and time

We use the following refinement strategy:
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Step 1: We need to decide whether we want to refine in the S or in the ¢ variable. We

will make this decision by a comparison of the quantities 72 and ZTeTnh(Q) ng’T:

If

Aty,
77% > \/5( 2 Z 77721,T)7

M TeT, ()

which means that the time error indicator dominates the global S-discretization error in-
dicator, we will refine the mesh in the ¢ variable.

On the other hand, if

1 At
77% < ﬁ(ag = Z 77721,T)7

AN TET,, ()

which means that the global S-discretization error estimator dominates the time error
estimator, we will refine the mesh in the S variable. Otherwise, we refine the mesh in ¢, if

the current level is even, and refine the mesh in S, if the level is odd.

Step 2:We define the refinement with respect to t as follows: First, we compute

¢ :=maz,n, and g:: MANY Ny

If

Y|

Cn > +¢

)

[\3 ‘

we divide the time interval [t,,_1,t,] by 2. Otherwise, we do nothing,.

The refinement in the S variable is done analogously.

5.2.2 Progressive time stepping and refinement /coarsening

When doing progressive adaptive time stepping combined with adaptive refinement /coarsening
in space for parabolic partial differential equations, there is a need to introduce an ad-

ditional coarsening strategy in the a posteriori error analysis after mesh and time step
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refinements have been done based on those error estimators as discussed in section 4.1l

We denote by 7,,(2) the actual simplicial triangulation of Q and by 7,1 (2) a coarsened

mesh. The spaces Vr?h and V,?H stand for the associated finite element spaces. We refer to
I C(Q) = Vo

as the standard finite element interpolant.

Then, the coarsening error estimator is given by

s = (Atn) " Hup — Igupllg o + [uf — Tiupl3. (5.11)

We further introduce three tolerances T'OLyime > 0, TOLgpoece > 0 and T'OLcogrse > 0,

which are upper bounds for the time error estimator 7,, the space error estimator ng,,..,

coarse

o , respectively. The following algorithm describes

and the coarsening error estimator 7
the adaptation of the adaptive strategy from [20] to progressive time stepping and adaptive

refinement /coarsening for the fully discretized Black-Scholes equation:

Step 1: Once the approximate solution at a fixed time 7, is known, compute the time error
estimator. If it is larger than the tolerance T'OLyim./(2T), go back to the previous time
and perform a computation with a reduced time step (e.g., half the size of the previously

used one) until the time error estimator becomes smaller than the tolerance T'O Ly /(27T).

Step 2: Perform mesh adaptivity in the standard way by computing the space error
estimators and refining the mesh where they are larger than the tolerance TOLgpace/T .
Compute the approximate solution with respect to the refined mesh and check the time

error estimator. Perform a time step reduction, if necessary.

Step 3: Coarsen the actual mesh 7,,(€) according to n5°**¢ < T'OLcoarse/T, compute

the approximate solution with respect to the coarsened mesh 7T, () and compute the
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associated time error estimator.

Step 4: If the time error estimator is smaller than the tolerance ©4;yeTO Lijme/(2T') for
some Oime € (0,1), enlarge the time step (e.g., double it) and proceed to the next time

step. Otherwise, go back to Step 1.
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Chapter 6

Numerical Results

We present the results of numerical computations based on the adaptive refinement strategy

described in subsection [5.2.1 for two examples (constant and variable volatility) where the

data have been taken from [1].

Example 1: Constant Volatility. We choose the following data:

e K =100 (strike)
e T =1 (maturity 1 year)
e 0 = 0.2 (volatility)

e 7 = 0.04 (interest rate)

and compute the price of a vanilla European put in the rectangle [0, 200] x [0, 1]. The initial

mesh is a uniform mesh with 20 nodes in ¢ and 80 nodes in S.

Progressive Mesh Refinement
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Using the strategy we described at the beginning of this chapter we get the following plots:
Figure shows a visualization of the discrete solution after 5 refinement steps.

Figure displays the error between the prices computed by the Black-Scholes formula
and by the finite element method realized in this thesis. The four plots obtained after 0, 5,
10, and 19 refinements, respectively, clearly show a decrease in the error with progressive
refinement. We also note that the errors are large around S = 100. Hence, we expect

strong mesh refinement in this region.

Figure shows the refined meshes after 0,5,10 and 19 refinement steps of the adaptive

algorithm. We observe a pronounced refinement around S = 100 as the process goes on.

Figure displays the time error indicator 7, and the global S error indicator

At, 1
( 2 Z 77721T) 2

o- .
A T eT,h ()

versus time after 0,5,10 and 19 refinement steps, respectively.

Figure shows us the space error indicator 7,,r. Obviously, this local indicator is also

large around S = 100.
Figure observes the changes in the error

ollu = upatllL2(0,)v)

and in the estimated error

SR+ S S 2t

m AN TET,, ()

as the refinement level (left) and the total number of nodes (right) change.

Table [6.1] contains the convergence history of the adaptive refinement process.
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solutions ——

Figure 6.1: The discrete solution obtained after 5 steps.
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Figure 6.2: Errors obtained after 0,5,10 and 19 refinement steps. The bottom right figure

is a zoom.
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Figure 6.3: Refined mesh obtained after 0,5,10 and 19 refinement steps. The bottom right

figure is a zoom.
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Figure 6.5: Space error n, 1 obtained after 0,5,10 and 19 refinement steps. The bottom

right figure is a zoom.
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Figure 6.6: Error  ollu — wupadllrzoryv) and  estimated error (3. (nn +
J%t_" D TET () ngT))% as a function of the refinement level (left) and of the degrees of

freedom (dof) on different levels (right).
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level dof error estimated error refined variable

0 1680 4.60 11.51 S
1 2046 5.87 8.76 S
2 2848 5.88 6.82 t
3 2954  4.83 5.53 t
4 3166 3.86 4.69 t
) 3385 3.36 4.29 S
6 4303 3.36 3.46 t
7 4994 2.60 3.01 S
8 6437  2.60 2.62 t
9 8065 2.00 2.25 t
10 11102 1.49 1.88 t
11 15003  1.09 1.62 S
12 16773 1.09 1.51 t
13 23399  0.79 1.05 S
14 31533 0.79 1.05 t
15 42157  0.59 0.92 S
16 54819  0.59 0.78 t
17 75047  0.43 0.68 S
18 109915 0.43 0.53 t
19 153993 0.32 0.45 S

Table 6.1: Level, degrees of freedom (dof), error o|u — up a¢llz2((0,r);1), estimated error

3

(>, (2 + St= > oTeT,, () 777217T))%, and type of the refined variable.

2
Omin
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Aggressive Mesh Refinement

We can also use more aggressive mesh refinement strategies, but sometimes we may get a
mesh which is too fine in some regions. The following figures display the results of splitting
the elements into up to eight subelements (depending on the error indicators). The plots
of the discrete solutions, the pointwise errors, the meshes and the time and space error
indicators are similar to those obtained from the progressive refinement strategy. Therefore,

we will only document the history of the refinement process.

Figure shows the changes of the error ollu — up atllr2((0,7);) and the estimated error

>, (2 + Stn 2 TET, (@) 77121,T))% as the refinement level (left) and the degrees of freedom

2
Tmin

(dof) (right) change.

Table lists the values of the degrees of freedom (dof), the errors, the estimated errors,

and indicates the type of the refined variable at each refinement step.

Figure B8 compares the errors o|u — upall12((0);v) and the estimated errors (3, (n7 +

JAz—t? ZTeTnh(Q) nfLT))% obtained by the progressive and the aggressive refinement strategy.

ooooooooooo

Figure 6.7: Aggressive mesh refinement: error ollu — up allz2(0,7);v) and estimated error

>, (2 % D oTET () U%T))% as a function of the refinement level (left) and the degrees

of freedom (dof) on different levels (right) of the refinement process.
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level dof error estimated error refined variable

0 1680  4.60 12.16 S
1 4227  5.89 8.85 S
2 21229  5.88 5.14 S
3 134777 3.27 2.59 t
4 180237  2.62 1.73 t
5 482002 0.97 0.53 S

Table 6.2: Level, degrees of freedom (dof), error o||u — upallr2(0,1):v), estimated error

3

>, 2+ At; D oTeT,, () 777217T))%, and type of the refined variable.

2
Om

=,

rrrrrrrr

10000 100000
number of nodes.

Figure 6.8: Progressive mesh refinement vs. aggressive mesh refinement: error o|lu —

upall2(0,7),v) and estimated error (3, (n2 + ;Atr_" doTeT,, () n,%T))% as functions of the

degrees of freedom (dof) on different levels.
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Example 2. Local Volatility. We consider the data

e K =100 (strike price)

e T =1 (maturity 1 year)

g = 0-05 + 0-251 ‘37100‘2 4 \t—0<5\2 <1 + 0.251 ‘37100‘2 4 ‘t,O‘g‘Z <1 (VOlatﬂity)

400 0.01 — 400 0.01 —

r = 0.04 (interest rate)

and compute the price of a vanilla European put in the rectangle [0, 200] x [0, 1]. The initial

mesh is a uniform mesh with 40 nodes in ¢ and 100 nodes in S.

Progressive Mesh Refinement
Using the strategy as described at the beginning of this chapter we get the following results:
Figure shows a visualization of the discrete solution after 2 refinement steps.

Figure [6.10] contains the refined meshes after 0,5,10 and 19 refinement steps. We clearly

observe a pronounced refinement in local regions where the volatility exhibits jumps.

Figure [6.17] displays the time error indicator 7, and the global S error indicator

(St ZTeTnh @) nZ’T)% versus times after 0, 5,10 and 19 refinement steps. We observe that

Tmin

they are both large when the volatility jumps.

Figure [6.12] shows the space error indicator 7, r which is also large when the volatility
jumps.

At

2
Tmin

Figure [6.13] displays the changes of the estimated error (3}, (n2 + ZweTnh niT))% as

the refinement level (left) and the degrees of freedom (dof) (right) change.
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Table contains the history of the refinement process in terms of the degrees of freedom

(dof), the estimated error, and the type of the refined variable at each level.
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Solution10'

5,10 and 19 refinement steps. The bottom

Figure 6.10: Refined meshes obtained after 0,

right figure is a zoom.
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Figure 6.12: Space error 7, 7 obtained after 0,5,10 and 19 refinement steps. The bottom

right figure is a zoom.
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% D TET () ngT))% as a function of the refinement level (left) and the degrees of free-

dom (dof) (right).
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level dof  estimated error refined variable
0 4040 617.47 S
1 4288 317.90 S
2 4812 162.90 S
3 5860 85.13 S
4 8107 45.00 S
5 12688 24.61 S
6 21910 14.33 S
7 40374 9.17 S
8 77309 6.58 t
9 80486 6.58 S
10 80547 6.03 t
11 117803 6.20 S
12 118691 5.17 t
13 145762 5.21 S
14 146617 4.67 S
15 148631 4.45 S
16 179365 3.84 t
17 276324 3.69 S
18 276732 3.45 S
19 278093 3.36 S
Table 6.3: Level, degrees of freedom

(dof),

estimated

;‘z—t? ZTeTnh @) n? T))%, and the type of the refined variable.
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Aggressive Mesh Refinement

We present the results when using the aggressive mesh refinement strategy which splits
the elements marked for refinement into up to eight subelements (depending on the error

indicators).

Figure shows the estimated error (3, (n2 + ;AQtf" Y TeT () nng))% as a function of
the refinement level (aggressive strategy) (left) and of the degrees of freedom (dof) (right)

for aggressive and progressive refinement.

Table lists the degrees of freedom (dof), the values of the estimated errors, and the

type of the refined variable at each level of the refinement process.
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Figure 6.14: Aggressive  mesh refinement: Estimated error (3, (n2 +
%ETETM(Q) U%T))% as a function of the refinement level (left) and the degrees

of freedom (dof) at different levels (right).
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level dof estimated error refined variable
0 4141 606.64 S
1 5921 80.50 S
2 20278 11.27 S
3 136463 3.95 t
4 333592 2.63 S
5 347960 2.22 S

Table 6.4: Level,

=

Aty 2
o 2TeT, (@) Thr)

degrees of freedom

(dof),

estimated

, and the type of the refined variable.

7

error

(>n(m

2
n

+



Chapter 7

Conclusions

The a posteriori error analysis presented in this thesis is restricted to the Black-Scholes
equation for European options on a single equity share. It can be extended to European
basket options, i.e., options on more than one stock. Likewise, the generalization to ex-
otic options such as single- or double-barrier European basket options should be feasible.
However, there is a natural limitation on the number of stocks in a basket, since with an
increasing number of stocks one is faced with the curse of dimensionality. The numerical
solution of such high-dimensional problems by appropriate reduction techniques is cur-
rently in the focus of active research.

As far as American options are concerned, the situation is more difficult, since they give
rise to parabolic variational inequalities of obstacle type. Although adaptive finite elements
have been studied recently for variational inequalities associated with elliptic boundary

value problems [14] [15], the parabolic case is still widely unknown territory.
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